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1 Introduction

Let X = (X, ||.]|) be a real Banach space and B (X) and S (X) be the closed unit
ball and the unit sphere of X, respectively.

A Banach space X is called uniformly convex (UC) if for each & > 0, there is
d > 0 such that for z,y € S (X), the inequality ||z — y|| > ¢ implies that

2

Clarkson introduced the concept of uniform convexity which implies reflexivity of
Banach spaces.
For any x ¢ B (X), the drop determined by z is the set

1
H(J;—l-y)’<1—6.

D(z,B (X)) = conv({z} UB (X))

A Banach space X has the drop property (D) if for every closed set C' disjoint
with B (X), there exists an element x € C such that

D (z,B(X))NC = {z}

A Banach space X is said to have the Kadec-Klee property (or H— property)
if every weakly convergent sequence on the unit sphere is convergent in norm.

In [5], Rolewicz proved that if the Banach space X has the drop property, then
X is reflexive. Montesinos [4] extended this result by showing that X has the drop
property if and only if X is reflexive and has the property (H).
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Recall that a sequence is said to be e—seperated sequence for some ¢ > 0 if

sep (zp) = inf {||zn, — zm||,n #m} > ¢

A Banach space is said to be nearly uniformly convex (NUC) if for every
€ > 0 there exists § € (0,1) such that for every sequence {z,} C B(X) with
sep (x,) > &, we have

conv (z,) N (1 —9) B (X)) # @.

A Banach space is said to have the uniform Kadec-Klee property (UK K) if
for every € > 0, there exists 0 > 0 such that for every sequence (z,) in S (X) with

sep () > ¢ and z,, — @, we have
lz]] < 1—06.

Every (UK K) Banach space has (H) property [2]. Huff [2] proved that every
(NUC) Banach space is reflexive and it has property (H), he also proved that X
is (NUC) if and only if X is reflexive and (UKK).

Kutzarova[3] has defined k-nearly uniformly convex Banach spaces. Let k >
2 be an integer. A Banach space X is said to be k-nearly uniformly convex
(k= NUQ) if for every € > 0, there exists 6 > 0 such that for any sequence
(zn) C B(X) with sep (zy,) > €, there are ny, na, ..., nj such that

Tny + Tpy + .00 + Ty,

1-46.
A <

Of course a Banach space is (NUC') whenever it is (k — NUC') for some integer
kE>2.

A Banach space X is said to have the Opial property if every sequence {z,}
weakly convergent to xq satisfies

liminf ||2,, — zo|| < liminf ||z, — z||
n—oo n—oo

for every z € X.

Opial has proved in [16] that the sequnce spaces I, (1 < p < co) have this
property but Ly, [0,27] (p # 2,1 < p < 00) do not have it.

A Banach space X is said to have the uniform Opial property if for every
¢ > 0 there exists 7 > 0 such that for each weakly null sequence {x,} C S(X)
and € X with ||z|| > €, we have

1+ r < liminf ||z, + || .
n—oo

For a bounded subset A C X, the set-measure of noncompactness was defined
in [17] by

a(A) =inf {e > 0: A can be covered by finitely many sets of diameter < e} .
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The ball-measure of noncompactness is defined by
B (A) =inf {e > 0: A can be covered by finitely many balls of diameter <e}.

The functions « and 3 are called the Kuratowski measure of noncompactness
and the Hausdorff measure of noncompactness in X, respectively. We can associate
these functions with the notions of the set-contraction and the ball-contraction
[15].

For each £ > 0 define

A(e) =inf {1 —inf [||z] : « € A] : A is a closed convex subset of B (X) with 5 (A) > ¢}.

The function A is called the modulus of noncompact convexity [18].

A Banach space X is said to have property (L) if lim._;- A(e) = 1. It has
been proved in [15] that property (L) is a useful tool in the fixed point theory and
that a Banach space X has property (L) if and only if it is reflexive and has the
uniform Opial property.

