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Abstract : In this paper, we determine some stability results concerning a 2-
dimensional vector variable bi-additive functional equation in intuitionistic fuzzy
normed spaces (IFNS). We generalize the intuitionistic fuzzy continuity to the
bi-additive mappings and we prove that the existence of a solution for any approx-
imately bi-additive mapping implies the completeness of IFNS.
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1 Introduction

In recent years, the fuzzy theory has emerged as the most active area of re-
search in many branches of mathematics and engineering. This new theory was
introduced by Zadeh [I], in 1965 and since then a large number of research pa-
pers have appeared by using the concept of fuzzy set/numbers and fuzzification of
many classical theories has also been made. It has also very useful application in
various fields, e.g. population dynamics [2], chaos control [3], computer program-
ming [4], nonlinear dynamical systems [5], fuzzy physics [6], fuzzy topology [7],
fuzzy stability [8H12], nonlinear operators [13], statistical convergence [14}[15], etc.
The concept of intuitionistic fuzzy normed spaces, initially has been introduced by
Saadati and Park [I6]. In [I7], by modifying the separation condition and strength-
ening some conditions in the definition of Saadati and Park, Saadati et al. have
obtained a modified case of intuitionistic fuzzy normed spaces. Many authors have
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considered the intuitionistic fuzzy normed linear spaces, and intuitionistic fuzzy
2-normed spaces (see [I8H21]).

Let X be a real linear space. A function N : X x R — [0,1] (the so-called
fuzzy subset) is said to be a fuzzy norm on X if for all z,y € X and all s,t € R,

N1) N(z,¢) =0 for ¢ < 0;

2) z =0 if and only if N(x,¢) =1 for all ¢ > 0;
3) N(cz,t) :N(aj,l’%l) if ¢ # 05

4) N(x+y,s+t) > min{N(z,s),N(y,t)};

5)

N6) For z # 0, N(z,.) is continuous on R.

The pair (X, N) is called a fuzzy normed linear space. One may regard N (z,t)
as the truth value of the statement the norm of z is less than or equal to the real
number ¢.

22 =22

N(z,.) is a non-decreasing function on R and lim;_,o N(z,t) = 1;

(
(
(
(
(
(

The concept of stability of a functional equation arises when one replaces a
functional equation by an inequality which acts as a perturbation of the equa-
tion. The first stability problem concerning group homomorphisms was raised
by Ulam [22] in 1940 and affirmatively solved by Hyers [23]. The result of Hy-
ers was generalized by Aoki [24] for approximate additive function and by Ras-
sias [25] for approximate linear functions by allowing the difference Cauchy equa-
tion ||f(z1 + x2) — f(x1) — f(z2)| to be controlled by e(||z1]|P + ||z2||?). Taking
into consideration a lot of influencke of Ulam, Hyers and Rassias on the develop-
ment of stability problems of functional equations, the stability phenomenon that
was proved by Rassias is called the generalized Ulam-Rassias stability or Hyers-
Ulam-Rassias stability (see [26H28]). In 1994, a generalization of Rassias theorem
was obtained by Gavruta [29], who replaced e(||z1]|P + ||z2]|P) by a general control
function p(z1,x2).

The stability problem for the 2-dimensional vector variable bi-additive func-
tional equation was proved by the authors [30] for mappings f : X x X — Y,
where X is a real normed space and Y is a Banach space. In this paper, we
determine some stability results concerning the 2-dimensional vector variable bi-
additive functional equation

f(a:—|—y,z—w)—|—f(a:—y,z+w):2f(a:,z)—2f(y,w) (11)

in intuitionistic fuzzy normed spaces. We apply the intuitionistic fuzzy continuity
of the 2-dimensional vector variable bi-additive mappings and prove that the exis-
tence of a solution for any approximately 2-dimensional vector variable bi-additive
mapping implies the completeness of intuitionistic fuzzy normed spaces (IFNS). It
has shown that each mapping satisfies in (IL1]) is C-bilinear (see [31]).

In the following section, we recall some notations and basic definitions used in
this paper.
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2 Preliminaries

We use the definition of intuitionistic fuzzy normed spaces given in [16,32]
33] to investigate some stability results for the functional equation (L)) in the
intuitionistic fuzzy normed vector space setting.

Definition 2.1 ([34]). A binary operation = : [0,1] x [0, 1] — [0, 1] is said to be a
continuous t-norm if it satisfies the following conditions:

(a) is commutative and associative;

(b) is continuous;

(¢) ax1=a foralla€l0,1];

(d) a*b< c*dwhenever a < cand b<d for all a,b,c,d € [0,1].

Definition 2.2 ([34]). A binary operation o : [0,1] x [0,1] — [0, 1] is said to be a
continuous t-conorm if it satisfies the following conditions:
(a) is commutative and associative;
(b) is continuous;
(¢) ao0=a forallae€l0,1];
(d) aob< codwhenever a < cand b<d forall a,b,ecde[0,1].

Using the continuous t-norm and t-conorm, Saadati and Park [16], have intro-
duced the concept of intuitionistic fuzzy normed space.

