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Abstract : In this paper, we prove some strong convergence results for a family
of three generalized strongly ®-pseudocontractive (accretive) mappings in Banach
spaces. Our results are generalizations and improvements of convergence results
obtained by several authors in literature. In particular, they generalize and im-
prove the results of Olaleru and Mogbademu [1], Xue and Fan [2] which is in turn
a correction of Rafiq [3].
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1 Introduction

In this study, we assume that F is a real Banach space and D is a nonempty
closed convex subset of E. We denote by J the normalized duality from E to 27
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defined by

J(@) ={f € B* : {z, f) = |l«|* = I £I*} (L.1)
where E* denotes the dual space of E and (.,.) denotes the generalized duality
pairing. We shall also denote the single-valued duality mapping by j.

Definition 1.1. [3] A map T : E — E is called strongly accretive if there exists a
constant k£ > 0 such that, for each z,y € E, thereis a j(z—y) € J(x—y) satisfying

(Tz — Ty, j(x —y)) = kllz - y||*. (1.2)

Definition 1.2. [3] An operator T with domain D(T') and range R(T) in F is
called strongly pseudocontractive if for all x,y € D(T), there exists j(x — y) €
J(x —y) and a constant 0 < k < 1 such that

(Tz — Ty, j(z —y)) < kllz —yl*. (1.3)

The class of strongly accretive operators is closely related to the class of
strongly pseudocontractive operators. It is well known that T is strongly pseu-
docontractive if and only if (I — T) is strongly accretive, where I denotes the
identity operator. Browder [4] and Kato [5] indepedently introduced the concept
of accretive operators in 1967. One of the early results in the theory of accretive
operators credited to Browder states that the initial value problem

du(t)
dt

+Tut) =0, w(0)=ug (1.4)

is solvable if T is locally Lipschitzian and accretive on E.
These class of operators have been studied extensively by several authors (see
[143L16H13]).

Definition 1.3. [14] A mapping T is called strongly ¢-pseudocontractive if for
all z,y € E, there exist j(z — y) € J(z — y) and a strictly increasing function
¢ : [0,00) — [0,00) with ¢(0) = 0 such that

(Tz —Ty,j(x —y)) < o —yl* = d(llz —ylDllz - yll.

Definition 1.4. [14] A mapping T is called generalized strongly ®-pseudocontractive
if for all x,y € F, there exist j(x —y) € J(x —y) and a strictly increasing function
® : [0,00) — [0,00) with ®(0) = 0 such that

(Tz =Ty, j(z —y)) < |z —yl* = (= -yl

Clearly, every strongly ¢-pseudocontractive operator is a generalized strongly
®-pseudocontractive operator with @ : [0,00) — [0,00) defined by ®(s) = ¢(s)s,
and every strongly pseudocontractive operator is strongly ¢-pseudocontractive op-
erator with ¢ defined by ¢(s) = ks for all k € (0,1) while the converses need not
be true.
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Definition 1.5. |3] A mapping T : E — FE is called Lipschitzian if there exists a
constant L > 0 such that

[Te =Tyl < Lllz =yl Va,y € D(T). (1.5)

In 1953, Mann [9] introduced the Mann iterative scheme and used it to prove
the convergence of the sequence to the fixed points for which the Banach principle
is not applicable. Ishikawa [15] in 1974, introduced an iterative process to obtain
the convergence of a Lipschitzian pseudocontractive operator when Mann iterative
scheme failed to converge. Noor [11,/12] in 2000 gave the following three-step
iterative scheme for solving nonlinear operator equations in uniformly smooth
Banach spaces.

Let D be a nonempty convex subset of E and let T : D — D be a mapping.
For a given zg € D, compute the sequence {x,}>2 , by the iterative schemes

Tpt1 = (1 —apn)tn + @nTyn, ne€Z, n>0,
Yn (1 - Bn)xn + 5nTZn7 nez, n>0, (16)
zn =1 —v)xn +Txn, neZ, n>0,

which is called the three-step iterative process, where {a,}52,, {8n}22, and
{1 }32, are three real sequences in [0, 1] satisfying some certain conditions.

