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and (a, b)-monotone mappings in Hilbert spaces by using a modified viscosity itera-
tion. First, we prove some strong convergence theorems of our proposed algorithm
to converge a common element of the set of solutions of an equilibrium problem,
the sets of fixed points of m-generalized hybrid and (a,b)-monotone mappings.
Finally, we give numerical examples to illustrate the our results.
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1 Introduction

From the existence of solutions of the equilibrium problem has used for solving
a wide class of real problems for instance economics, finance, optimization and
networks (see [3, 5] [6] [7]). In fact, the equilibrium problem contain many problems
such as optimization problems, the fixed point problems, the Nash equilibrium
problems, variational inequalities, complementary problems, saddle point problems
and some others as special cases.

In 1953, Mann [§] introduced an iteration method, which is called the Mann
iteration, for finding a fixed point of a nonexpansive mapping in a Hilbert space
as follows:

xg € C,
Tpt1 = (1 — ap)zy + apyTa,

for each n > 0, where a, € [0, 1]. In 1974, Ishikawa [9] introduced a new iteration
procedure, which is called the Ishikawa iteration, for approximating a fixed point
of a nonexpansive mapping in a Hilbert space as follows:

o € C,
Yn = (1 - ﬂn)xn + BnTIna
Tnt1 = (1 —ap)zy + Ty,

for each n > 0, where ay,, 8, € [0, 1] with some conditions. Note that, if 5, =0 in
the Ishikawa iteration, then we have the Mann iteration.

Actually, the Mann and Ishikawa iterations converge weakly to a fixed point
of a nonexpansive mapping in a Hilbert space. To overcome this problem, some
authors have introduced some iterations to converge strongly to fixed points of the
proposed nonlinear mappings and solutions of nonlinear problems.

Especially, Moudafi [4] introduced the wiscosity iteration {x,} in a Hilbert
space H defined as follows: choose an arbitrary initial xq € H,

e

ﬁf(xn) +

Tnt+1 = Tz,

1+¢,
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for each n > 0, where T': H — H is a nonexpansive mapping and f: H — H is a
contraction with a coefficient a € [0, 1), the sequence {e,} is in (0,1) such that
(a) limy,— 00 €5 = 0;
(b) 3nlgen = o

(C) hmn—>oo (E%L - EnlJrl) =Y,

and proved that the sequence {z,} converges strongly to a fixed point z* of the
mapping 7', which is also the unique solution of the following variational inequality:

<(I*f)x*’1'7x*> 20

for all x € Fiz(T), where Fiz(T) denotes the set of fixed points of the mapping
T.

Since the Moudafi viscosity iteration, some authors have introduced some gen-
eralizations of the viscosity iteration in several ways (see [I0] and many others).
Especially, in 2007, Takahashi [I1] introduced an iterative scheme by the viscosity
approximation method for finding a common element of the set of solutions of the
equilibrium problem and the set of fixed points of a nonexpansive mapping in a
Hilbert space.

On the other hand, In 2008, Kohsaka and Takahashi [I4] introduced a nonlinear
mapping called a nonspreading mapping in a smooth strictly convex and reflexive
Banach space X as follows:

Let C be a nonempty closed convex subset of X. A mapping T': C — C'is
said to be nonspreading if

&(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty, x)

for all z,y € C, where ¢(z,y) = ||z||* — 2(z, J(y)) + ||y||? for all z,y € X and J is
the normalized duality mapping on C. Observe that, if X is a real Hilbert space,
then J is the identity mapping and ¢(x,y) = ||z — y||? for all 2,y € X. So, a
nonspreading mapping 7" in a real Hilbert space X = H is defined as follows:

2|Tx — Ty|* < | Tz —yl* + || Ty — «||?

for all z,y € C. Since then, some fixed point theorems of such a mapping has been
studied by many researchers (see, for example, [9, 10, [I1]).

In 2010, Takahashi [I2] introduced a new nonlinear mapping, which is called
the hybrid mapping. Motivated by this mapping, Kocourek et al. [13] introduced
the generalized hybrid mapping in Hilbert spaces. In 2012, Lin and Wang [14] intro-
duced the (a, b)-monotone mapping and proved some weak and strong convergence
theorems for this mapping in Hilbert spaces and show that the (a,b)-monotone
mapping is not necessary to be a quasi-nonexpansive mapping.