Definition 2.3 ([I6/32]). The five-tuple (X, u, v, *, o) is said to be an intuitionistic
fuzzy normed space (for short, IFNS) if X is a vector space, * is a continuous t-
norm, o is a continuous t-conorm, and u, v fuzzy sets on X x (0, 00) satisfying the
following conditions: For every z,y € X and s,t > 0,

) v(ax,t) =v(z, ﬁ) for each a # 0;
) v(z,t)ov(y,s) = v(x+y,t+s);
IF) v(z,.):(0,1) — [0,1] is continuous;
) lim¢oo v(z,t) = 0 and limy_o v(z,t) = 1.

(IFl) wx,t) +v(z,t) <1

(IFy) p(z,t) >0

(IF3) p(x,t) =1 if and only if x = 0;

(IFy) plax,t) = p(x, ﬁ) for each a # 0;
(IF5) p(z,t)* ply,s) < p(x +y,t + s);
(IFs) p(zx,.):(0,00) — [0,1] is continuous;
(IF7) limgoo p(x,t) =1 and limy o0 p(z, t) = 0;
(IF3) v(z,t) <1;

(IFy) v(z,t) =0if and only if z = 0;

(

(

(

(

Example 2.4. Let (X, ||.||) be a normed space, axb = ab and aob = min{a+b,1}
for all a,b € [0,1]. For all z € X and every t > 0, consider

_tif >0 Izl 3¢ >0
_ ] #er ! — ) ]
p(z,t) { 0 it <0 and v(z,t) . '
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Then (X, u, v, *,0) is an IFNS.

Remark 2.5. In intuitionistic fuzzy normed space (X, p,v,*,0), u(x,.) is non-
decreasing and v(x,.) is non-increasing for all x € X (see [10]).

Definition 2.6. Let (X, u, v, *,0) be an IFNS. A sequence {z,, } is said to be intu-
itionistic fuzzy convergent to L € X if limy 00 u(xp — L, t) = 1 and limg o0 v(z) —
L,t) =0 for all ¢ > 0. In this case we write x, — L as k — oco. A sequence {z,} is
said to be intuitionistic fuzzy Cauchy sequence if limy_ o0 p(T4p — Tk, t) = 1 and
limp oo ¥(@pyp —xk,t) = 0 for all p € N and all ¢ > 0. Then IFNS (X, p, v, %, 0) is
said to be complete if every intuitionistic fuzzy Cauchy sequence in (X, p, v, *,0)
intuitionistic fuzzy convergent in (X, u, v, *,0) and (X, u, v, *,0) is also called an
intuitionistic fuzzy Banach space.

The concepts of convergence and Cauchy sequences in an intuitionistic fuzzy
normed space are studied in [16].

3 Intuitionistic Fuzzy Stability

For notational convenience, given a function f : X x X — Y, we define the
difference operator

Dypf(z,y,z,w) = fx+y,z—w)+ flxr —y,z+w) —2f(x,2) + 2f (y, w).

We begin with a generalized Hyers-Ulam type theorem in IFNS for the func-
tional equation ().

Theorem 3.1. Let X be a linear space and let (Z,u',v,) be an IFNS. Let ¢ :
XXX x X x X — Z be a mapping such that, for some 0 < a < 4.

V' (p(2z, 2y, 22, 2w), t) < V' (ap(x,y, 2, w), t), ’

for all x,y,z,w € X and all t > 0. Let (Y, u,v) be an intuitionistic fuzzy Banach
space and let f : X x X =Y be a mapping such that

W (p(x,y, z,w),t),
V(e 2, w). 1) (8:2)

for all x,y,z,w € X and all t > 0. Then there ezists a unique mapping F :
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X x X =Y satisfying (L) such that
u(Fla,y) - f@.y) + 31(0,0),¢)

2 *OOIU/ (@(Ia T, Y, _y)v @t) *°° :U/ (@(Ia -, Y, y)v @t)

*“u(s@(07w70,y), “}%t)

(3.3)
v(Fe.y) = f(0,9) + 5£0,0),1)
g OOOVI (@(Iaxayv _y)v (4§0¢)t) o VI (w(xv _Iayvy)a (45(1) t)
0w/ (p(0,3,0,), L52t)
forall x,y,z,w € X and all t > 0, where **°a :=a*xax*--- and c®a:=qaoqao---
for all a € [0,1].
Proof. Put y = —2 and w = z in (32) to obtain
}L(f(2$, 22) - 2f($, Z) - 2f(_$7 Z) + f(Ov 0)5 t) 2 ,U/(QD(I, -Z,z, Z)vt)a (3 4)
I/(f(2£[],22) - 2f(.’II,Z) - 2][(_1',2) + f(070)7t) < yl(sp(x, —LL',Z,Z),t) -
for all z,z € X and all ¢t > 0. Let x = z = 0 in (B2)), we get
{ u(f(y, —w) + f(=y,w) + 2f (y, w) — 2f(0,0),t) > ' ((0,y,0, w), ), (35)
v(f(y, —w) + f(—y,w) +2f(y, w) — 2f(0,0),t) < v'(¢(0,y,0,w),?)