If v, =0 and 3, =0, for each n € Z, n > 0, then reduces to:
for a given z¢ € D, compute the sequence {z,}52, by the iterative scheme

Tn+1 = (1 - an)xn +a,Tx,, neZ, n=>0, (17)

which is called the one-step Mann iterative scheme, introduced by Mann [9].
For 7, =0, (1.6 reduces to:

{ Tpi1 = (1 —an)tn + @ Tyn, n€Z, n>0,

Yn = (1 = Bn)xn + BnTan, neEZ, n>0, (1.8)

which is called the two-step Ishikawa iterative process introduced by Ishikawa [15],
where {a,,}52 5 and {8, }52, are two real sequences in [0, 1] satisfying some certain
conditions.

In 1989, Glowinski and Le Tallec [16] used a three-step iterative process to solve
elastoviscoplasticity, liquid crystal and eigenvalue problems. They established that
three-step iterative schemes performs better than one-step (Mann) and two-step
(Ishikawa) iterative schemes. Haubruge et al. |[17] studied the convergence analy-
sis of the three-step iterative processes of Glowinski and Le Tallec [16] and used
these three-step iterations to obtain some new splitting type algorithms for solv-
ing variational inequalities, separable convex programming and minimization of a
sum of convex functions. They also proved that three-step iterations also lead to
highly parallelized algorithms under certain conditions. Hence, we can conclude
by observing that three-step iterative schemes play an important role in solving
various problems in pure and applied sciences.

In 2006, Rafiq [3] introduced the following modified three-step iterative schemes
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and used it to approximate the unique common fixed point of a family of strongly
pseudocontractive operators.

Let T1,T5,T5 : D — D be three given mappings. For a given xo € D, compute
the sequence {z,}52, by the iterative scheme

Tn+1 = (1 - O‘n)xn + anlena
Yn = (1 = Bn)wn + BnTazn, (1.9)
where {a, 1524, {Bn}22, and {7, }52,, are three real sequences in [0, 1] satisfying
some certain conditions. Equation ([1.9) is called the modified three-step iterative
process. Observe that algorithms 1D are special cases of .

Suantai [1§] introduced the following three-step iterative schemes. Let E be a
normed space, D be a nonempty convex subset of E, and T : D — D be a given
mapping. Then for a given z; € D, compute the sequence {x,}, {y,} and {z,}
by the iterative scheme

Zn = apT"xy, + (1 — ap)zy,
Yn = b T"20 + Ty, + (1 — by, — )Ty, (1.10)
Tp+1 = anTnyn + BnTnZn + (1 — 0y — ﬂn)xna n Z 1a

where {a,}22 0, {00}, {en}o0, {n}i, {Bn}S, are appropriate sequences
in [0, 1].

Motivated by the facts above, we now introduce the following modified three-
step iterative scheme with errors which we shall use in this paper to approximate
the unique common fixed point of a family of strongly pseudocontractive maps.

Let E be a real Banach space, D be a nonempty convex subset of E, and
T, : D — D, (i = 1,2,3) be a family of three mappings. Then for a given
Zo, Ug, Vo, Wo € D, compute the sequence {x,}22 ), {yn o2, and {z,}5%, by the
iterative scheme

Tn+1 = (1 — Qp — ﬁn - en)xn + anlen + /BnTIZn +eptn, n >0,
Yn = (L —an — by, —€l))xy + anTaz, + by Tox, + €),v,, (1.11)
z2n = (1—cp —eay + e T3z, + elwy,

where {an }720, {0n}720, {en}nZo: {an}nlo, {Bntnlos {entio, {entnzo, {en}nl0
are real sequences in [0, 1] satisfying certain conditions and {u,}, {v,}, {w,} are
bounded sequences in D.

Observe that — and the modified three step iteration process with
errors introduced by Mogbademu and Olaleru |10 are special cases of . In
this paper, we shall use algorithm to approximate the unique common fixed
point of a family of three generalized strongly ®-pseudocontractive operators in
Banach spaces. Hence, our results are generalizations and improvements of the
results of Olaleru and Mogbademu [10], |1], Xue and Fan [2] which in turn is a
correction of Rafiq [3].