By a Lacunary sequence (0) = (k) where kg = 0 , we mean an increasing
sequence of non-negative integers with k. — k._1 — oo as r — oo. The intervals
determined by 6 will be denoted by I, = (k,._1,k.]. We write h, = k. — k,_1.
The ratio kfil will be denoted by ¢,. The space of lacunary strongly convergent
sequences Ny was defined by Freedman and denoted by

.1
Ny = {x = (ag) : rlingoh—rlcezl |z — 1] = 0, for some 1} .

It is well known that there exists very close connection between the space of
lacunary strongly convergent sequences and the space of strongly Cesaro summable
sequences. This connection can be found in [9], [10], [11].

2 BASIC FACTS AND DEFINITIONS

Let w be the space of all real sequences. Let p = p, be a bounded sequence of
the positive real numbers. In this paper we define a new sequence space [ (p, s, 6)
involving lacunary sequence and denoted by:

l(p,s,@):{x:(xk):z<h1Zkz_s|xk|> < 00, 520}.

r=1 r kel,.

Paranorm on [ (p, s, ) is given by

jo%s) 1 Dr ﬁ
H‘r”l(p,s,e) = (Z (h Z k—* |$k> )
r=1

r kel
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where M = max (1, H) and H = sup, pr-.

It is easy to see that the space [ (p,s,0) with [lz[/;, , o) is a complete para-
normed space. By using the properties of lacunary sequence in the space [ (p, s, 6),
we get the following sequence spaces: If 6 = 2", then [ (p, s,0) = C (s,p), C (s,p)
sequences space is introduced by T.Bilgin [7]. If we take 6 = 2" and s = 0 then
we obtain Ces (p) sequences space [12], [13].

For x € I (p,s,0), let

pr) =3 (,j Sk m)

r=1 r kel,.

and define the Luxemburg norm on [ (p, s,6) by

||a:\|:inf{€>0:p(§) g1}.

The Luxemburg norm on [ (p, s,0) can be reduced to usual norm on [ (p, s, ),
that is, [|z[;, s o) = [z It is clear and we omit it [14].

The main purpose of this work is to show that the space I (p, s, ) equipped
with Luxemburg norm is a modular space and to investigate geometric property
k — NUC of this space.

3.MAIN RESULTS

We give a theorem which showing the connection between [ (p, s, ) and C (s, p)
[14].

Theorem 1 If liminfgq, > 1, then C (s,p) Cl(p,s,0) .
Proof. : It is trivial and we omit it. O

And now we give a property about p on [ (p,s,#) which is necessary for our
consideration.

A modular p is said to satisfy the d;— condition if for any € > 0, there exist
constants K > 2,a > 0 such that

p(2u) < Kp(u)+e

for all u € 1 (p, s,0) with p(u) < a.

If satisfies p the do— condition for all a > 0 with K > 2 dependent on a, we
say that p satisfies the strong do— condition (p € 63).

For x € [ (p, s,0), it is easy to see that; the modular p and Luxemburg norm
Il on I (p, s, 0) satisfies the following properties and lemmas:

L If 0<a<1;then afp (L) <p(z) and p(az) < p(z);
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2. If > 1; then o p (£) > p(z);
3. If a > 1; then p (az) > ap (z) > p(x).

Lemma 2.1 For any x €1 (p,s,0) , we have

LI Yl < 1; then p (@) < Jol];
2. If Jlall > 1; then p(x) > |Jo]|;

3. |zl =1 if and only if p(z) = ||z|;

4. Nzl < 1 if and only if p(x) < ||zl

5. |lz|l > 1 if and only if p (x) > ||z||;

6. If 0<a<1and|z| > a;then p(x) > all;

<

If a>1, |z|| < a, then p(x) < ofl.

Lemma 2.2 If p € 65, then for any L > 0 and € > 0, there exists § > 0 such
that

lp(u+v)—pu)]<e
whenever u,v € l(p,s,0) with p(u) < L and p (v) < 0.

Lemma 2.3 1.If p € 05, then for any x € 1(p,s,0) ,||z|| = 1 if and only if
p(z)=1.
2.If p € 85, then for any {x,} C1(p,s,0) , |zl — 0 if and only if p () — 0.