for all y,w € X and all ¢ > 0. Replacing y by z and w by z in (3], we get
v(f(@,—2) + f(=z,2) + 2f (2, 2) — 2f(0,0),1) < V'(¢(0, 2,0, 2), t)
for all z,z € X and all ¢t > 0. Putting 2 = y and w = —z in (8.2)), we obtain
for all z,z € X and all ¢ > 0. By inequalities (34 and (B1), we get
/L(2f(—$72)—2f(.’IJ,—Z)+2f(O, 0)7 t) 2 /L/((P(JJ,.’II,Z,—Z), %) * /J,/((p(l',—{E,Z,Z), %)7
V(Qf(—.I,Z)—zf(.’,E,—Z)+2f(0, 0)5 t) < V/(QD(I,I,Z,—Z), %) © I//(QD(I,—{E,Z,Z), %)
(

(3.6)

ﬂ:(@(mvwvzv—z)vt)v (3.7)

(p(z,x,2,—2),t)

NV

3.8)
for all ,z € X and all ¢ > 0. And from (B8], we can write

{/L(f(_xaz>_f($a_z)+f(0a O)vt) 2 ,U,/(QQD(I, €Tz, _Z)v %) * :u/(2</7($7 —T, 2, Z)a %)7
V(f(—I,Z)—f(I,—Z)+f(O, O)vt) < V/(290(Ia €Tz, _Z)v %) ° V/(290(Ia -, 2, Z)v %)
(3.9)
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for all z,z € X and all ¢t > 0. By B.6) and (31)), we have

p(f(2z,22) = 4Af (2, 2) + f(2,—2) — f(==,2) +3f(0,0),1)
> (p(2, 2,2, —2), %) * 11 (¢(0,2,0, 2), %)7
I/(f(ZIE, 22) - 4f($, Z) + f(:E, _Z) - f(—:E, Z) + 3f(07 O)a t)

< VI(SO(‘Tu z,z, _2)7 %) © UI(QD(O,LL', 07 Z)u %)

(3.10)

for all z,z € X and all ¢ > 0. From 39) and BI0), we get

w(f(2x,22) —4f(x,2) +4£(0,0),%)
> (a2, -2), 1) 4 (0l 2,2, -2), )
1 (22w, 7, 2, 2), 2) « 1((0, 2,0, 2), 1)
> (o(z, 2,2, —2), é) w1 (o(z, 2,2, —2), é)
.=, 2,2), )  (0(0,,0,2), )

t t t
= *Bﬂ/(%’(ﬂ?vﬂ?, 2, _Z)a g) * ul(</7('r7 -Z, %, Z)a g) * :u/(</7(05 xz, 07 Z)v g)v

and also

v(f(2x,22) —4f(x,2) +4£(0,0),1)

t t t
< 021//(@(1‘.7:[;7 2, _Z)7 5) o V/(QO(JI, -,z Z)u 5) o V/(QD(O,.’I], 07 Z)u 5)
for all x,z € X and all ¢ > 0. We can write above inequalities as following

M(f(QI,Qzé)ﬂ»f(O,O) _ f(sz), %)
*

= *ZIU/(QD(I,I,Z,—Z),é) /(QO(I,—.I,Z,Z),%)*,U/(QO(O,.I,O,Z),%), (3 11)
U(f(2m,2zi+f(0,0) ~ f(z,2), i)
<o (p(z, 2,2, —2), %) o (p(z, —x, 2, 2), %) o (p(0,2,0, 2), %)

for all ,z € X and all ¢t > 0. Replacing by 2”2 and z by 2"z in BII) and
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using &1, we get

F@M 22" )4 £(0,0)  f(27m,272) ¢t
An+1 - 4n ) 4n+1

I
> 2y (p(2"w, 2", 2"z, —2"2), &) % il (p(2"w, —2"2,2"2,272), §)

11/ ((0,2"2,0,2"2), &),
= *2/1‘/(@(1:71:7 2, _Z)7 801%) * M/(So(xa -, z, Z)u ﬁ) * /,L/(QD(O,JI, 07 Z)u 801%)’

f@ 2" 470,00 - f(2Mw,2"2) ¢
v anFI - in )y Zn¥T

< %V (@(2M, 2", 272, —272), ) oV (p(2"w, —2"x, 272, 272), £)

o/ ((0,2",0,2"2), 5)
< O2V/(S0(x7x7 2, _Z)u &%) o I/I(QO(:I;a —Zy 2, Z)u &%) © I/I(SO(Ou Z, 07 2)7 &%)

forall z,z € X, alln € Nand all t > 0. By replacing ¢ by o™t in above inequalities,

we have

fE 22" 40,00 f(2"3,2"2)  a”t
M An+1 - An ) gn+1

> *2/1‘/(90(‘@7 z,z, _2)7 %) * /1‘/(%0(:[;7 —Z, z, Z)7 %) * ul(@(ou z, 07 2)7 %)7