Rafiq |3] proved the following theorem
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Theorem R. (3| Let E be a real Banach space and D be a nonempty closed convex
subset of E. Let Ty, Ts, T3 be strongly pseudocontractive self maps of D with Ty (D)
bounded and Ty, T3 be uniformly continuous. Let {x,}52, be the sequence defined
by
Tp+1 = (1 - an)xn + anlena
Yn = (1 - Bn)xn + BT zn,
zn = (1= v)2n + Y l32,, n >0,

where {on 15 0, {Bn oo and {52 are three real sequences in [0, 1] satisfying
the conditions: lim, o ayy = 0 = limy, o0 Bn and Zio:o o, = 00.

If F(T)NF(T2) N F(T3) # 0, then the sequence {x,}5%, converges strongly to the
common fixed point of Ty, T, T3.

Xue and Fan [2] obtained the following convergence results which is in turn a
correction of the results of Rafiq [3].

Theorem XF. [2]| Let E be a real Banach space and D be a nonempty closed
convex subset of E. Let T1,Ts and T3 be strongly pseudocontractive self maps of
D with Ty (D) bounded and Ty, Ts and T3 uniformly continuous. Let {x,}52, be
defined by (1.9), where {a, }°22 ¢, {Bn}5o and {74}, are three real sequences in
[0,1] which satisfy the conditions: oy, B, — 0 asn — oo and Y oy oy, = 0o. If
F(Th) N F(Tx) N F(T3) # 0, then the sequence {x,}52 converges strongly to the
common fixed point of T, T5 and Tj.

In this study, we shall prove convergence theorems using our newly introduced
iterative scheme . Our results are generalizations and improvements of the
results of Ciri¢ and Ume [7], Olaleru and Mogbademu [1], Xue and Fan [2] which
in turn is a correction of Rafiq [3].

The following lemma will be useful in this study.

Lemma 1.6. [3] Let E be a real Banach space and J : E — 27" be the normalized
duality mapping. Then, for any x,y € E

Iz +yll”> <zl +2(y,j(x +v)), Vi@+y) €J(@+y). (1.12)

Lemma 1.7. [19] Let ® : [0,00) — [0,00) be an increasing function with ®(x) =
0< 2 =0 and let {b,}52 be a positive real sequence satisfying Y .- b, = +00
and lim, o0 by, = 0. Suppose that {a,}22, is a nonnegative real sequence. If there
exists an integer No > 0 satisfying a2, < a2 +0(bp) — bp®(an41) for all n > No.
o(bn)

where limy, 0o == = 0, then lim, , a, = 0.

2 Main Results

Theorem 2.1. Let E be a real Banach space and D be a nonempty closed con-
vex subset of E. Let T1,T> and T3 be generalized strongly ®-pseudocontractive
self maps of D with Ty (D) bounded and Ty,T> and T3 uniformly continuous.
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Let {x,}22, be defined by , where {an}22 0, {bn}o: {cn}ilos {@n}ilos
{8n35%0, {en}sly, {1520, {e o o are real sequences in [0,1] satisfying the
conditions: an,bn,cn,en,en,an,ﬁn, en — 0 asn — o0, ap + Bn +e, < 1,
an+by+el, <1, cptel <1,5 7 jan, =00 and {u,}22, {Un}n:07 {wn}22, are
bounded sequences in D. If F(Tl) NF(T2)NF(T3) # 0, then the sequence {x,}5%
converges strongly to the common fized point of T1, Ty and T3.