Especially, in 2015, Alizadeh and Moradlou [15] introduced the m-generalized
hybrid mapping in Hilbert spaces and proved some weak and strong convergence
theorems for this mapping. In 2016, they [16] introduced the modified Ishikawa
iteration for finding a common element of the set of solutions of the equilibrium
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problem and the set of fixed points of the generalized hybrid mapping in Hilbert
spaces. Also, in 2016, they [I7] used the modified Ishikawa iteration for finding a
common element of the set of solutions of the equilibrium problem and the set of
fixed points of a 2-generalized hybrid mapping.

Recently, in 2017, Sadeewong et al. Cho [I8] used the modify Ishikawa iteration
for finding the set of fixed points of the (a, b)-monotone mapping, the m-generalized
hybrid mapping and the set of solutions of the equilibrium problem in Hilbert
spaces.

Motivated by works mentioned above, in this paper, using the modify viscosity
iteration, we prove some strong convergence theorems for finding an common point
of the set of fixed points of the (a, b)-monotone mappings, the m-generalized hybrid
mappings and the set of solution of the equilibrium problem in Hilbert spaces.
Finally, we give some examples to illustrate the main result in this paper.

2 Preliminaries

Let H be a real Hilbert space with the inner product (-,-) and the induced
norm || - || and C be a nonempty closed convex subset of H.

The equilibrium problem for a bifunction F : C x C' — R is to find a point
x € C such that
F(z,y) >0, Vy e C. (2.1)

The set of solutions of the problem (2.1) is denoted by EP(F), i.e.,
EP(F)={zxeC:F(x,y)>0,VyeC}.

A mapping f : C — C'is called a contraction if there exists a constant k € (0, 1]
such that

1f (@) = f)ll < kllz —yl, Va,y € C.
A mapping S : C — C is said to be nonexpansive if

15z — Sy|| < [l —yl], Va,y € C.
The set of fixed points of a mapping S : C' — C' is denoted by Fiz(95), i.e.,
Fiz(S)={zeC: Sz =ux}.
A mapping S : C — C with Fiz(S) # 0 is said to be quasi-nonexpansive if

ISz =yl < = — yll, Yo,y € C and y € Fia(S).

Let S : C — H be a mapping and a bifunction F': C x C' — R be defined by

F(x,y) = (Sz,y —x), Vo,y € C.
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Then, it follows that z € EP(F) < (Sz,y—=z) > 0, Vy € C, i.e., z is a solution
of the variational inequality

(Sz,y—x) >0,Vy € C.

So, the formulation (2.1) includes variational inequalities as special cases.

A mapping S : C — C is called to be:

(1) firmly nonexpansive if
|Sz — Sy||* < (z —y, Sz — Sy), Vz,y € C;
(2) nonspreading ([19]) if
2|8z — Sy||* < [[Sz — yll* + ISy — «l*, Yo,y € C;

(3) hybrid ([12]) if

3[1Sz — Syll* <l — yl* + ISz — yl|* + Sy — «|*, ¥z, y € C;
(4) a-hybrid ([1]) if there exists o € R such that

1+ a)|Sz = Sy|* — allz = Sy|* < (1 = a)llz — y|* + ally — Sz||?, Va,y € C;

(5) a-nonexpansive ([2]) if there exists o € R with a < 1 such that
1Sz = Syl|* < allSz — y[|* + alle = Sy||* + (1 = 2a) & — y||*, Va,y € C;

(6) generalized hybrid or («, 5)-generalized hybrid ([16]) if there exist o, 8 € R
such that

allSz = Syl* + (1 — &) ||Sy — @[|* < BlISz — ylI* + (1 = B)|l= — y|I?, Yo,y € C;
(7) m-generalized hybrid mapping ([21]) if there exist vy, A\x € R such that

S wllS = Syl 4 (1= ) e — Syl
k=1 k=1

< S MlS R =y (1= 30 M) llz = yll?, v,y € C
k=1 k=1

(8) (a,b)-monotone ([I4]) if there exist a € (3,00) and b € (—o0,a) such that
> al|Sz — Syl + (1 — a)llz — y||* = bl|lz — Sz|* — blly — Sy|*, Va,y € C.