(3.12)

f@ 22" 470,00 f(27x,2"2) o™t
v an+1 - in )y gnFT

<o (p(z, 2,2, —2), é) o (p(z, —x, 2, 2), %) o (p(0,2,0, 2), %)

for all z,z € X, all n € N and all ¢ > 0. It follows from

{ kit k
= 4 4
1

#3(1-30)70.0

SR F(2R I, 28 4 £(0,0)  f(2Fx,282)7  f(2na,2mz)
| == - @)

and (B.12),

n n — k
u(LEFED — flar )+ (1 - 4 ) £(0,0), S5 %)
n—1 (f(2k+1x,2k+1z)+f(o,o) f2kz,2F2) ok )
k=0 M AFTT - 4% ) 4RFT

2n/1'/((p(x7x7 Z, _Z)u %) " M’(sp(x, -Z,z, 2)7 %) " /1’/(()0(07 xz, 07 2)7 %)7

ARV

*

n—1 oF¢

U(M — f(x,2) + %(1 - ﬁ)f(oao)a k=0 W)

4n
k

— k+1 k+1 k k
< szé V(f(2 I724k+1Z)+f(0)0) — e Zk)2 z), 4()1i+t1)
< OQ"V’(</)(I7$7 2, _Z)a %) o™ V/(@(Ia -, 2, Z)v %) o™ V/(QD(O,{E, Oa Z)a %)
(3.13)
for all z,2 € X, all n € N and all t > 0, where [[/_;a; := a1 *az -~ *
an, [[j=y a5 :=a10az0---0an, x"a:=[[]_ja=gx*---xagand o"a:=[[j_ a=

n times
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ao---oqforalla,ay,az, - ,ay, €[0,1]. By replacing « with 2" and z with 2™z

n times

in (313), we have
gntmy gntm 2Mx 2™z n—1 oF
/L(f( Tnvm e I L+ W(l a %)f((),()), k=0 4k+mt+1)
> 2 (p(2Mx, 2w, 2™z, —2™M2), %) " (p(2Mx, =21, 2™z, 2™ 2), %)
1 (e(0,2m2,0,2m2), L),
P *Q”Iu’(gp(x,a:,z,—z), 8057") *™ H (@(Ia_xvzvz)v SQM) 6”:“ ( (0 x O Z)’ 80/")

Qntm g gntm, (2™, 2™ 2 n—1 oF
(f( e e #(1 - ﬁ)f(o,o), F—0 w—mtﬂ)
< O2nljl((p(2m(b, 27711;7 2mZ, _2mz), é) on 1/1(30(27”&6, _21n‘,L.7 2mZ, 2mz), %)
V' (p(0,2™2,0,2™2), §)
<o (p(x,x, 2, —2), Sa%) o V' (p(z, —=x, 2, 2), sam) o™ V' (p(0,2,0,2), 8am)
for all x,z € X, all m,n € N and all £ > 0. So we have gotten that
Qntm g gntm, (2Mx,2™ 2 n m—1 a
M(f( Tt ) _j( T )_’_ﬁ(l 471)][(0 0) + )
t
8

> 2 (@, 2, —2), L) ™ i (0w, —2, 2, 2), §) *" 1/ (¢ (O z,0, 2),

);

4ntm 4m 3.4™m =m

V(f(2"+mm,2"+m) f@mz,2mz) +_(1_4L)f(() 0), ner 1 a+

|H-v

<P (p(x,2,2,—2), ) "V (p(x, —, 2, 2), §) o™ V' (¢ (O z,0,2), )

for all x,z € X, all m,n € N and all ¢ > 0. Replacing ¢t by W, we obtain
gntmy gntmy 2Mg 2™z
M(f( An+m ) f( qm ) + 3. 4m (1 - F)f(oa 0)7 t)
> 2 (o(x, 2,2, —2), ———t———) *" T, —X, 2, 2), e
1 (s 2 syt ) ¥ e

*" 1! (p(0, 2,0, 2), W)

V(f(z’@*;ai,i”*mZ) _ J‘(T”;;LQM 2) 4 W (1 - ﬁ)f(ov 0), t)

<oV (o(x, x, 2, —2), —————) o™ V' (o(x, —2, 2, 2), ——t—
((P( ) SEZ+:: 1 ?+1) ((P( ) 8222::7142‘%)
0"/ ((0,,0, 2), m)
TkFT
(3.14)
for all z, zeX all m,n € Nand all ¢ > 0. Since 0 < a <4, Y77 ((%)* < 00 and
pme 1( ) — 0asm— oo for all n € N. Thus ——t+— — 0o and
k=m 4k
*2;/(90(:17 X, 2, —2), ;) *u’((p(x —,2,2) ;)
B2 T o RS e
t
* [ (<p(0 x,0,2), P ) —1
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asm — oo for all z,z € X, all m,n € N and all ¢t > 0. Hence the Cauchy criterion
f(2"z,2"2)
4’7l

for all z,z € X. Since (Y, u,v) is complete, then this sequence converges to some
point F(z,z) € Y defined by F(z,y) = lim, W for all z,z € X. Now
by putting m = 0 in (BI4), we obtain

p(LE522 — fw2) + 5 (1 ) F(0.0).2)

for convergence in IFNS shows that ( is a Cauchy sequence in (Y, p, v)