Proof. Since Ty,T5,T5 are generalized strongly ®-pseudocontractive, there exists
jl@ —y) € J(x —y) and a strictly increasing function ® : [0,00) — [0, 00) with
®(0) = 0 such that

(T~ Ty, je —y) < le— gl = @(le—yl), i=123  (21)

Assume that p € F(T1) N F(Ty) N F(T3), using the fact that T; is generalized
strongly ®-pseudocontractive for each ¢ = 1,2, 3 we obtain F(T1)NF (Tx)NF(T3) =
p # (0. Since T} has a bounded range, we let

My = [lzo = pll +sup | Ty — pll +sup | Tz, = pl| + [lun —p[. (2:2)
n>0 n>0

We shall prove by induction that ||z, — p|| < M; holds for all n € N. We observe
from (2.2) that ||xo — p|| < Mj. Assume that ||z, — p|| < M; holds for all n € N.
We will prove that ||z,4+1 — p|| < M;. Using (1.11)), we obtain

[2n41 = pll = (1 — an — B — €n)(@n — p) + an(T1yn — p)
+ Bn(T12n — p) + en(un — p)|
< (1 —an =B —en)llzn —pll + anl|Tryn — pll
+ BullTrzn — pll + enllun — pl|
<(1—ap—Bn—en)M +a, My + B, My + e, My
= M. (2.3)

Using the uniform continuity of T3, we obtain that {T3x,}22, is bounded. We
now set

M = max {M1, sup{ || T3z, — pl|}, sup{|lwn, — pl}} ; (2.4)
n>0 n>0
hence

lzn =2l = (1 = cn =€) (@n — ) + ca(Ts2n — p) + € (wn — D) ||
<(I-en— 6”)||xn = pll + el Tszn — pll + €pllwn — pll
< (1—ecp,— €My + cyMsy + €l My
< (1 — Cp — €Z)M2 + CnMQ + €ZM2
= M. (2.5)
By the uniform continuity of Ts, we obtain {T2, }52 , and {Thz, 152, are bounded.

Set
M =sup || T2z, — pl| + sup ||z, — pl| + sup [[v, — pl| + Mo. (2.6)
n>0 n>0 n>0
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Using Lemma and (|1.11)), we obtain

[#ni1 = plI? = (1 = an = B — €n)(@n — p) + an(Tryn — p)

+ Bu(T1z0 = p) + enun —p)|1?
<(I—ap—Bn— en)2”xn *sz

+ 2{an(T1yn — p) + Bu(T12n — p) + en(tn — ), j(Tnt1 — p))
=1 —ap—Pn— en)2||xn - sz + 200 (T1Yn — p, j(Tnt1 — p))

+ 280 (T12n — P, j(@nt1 — P)) + 2€(Un — P, j(Tnt1 — p))
<(I—ap—0Fn— en)2||xn _pH2

+ 20, (T1%ny1 — T1p, j(Tny1 — p))

+ 2000 (T1yn — T1 %41, j(Tnt1 — p))

+ 280 (T12n11 — T1p, j(Tnt1 — p))

+ 2ﬁn<len — T Zni1, J(Tpgr — p)> + 26n<un — 0, J(Tng1 — p))
<(I—ap—Bn— en)2||xn _pH2

+ 20 (241 = pl|* = @(|znt1 — pl)))

+ 200 | T1yn — T1nt1 |- lzns1 — p

+2Bn(|2ns1 = pl” = @(|[2ns1 — p))

+ 2Bn|T12n — Th@pa ||| 2041 — pll + 2en M
<(1—an—Fn— en)QHxn _pH2

+ (20 + 280 (|20 41 = P> = 2(|2nt1 — )

+ 20,0, M1 + 28,7, M1 + 2e, M
< (1= an = B —en)?|lzn — pl?

+ 2an +28,) (a1 = p)1* = @([zn1 — )

+ 2M (b + BTy + €n), (2.7)

where 0, = | T1yn — T1Zpn41]| — 0 as n — oo and 7, = | 112, — ThZpy1]] — O
as n — o0o. But

lyn — sl = [[(1 — an — by — €))xn + anTozy + by Tox, + € v,

—(I=an—Fn—en)xn —anTiyn — BnT12n — entin|

= ||an(Tazn — @) + bp(Towy — x,) + €l (v — 1)
+ an (@ — ThYn) + Bn(@n — Th2n) + en(@n — uy)||