Lemma 2.4 If p € 05, then for any € € (0,1), there exists § € (0,1) such that
p(z) <1—¢e implies ||z <1—0.

And now we give our basic theorem.

Theorem 2 The space | (p,s,0) is k — NUC for any integer k > 2.
Proof. : Lete > 0 and (z,) C B(l(p,s,0)) with sep(xz,) > e . For each
m €N, let O

(1.2.1) 2™ =(0,0,...,z, (M), 2, (M +1),...)

Since for each i € N, (z, (i));=, is bounded, by using the diagonal method, we
have for each m € N, we can find a subsequence (z,,,) of (z,,) such that (2, (7))
converges for each i € N, 1 < 4 < m . Therefore, there exists an increasing

g

sequence of positive integer t,, such that sep ((ﬂcm> N > > ¢ . Hence, there is a
JZtm
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sequence of positive integers (r,,),_; with 1 < ro < ... such that Hx;” H > 5 for
all m € N. Then by Lemma 4 (2), we may assume that there exists > 0 such
that
(1.2.2) p(z')>n, VYmeN
Let a > 0 be such that 1 < a < liminf p,. For fixed integer k > 2, let

n—oo
kafl

€1 = Gr=mR= (g) .Then by Lemma 5, there is a 6 > 0 such that

(1.23)  |p(u+v)—p(u)| <er

whenever p(u) < 1 and p(v) < 4. Since by Lemma 2 (1) for all n € N, there
exist positive integers m; = (i =1,2,...,k — 1) with m; < ms < ..mp_1 such
that p(z;") < § and a < p; for all j > my_q. Define my = my_1 +1 . Since

p(xm)Zn,VmGN,Wehavep(xmfk)27}. Let s; =ifor1 <i<k-—1and

T'm

Sk = Tm,- Then in virtue of (1.2.1), (1.2.2), (1.2.3) and the convexity of function

v

fi(u) = [ul” (i €N),
we have

Tgy T Tsy + oo + Xg, _Oo 1 1

Tsy (1) + sy (1) + o + s, (1)

r=mi+1 r k
™ 1 1 "
< 72 o s | Sj (Z)|
k 4 hy
r=1 j=1 iel,
WA S ENUETNURSET Y
h 8 k
r=mi+1 €1,




133

ON k — NUC PROPERTY

r



134 Thai J. Math. 5(2007)/ MAHPEYKER OZTURK AND METIN BASARIR

p(xs,) +p(2s,) + .+ p(35,)
1L "
kz( 3
N (or ””S'z(”) e
< kz< ZI: Isk(i)l>
+k% ) (;Ziﬁmk(m) (k= Der
r=mp+1 riEIT
< 1_116“1(11_%1(;;;'%’“@)) )
+kia > (;Z;Ixsk(z?l) +(k—1)e
r=my—+1 URTS
< 1+(k—1)51—(ka_kcfl>< > (;Z;m&@) )
r=my+1 "iel,
< 1+(k1)61(ka,;1>77
ka1 n koe—=1_1
< 1+(k1)(k—1)k;a<2>(k:a)77

By the Lemma 5 there exists v > 0 such that H% ‘ <1-—n.

Therefore, [ (p, s,60) is k — NUC'. Since k — NUC implies NUC and NUC implies
property (H) and reflexivity holds, by the theorem 1.2, the following results are
obtained.

Corollary 2.5 The space l(p,s,0) is NUC and UC and then is reflexive for
s> 0.

Corollary 2.6 The space l(p,s,0) is UKK and (H) property. Then it has drop
property for s >0 .

Proof. Since l(p,s,0) is NUC space, by [2] it is reflexive and UK K.Also,
since every UK K space has (H) property, 1 (p, s,0) has drop property for s > 0 by

[4]. o
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Corollary 2.7 The space l(p, s,0) has fixed point property for s > 0.

Proof. We have proved that the space l (p,s,0) has uniform Opial property
in [14] and since it is reflexive so it has property (L) by [15]. Therefore the space
1(p,s,0) has fized point property for s >0 [15]. m]
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