> 2y (p(x, x, 2, —2), ————) *™ i/ (o(x, —2, 2, 2), ——L—p
ol 2) ) e —002) )
MI(QD(O,.’L',O,Z) W)v
k=0 ZkFT
y(L2528 — fo,2) + (1 - ) £(0,0).1)
<P (p(z,, 2, —2), W)On V' (p(x, —I,Z,Z),W)
k=0 2k k=0 4k
V' (0(0,2,0, 2), W)
k=0 2k+1

for all z,z € X, all n € N and all ¢ > 0. By taking limit from above inequalities
as n — oo and using the definition of IFNS, we get

p(Flay) = Fow) + 370,0,8) > 4 (pla, 2.2, —2), L52)
*“u’(@(z,—x,z,z),%lf) *%° 1y (90(0 z,0, 2), (4—a) Oz) )7

v(Fla,y) - floy) + 570,0),8) < o0 (o, 2,2, —2), L520¢)
oool/’(go(:v,—x,z,z), Mt) 0™y (@(O z,0, 2), 4= O‘) )

for all z,z € X and all ¢t > 0, which are the desired inequalities (3.3]).

Now we show that F satisfies in (ILI)). Replacing z,y,z,w and ¢t in [B2)
respectively by 2"z, 2™y, 2"z, 2"w and 4™t, we get

f 42"y, 2" 2—2"w) + f(2Tx—2"y,2" 242" w) 2f(2";ﬂ2 z) +2f(2 y,2"w) t)

/’l/ 47L 4’7l 4’7l 4’7l

> 1 (p(202, 27y, 272, 2" w), 4"t) > i (p (2, y, 2, w), L)

U(f(2"m+2"Z;L2"z 2" w) + frz— 2"Z;l2"z+2" w) 2f(2 m2 z) +2f(2 Zf w) t)
V(p(2™x, 2™y, 2"z, 2"w), 4"t) < V' (¢(z,y, 2, w), ‘gln )

for all z,y,z,w € X all n € N and all ¢ > 0. Since i—? — 00 as n — 00, then

4"t
lim /' (p(x,ny, z,nw), —) =1
a

n—oo

and
li "(e( ) 4"15)
dim v (p(z, ny, z,nw), —-) =
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for all x,y,z,w € X and all t > 0.
To prove the uniqueness of the mapping F', assume that there exists a mapping
G : X x X — Y which satisfies (L)) and B83). For fix z,y € X, we know that
F(2"z,2"y) = 4"F(z,y) and G(2"z,2"y) = 4"G(x,y) for all n € N. Tt follows
from (B.3) that
F(2"z,2"y) ", 2™y) )

u(F(z,y) — G(z,y),1) :u( I
(F(2”x,2"y) _ f@re,2%y)
4n n 3. 4n "2

G2z, 2"y)  f(2ra,2hy) 1
*“(_ i T 34nf(0’0) 2)

=

> %2 %> ,u'( (2"x, 2"z, 2"y, —2"y)
4™ (4 )t
%2 >f<°°;/(g0(2 x, —2"x, 2"y, 2"y), 7( G )

42 5> ’(go(o 272,0,2"y), 74n(4g0‘)t)

4m(4 — a)t)
16a™
o 4"(4 — a)t
2 (80( —7,Y,Y), %)

4"(4 — a)t
2 o0,/

0,2,0,), — )
<25 (p(0,2,0,), ——

for all x,y € X, all n € N and all £ > 0, and similarly

> *2 *OO MI (90(% x,Y, _y)7

4"(4 — a)t
P (a) = Gla).0) < o2 0 (oG, =), L)
- 4"(4 — a)t
02 o I// (@(I, -, Y, y)v %)
4" (4 — a)t
02 Oool//( (07 &€, Oa y)v %)
4" (4—a)t

for all z,y € X, all n € N and all ¢ > 0. Since lim, =oo for all t > 0,

we get

4am

lim M'(Sﬁ(%waya —Y), M) *u'(so(:v, —z, 1), M)

n—o00 160[” 160[”
4" (4 — a)t
*u'(s@(O,w,O,y),i(lGan ) ) =1

and

lim ' (90(557 T, Y, —Y), M) o/ (go(ac, —z,9,7), M)

n—00 16a™
4"(4 — a)t
o0/ (i(0,2,0,9), TE— )
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for all z,y € X and all ¢ > 0. Therefore u(F(x,y) —G(z,y),t) = 1 and v(F(z,y) —
G(z,y),t) =0 for all ¢ > 0. Thus it is concluded that F(z,y) = G(z,y). O