< anl|Tazn — Tl + by || Toxy, — zn|| + €l ||vn — 4|
+ anlln = Taynll + Ballzn — Tiznll + enllvn — un |

< anM + b, M + €, M + a, My + 3, M7 + e, My

= M (an + b, +¢€.,) + My(an + Bn + €n)

<2M(an + by +e€), +a,+Bn+e,) — 0, asn—oo. (2.8)
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12n — Zoaal = |(1 = cn — ) wp + cn T3z, + enwn — (1 — ay — B — €n)Tn

—anT1yn — BuT120 — ey ||

= |len(Tszp — @) + €1 (W, — ) + (T — T1Yn)
+ Bn(xn — Tizn) + en(Tn — up)||

< el Tsan — @all + epllwn — x| + anlln — Tayn||
+ Ballzn — Tizn|l + enllzn — unl

<c My + el M + an, My + B, My + e, M

< M(en + el +an+Bn+e,) — 0, asn— .

This implies that lim, o ||Zn+1 — Y| = 0, since lim,,_, o0 a, = 0, limy, 00 by, = 0,
lim, o€, = 0, lim, o0y = 0, limy, 00 B = 0, lim,, oo €, = 0. Using the
uniform continuity of 77, we obtain 6,, = || T1yn — T1Zn+1|| — 0 as n — oo and
Tn = ||T12n — ThTny1]] — 0 as n — oo. Hence, there exists a positive integer N
such that

1
5<1—204n—2ﬁn<1

for all n > N. Hence, from (2.7)), we obtain

(1 —Qp — Bn — 6n)2
1-2a, — 206,
2M (00 + BrTn + €n)
1-2a, — 28,
2(an + Bn)
1-2a, — 28,
2M(an5n + BnTn + en)

1-2«a, — 28, ’

2(an + Bn)
||2 - ﬁé(llxnﬂ —pll)

lns1 = plI* < [n —p

< llzn =l - O([lzntr —pl)

(2.9)

Next, set b, = % and observe that lim,,_,-, b, = 0 and ZZOZO b, = 400
since lim, o0 a, = 0, lim,, o0 B, = 0 and > oo a;,, = +o0. Hence, we observe
that becomes a2, < a2 —b, P(ant1)+o(by,) for all n > N, satisfying Lemma
m This implies that a,, — 0 as n — oco. This means that lim,,_, . ||z, —p|| = 0.

The proof of Theorem [2.1]is completed. O

Corollary 2.2. Let E be a real Banach space, D a nonempty closed and convex
subset of E. Let Ty, T, T3 be self maps of D with T1(D) bounded such that F(T1)N
F(Ty) N F(T5) # 0 and Ty, T> and T5 uniformly continuous. Suppose Ty, Ts, T3
are strongly pseudocontractive mappings. For xg,ug,vo,wg € D, the three step
iteration with errors {x,}52 defined as follows

Tn+l = AnTn + bnlen + cpun
Yn = ah Xy + 0, Tozn + oy (2.10)
Zn = anTn + U T32, + chw, n >0,



Modified Noor Iterations with Errors for Generalized Strongly ... 367

where {un 1520, {vn}o and {w,}5L, are arbitrary bounded sequences in D,
{an}nzo, {bn}nlo {en}nlo {an}tnzo {bn}nlo {en}nzo {an}nZo, {0n}nZo and
c'1o o are real sequences in [0, 1] satisfying the following conditions:
nJin=0
(i) an +bp+cp=al, +b, +c, =a) +b +c)=1;
(ii) by, b, ey, — 0 as n — oo;
(iii) Y207 by = 00;
(iv) limy, o0 & =0,
converges strongly to the unique common fized point of Ty, Ty and Ts.

Corollary 2.3. Let E be a real Banach space, D a nonempty closed and convex
subset of E. Let T1,T5,T5 : D — D be uniformly continuous and generalized ®-
pseudocontractive mappings such that Ty (D) is bounded. Let {x,} be a sequence
defined by where {a, 152 o, {Bn}22y and {v,}32, are three sequences in [0, 1]
satisfying (1) limp o0 o = limy 00 Bn = limy 00 ¥ = 0, (ii) limp2 ; o, = 00. If
F(Th) N F(Ty) N F(T3) # 0, then the sequence {x,}52 converges strongly to the
unique common fixed point of T1, Ty and Tj3.