Example 3.2. Let X be a Hilbert space with inner product (.,.) and Z be a
normed spaced. Denote by (u,v) and (u/,v’) the intuitionistic fuzzy norms given
as in Example 24 on X and Z, respectively. Let ||.|| be induced norm on X by the
inner product (.,.) on X. Let p: X x X X X x X — Z be a mapping defined by
o(z,y, z,w) = 2(||z|| + [Jly|| + [|z]| + ||w]|) 20 for all z,y, z,w € X, where 2 is a fixed
unit vector in Z. Define a mapping f : X x X — X by f(z,y) := (x,y + x0)xo for
all x,y € X, where xg is a fixed unit vector in X. Then

t t t
= > >
t4+2[y, zo)l ~ t 420yl T ¢4 2l + [yl + 2]+ lwl]

)= w (e, y, z,w),t)
and

V(f(:zr+y,z—w)+f(x—y,z—|—w) —2f(x,z)+2f(y,w),t) :V(2<y,1170>$0,t)
_ 2wl 20yl 20l + llyll =l [lel)
t+2[(y,z0)| ~ t+llyll T t+ 2zl + [yl + 2] + [l

) = VI(SO(Ia Y, va)vt)

for all z,y,z,w € X and all t > 0. Also we can get

t
Al + i+ 2] Tl

W (p(22, 2y, 22, 2w), t) 7= W (2e(x,y, z,w),t)

and

A=l + Nyl + Nzl + [Jwl)
V' (p(2z,2y,22,2w),t) = =1 (2¢(z,y, z,w),t)
t+ 4zl + llyll + =]l + [lwl])

for all x,y,z,w € X and all t > 0. Therefore

4mt
lim u/(p(27,2y,22,2w),4"t) = lim =1
n—yoo0 oo 47 + 2" ([l + [ly[l + 2]l + [[wl])
and
2 (1)l + [yl + 1l=I1 + [lwll)
lim v/ (p(22,2y,22,2w),4™t) = lim =0
n—o0 n=oo 47 + 20 ([l + [yl + ll2]| + [[wl])

for all z,y, z,w € X and all t > 0. Hence the assumptions of Theorem B Ilfor o = 2
are fulfilled. Therefore, there exist a unique bi-additive mapping F': X x X — X
such that

(P (2,) = f(z,9),t) = =0 (412 ] + llyl)zo, 1) * ' (2l + llyl) 20, 1)

and

v(F(w,y) — f(@,y),t) < o*V (4(ll=]| + lly)z0,) o v/ 2(llll + llyll) 0, 1)

for all x,y € X and all £ > 0.
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The following theorem will be proved the case a > 4.

Theorem 3.3. Let X be a linear space and let (Z, ' V") be an IFNS. Let ¢ :
X X X x Xx — Z be a maping such that, for some a > 4,

u’(w(;%,g,%),t) > 1 (o(z,y, 2, w), at),

/(¢(5: 55 5)t) V(e yzw).at),
for all x,y,z,w € X and all t > 0. Let (Y, u,v) be an intuitionistic fuzzy Banach
space and let f: X x X — Y be a p-approximately bi-additive mapping in the sense
of B2) with f(0,0) = 0. Then there exists a unique mapping F: X x X =Y
such that

and

/J,(F(Ji,y) - f(:v,y),t) < Owyl((p(xvxvyu _y)u

(o ; 4) t) o>/ (90(0,3:, 0,9), (o — 4)t)

0> VI (QO(ZE, -Z,Y, y)v
forall x,y € X and all t > 0.

Proof. The proof is similar to the proof of Theorem B.Il Then we present a
summary proof. From (BII), we have

p(f(22,22) = 4f (x,2),t) = #*p' (92, 2,2, —2), §) * 1 (p(2, —2, 2, 2), §)
' (¢(0, 2,0, 2), 5),

v(f(2z,22) — 4f(, 2),t) < o2V (p(z, 2,2, —2), %) o (p(z, —x, 2, 2), %)
o/ (¢(0,x,0, 2), %)

for all x,z € X and all ¢ > 0. Thus we get

u(f(fr, z) — 4f(%, 5) : t) > 2 (p(z, 2,2, —2), §)
' ((x, —2,2,2), §) * 1 ((0,2,0,2), §),

V(f(:v, z) — 4f(%, %) , t) <o (p(x, w0, 2, —2), %t) o (p(z, —x, 2, 2), %t)
o/ (p(0,z,0, 2), %t)
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for all z,z € X and all ¢ > 0. Similar in (13), for all z,z € X, all m,n € N and
t > 0, we can conclude
u(47 f (G 3) = 47 f (e 3w ) )
> s2n /( _ t ) n /( _ t )
T <P($7l“727 Z)a 8222:71 aiil T @(Ia x,z,z) Zn+m 1 4i1

*" ! (80(073570,2) W)

k+1
V(4mf(gim72im)—4n+mf(waﬁ),t)
<02"V’( T,2, % é)onl/'( T,—T, 2,2 é)
= 90( (At Nad] ) 82n+m 1 %il 90( ’ [ad ) 8Zn+m 1 4111

OV(SD(OSCOZ)W

kE+1

(3.15)
for all ,z € X, all m,n € N and all ¢t > 0. Slncea>4 S o(3)F < oo and

Z—TZ 1( )% — 0 as m — oo for all n € N. Thus m — 00, then we have
k=m  oF
*2ﬂl(<ﬂ($ T, z,—%), ;) *,u'(ga(:z: —T,2,%) -t
[ 1 k ’ [ ad] ) 1 A
8y it A gy m=l 4
t
,U/(QQ(O,.I,O,Z), W) —0
8 k=m aF+T
and
O2V/(<P($ T, 2, —2), ;) oz/(gp(a: —2,2,2) ;)
[ 1 k ) g ’ 1 %
8En+m Q%H 8 ZIZZ —
t
l/(gp(() x,0,2) —) —0
s Ly Uy 2 )y 1
CD DM

asm — oo for all z,z € X, all m,n € N and all ¢t > 0. Hence the Cauchy criterion
for convergence in IFNS shows that 4™ f(5%, 57 ) is a Cauchy sequence in (Y, p, v)
for all z,z € X. Since (Y, u,v) is complete, then this sequence converges to some
point F(x,z) € Y defined by F(z,y) = lim, 00 4" f(5%, 5) for all z,z € X. By
putting m = 0 in (BIH), we can deduce

p(F(z,y) = f(@,y),1) > <1 (oo, 2,9, ), o . 4 t)

> 1 (w(x, —a,yy), @ 3 4)t) %> u(w(O, £.0,y), 2 3 4 t)

and

v(F(z,y) = f(2,y),1) < o™V (@(:c,x,y, —y), (@ g 4) t)

o>/ (go(ac, -2,9,Y), (o ; 4) t) o>/ (cp(O, z,0,9), (o ; 4) t)
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for all z,y € X and all ¢t > 0. The remainder of the proof is similar to the proof
of Theorem 311 O

4 Intuitionistic Fuzzy Continuity

In this section we apply the instuitionistic fuzzy continuity, which is discussed
in [13], to study continuous mapping satisfying (II]) approximately.

Definition 4.1. Let ¢ : R — X be a mapping, where R is endowed with the
Euclidean topology and X is an intuitionistic fuzzy normed space equipped with
intuitionistic fuzzy norm (u,v). Then L € X is said to be intuitionistic fuzzy limit
of g at some 19 € R if and only if for every e > 0 and a, 8 € (0, 1) there exists some
§ =0(e,a, B) > 0such that u(g(r)— L,e) > o and u(g(r) — L,e) < 1 - whenever
0 < |r —ro| < . In this case, we write lim,_,o, g(r) = L, which also means that
lim,—po pu(g(r) — L,t) = 1 and lim, ., v(g(r) — L,t) = 0 or p(g(r) — L,t) = 1 and
v(g(r) — L,t) =0 as r — rg for all t > 0.

Theorem 4.2. Let X be a normed space and (Y, p,v) be an intuitionistic fuzzy
Banach space. Let (Z,p',v") be an IFNS and let 0 < p < 2 and z9 € Z. Let
f: X xX =Y beamapping such that

{ p(Dyf (2,9, 2,w),8) = W' (2] + lyll + [[2]] + [[w]])20, 1), (4.1)
v(Dof (2, 2,w), t) <V (2]l + lyll + l[21 + [lwl]) 20, 2) '

for all x,y,z,w € X and all t > 0. Then there exists a unique mapping F :
X x X =Y satisfies (LI)) such that

H(F () = F(,y),8) > w2 (2] + lyl7)z0, U5220)
ool (2(]Je | + ly ) =0, U522t

wou (2127 + lylP)20, U520t

(4.2)
V(F () = f(,),8) < o (20l + Iyl =0, 45770)
°°°V’( (ol + 9117)z0, B21)
4—
oot (el + yl17)z0, B522¢)

forallx,y,z,w e X and allt > 0. Furthermore, if the mapping g : R — Y defined
by g(r) := W is intuitionistic fuzzy continuous for some x,y € X and
all n € N, then the mapping r — F(rx,ry) from R to Y is intuitionistic fuzzy

continuous; in this case, F(rx,ry) = r?F(x,y) for all r € R.

Proof. Define ¢ : X x X x X x X — Z by ¢(z,y,z,w) = (||z]|P + ||yl|P + ||2]|P +
[lw||?)zo for all z,y,z,w € X. Existence and uniqueness of the mapping F satis-
fying (1) and @I) are deduced from Theorem Bl Note that, for all z,y € X,
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all n € N and all t > 0, we get
M(F(:v,y) — ﬂﬁ#’t) _ M(F(znﬁl,z"y) _ f(2";2ny) t)
_ M(F(Z"a:, 2my) — f(2"x,2Y), 4”15)
> ool (277 (] + (1)) 20, G201
ool (207 (P + lyl7) 20, LU