Remark 2.4. Corollary [2.2]is Theorem 2.1 of Mogbademu and Olaleru [10] and
Corollary is Theorem 2.1 of Olaleru and Mogbademu [1]. Observe that The-
orem improves and generalizes the results of [10] since the class of strongly
pseudocontractive maps is a subclass of the class of generalized strongly @ -
pseudocontractive maps. Clearly, our newly introduced iterative scheme (|1.11))
is more general than iterative scheme used by Olaleru and Mogbademu |[1].
Theorem is also an improvement and a generalization of Theorem 2.1 of Xue
and Fan [2] which in turn is a correction of Rafiq [3].

Theorem 2.5. Let E be a real Banach space, T1,T5,13 : E — E be uniformly
continuous and generalized strongly ®-accretive operators with R(I —Ty) bounded,
where I is the identity mapping on E. Let p denote the unique common solution
to the equation Tyx = f, (i = 1,2,3). For a given f € E, define the operator
H;:E—EbHx=f+xz—Tz (i=123). For any x9 € E, the sequence
{zn}52 is defined by

Tn+1 = (]- — Oy — ﬂn - en)xn + anHlyn + Bnlen + enln, n > 07
Yn = (1 —ap — by — €),)xn + anHozy + by Haxy, + €] 0, (2.11)
zn = (1 —cp — ey + cnHyxy + €l wy,

where {an}%o:o» {bn}%o:()v {Cn}ZO:Oa {an}i’f:o, {Bn n=0> {en}?zo:m {641}20:07 {eéi}?f:o

are real sequences in [0, 1] satisfying the conditions: an, by, Cp, €l en. o, Bn,en —

n'“ns
0asn— 00, ap+Bn+e, <1,an+by+e, <1, cp+el <1,37 a,=0x
and {un}52 o, {vn}o2, {wn}2y are bounded sequences in E. Then the sequence

{zn}52 converges strongly to the unique common solution to T;x = f, (i =1,2,3).

Proof. Clearly, if p is the unique common solution to the equation T,z = f, (i =
1,2, 3), it follows that p is the unique common fixed point of Hy, Hs and Hs. Using
the fact that 77,75 and T3 are all generalized srtongly ®-accretive operators, then
H,y, Hy and Hj are all generalized strongly ®-pseudocontractive with ® a strictly
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increasing function ® : [0,00) — [0,00) and ®(0) = 0. Since T; (i = 1,2,3) is
uniformly continuous with R(I — T}) bounded, this implies that H; (i = 1,2,3)
is uniformly continuous with R(H;) bounded. Hence, Theorem follows from
Theorem 2.1 O

Corollary 2.6. Let E be a real Banach space and Ty, T>, T3 : D — D be uniformly
continuous and generalized ®-accretive operator such that the equation T;x = f,
1 <@ < 3, has common solution with the range of (I —Ty) bounded. For a given
f € E, defined by the operator H; : E — FE by Hix = f+x — Tz, (i =1,2,3) and
for xg € E, let {x,} be a sequence defined by

Tnit1 = (1 - an)xn + anHlynv
Yn = (1 = Bn)@n + BnHazn, (2.12)
2n = (1 = vn)2n + WnHszn, n>0,

where {om 100, {An}S2y and {Vv}22, are three sequences in [0,1] satisfying (i)
hmn—>oo Qp = hmn—>oo ﬁn = 11mn—>oo Yn = Oa (11) 270;;1 Qp = O0.
Then the sequence {x,} converges to a common solution of T,z = f, (i =1,2,3).

Remark 2.7. Corollary is Theorem 2.3 of Olaleru and Mogbademu [1]. The-
orem improves and extends Theorem 2.3 of Olaleru and Mogbademu [1] and
Theorem 2.2 of Xue and Fan [2] which in turn is a correction of Rafiq [3].
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