o (2 (ol + 1) 20, £L2e),

(4.3)
o(Flay) = 1020 1) = (a2 _ a2 )
= V(F(Q":C, 2ny) — f(2"x,2Y), 4"t)
<o (2771 ([l2|P + 1yl1”) 2o, %t)
o/ (291 (Jall” + ||y||P>zo, = ”)
= (27l + [y z0,
By putting x = y = 0 in ([@3)), we have
u(F(0.0) = ££(0,0),t) > 1,
v(F(0,0) = ££(0,0),t) <0
for alln € N and ¢t > 0.
Consider fix z,y € X. From (43, we obtain
u(F(ra,ry) — L2200 ) s aoop (2P + lyl1?)z0, Seibrippt)
1 (Ul + 1y17)20, geizibt) + (21 (2ll? + lyli7)zo0, nitipdt),
u(F(wy) — 222 1) < oo ((all” + lylP)20, Frtrt)
<! (]l + lyl7)z0, 2t o v (20 (] + [y]7)z0, Smlbrde)
for all € R\{0}. Since lim, 42(:1?7_‘3'?5 = oo for all t > 0, then we get
limy, oo u(F(rw,ry) W % =1,
lim,, oo V(F(rx, ry) — 7“2%:;2”@), % =0

for all r € R\{0}. Consider fix ry € R, from the intuitionistic fuzzy continuity of
the mapping t — W, we have

. f(2"rz,2"ry) f(2"rox,2"roy)
limy, 00 pt in - 470

t

. 1
f@"rz,2"ry) _ f(2"rox,2"T0y) 1) =0

5] =0.

lim,, oo V T 170 )
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It is concluded that

w(E (rz,ry) — F(roz,m0y),t)
f(2mrz, 2 ry) t f@2mrz, 2"ry)  f(2"rox, 2"roy) t
2 W(Plrsr) - FZIETT 1 . 5
“( (rz,ry) 4n 3)*H 4n 4n 3
*N(f(QnT0$72"Toy) t) >1

4n - F(Tol", Toy)v g

and
v(F(rz,ry) — F(rox,moy),t) <0

as r — rg for all ¢ > 0. Therefore it is concluded that mapping r — F(rz,ry) is
intuitionistic fuzzy continuous.

By using the intuitionistic fuzzy continuity of the mapping r — F(rz,ry) we
show that f(sz,sy) = s?F(z,y) for all s € R. By considering fix s € R and ¢ > 0,
then for each 0 < a < 1, there exists § > 0 such that

t

u(Flra,ry) - Flsz,sy). 5) > a

and .
V(F(r:v,ry) — F(sz, sy), g) <1l-a.

Consider rational number r such that 0 < |r — s| < ¢ and |r? — s?| < 1 — a, then
we will have

u(F (s, sy) — s°(z,y),t) >
M(F(sx, sy) — F(rx, ry), %) * M(F(mc,ry) —r2F(z,y), %)
* ;J,(TQF(SC,y) — s%F(2,y), %) >oaxlx* M(F(:v, Y), ﬁ)
and
v(F(sz,sy) — s*(x,y),t) < (1 —a)o0o V(F(:zr, Y), ﬁ)

When o — 1 and using the definition of IFNS, we get
p(F (sz,sy) — s*F(z,y),t) =1 and  v(F(sz,sy) — s°F(z,y),t) = 0.

So we conclude that
F(sz,sy) = s°F(z,y). O

In the following we prove a result similar to Theorem for case p > 2.

Theorem 4.3. Let X be a normed space and (Y, pu,v) be an intuitionistic fuzzy
Banach space. Let (Z,u',v') be an IFNS and let p > 2 and zo € Z. Let f :
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X x X =Y be a mapping such that satisfies in [@Il). Then there exists a unique
mapping F : X x X =Y satisfies (L) such that

H(F (@) = Flay),t) > == (2] + lyl7)z0. 52t
oo (22 + yll?) 20, S22¢)
wu(2(]2ll” + lylI?)z0, 4;2 )

V(F (@) = f(2,9),8) < o/ (2(2l]” + ylI7) 0. <2p—4>t)
o/ (2(|jall” + 1ylI7) 20, S522)

t
o] (4— 2
o' ((llzl1” + 1ylI?)zo w, t)

(4.4)

for all x,y € X and all t > 0. Furthermore, if for some xz,y € X and alln € N,
the mapping g : R — Y defined by g(r) = 4" f(5%, 5%) is intuitionistic fuzzy
continuous for some x,y € X and all n € N, then the mapping r — F(rzx,ry)
from R to'Y is intuitionistic fuzzy continuous, in this case, F(rz,ry) = r?F(z,y)

for all r € R.

Proof. Define a mapping ¢ : X X X x X x X = Z by p(z,y,2,w) = (]|z||P +
lyl|? + [|2]|P + ||w]|P)zo for all z,y,z,w € X. Then

2222 t) =
u(@(2,2,272 ) =1 (5 1(HHCII + llyll”)=o,t

for all z,y € X and all ¢t > 0. From p > 2, then 27 > 4. By Theorem B3] there
exists a unique mapping F' which satisfies (ILT]) and ([@4]). The rest of the proof is
similar as in Theorem O
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