Remark 2.1. From the definitions of nonlinear mappings given above, we have
the following:
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Every firmly nonexpansive mapping is nonexpansive;
Every firmly nonexpansive mapping is a-nonexpansive for all « € [0, %],
The identity mapping Ix is a-nonexpansive for all o < 1;

A mapping S : C — X is O-nonexpansive if and only if S is nonexpansive;

The %—nonexpansive mapping is nonspreading;

)
)
)
)
)

6) The %—nonexpansive mapping is hybrid;
) Forall0 <a < %, every constant mapping S : C' — C' is a-nonexpansive;
) The (1,0)-generalized hybrid mapping is nonexpansive;

) The (2,1)-generalized hybrid mapping is nonspreading;
) The (%, 3)-generalized hybrid mapping is hybrid;
)

Every m-generalized hybrid mapping is quasi-nonexpansive if Fiz(S) is
nonempty.

Remark 2.2. From the definitions of the (a, b)-monotone, we have the following:
(1) The (1, %)—monotone mapping is nonspreading;

2

T %)—monotone mapping is (v, \)-generalized hybrid;

The (2, 1)-monotone mapping is hybrid;
al

(2)
(3) The (
(4) If S: C — C is (a,b)-monotone, then we have

1-2b
2a — 1

lz = pl* > |Sa — pl|* + lz — Sz?

for all x € C' and p € Fiz(S) ([14]).

Throughout this paper, the weak convergence and the strong convergence of
{z,} to x € H denote z,, = x and x,, — x, respectively, and w,(z,) denotes the
weak w-limit set of the sequence {x,}, i.e.,

wy(xy) :={x € H:Ha,, } C{zn};zn, — x}.
Remark 2.3. Now, we recall some basic properties of a Hilbert space H as follows:
(1) For all z,y € H, it follows from [22] that
laz + (1 = a)yl* = allz|]* + (1 = a)y|* - a(l - a)||z — y||*, Yo € R;

(2) llz+yl? < llel? + 2{y, = + )3
(3) lz =yl ==l = lyl* - 2(z — y.v).
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Let C be a closed convex subset of H and Pc be the metric (or nearest point)
projection from H onto C, i.e., for all x € H, Pcx is the only point in C such that

lx — Pox|| = inf{||lz — 2| : z € C}.
It is well known that, for any z € H and z € C, z = Pox if and only if
(x —2z,y—2) <0
for all y € C. For more details, we refer to [22], 23].
We need the following lemmas in the proof of our main results in next section.

Lemma 2.1. ([24]) Let H be a Hilbert space, C' be a nonempty closed convex
subset of H and {x,} be a sequence in H. If ||xny1 — z|| < ||xn — z|| for each
n € N and x € C, then {Pc(zy)} converges strongly to a point z € C, where Po
stands for the metric projection on H onto C.

To solve the equilibrium problem, we assume that a bifunction F': C xC — R
satisfies the following conditions:

(Al) F(z,2) =0, Yz € C;
(A2) F is monotone, i.e., F(x,y) + F(y,z) <0, Vz,y € C|
(A3) for each z,y,z € C,

ltifg Ftz+ (1 —t)x,y) < F(x,y);

(A4) for each x € C, y — F(z,y) is convex and lower semi-continuous.

Lemma 2.2. ([25]) Let C be a nonempty closed convex subset of H, F : CxC — R
be a bifunction satisfying the conditions (A1)—(A4) and let r > 0, x € H. Then
there exists z € C' such that

1
F(z,y)+;<yfz,zf:r> >0,VyeC.

Lemma 2.3. ([26]) Let C be a nonempty closed convex subset of H, F : CxC — R
be a bifunction satisfying the conditions (A1)—(A4). For anyr > 0 and x € H,
define a mapping W, : H — C' as follows:

1
Wr(x):{zeC’:F(z,y)—i—;(y—z,z—@ >0,Vy € C}.

Then the following statements hold:
(1) W, is single-valued;
(2) W, is firmly nonexpansive, i.e., for all x,y € H,

”Wrm - Wry”2 < <Wrx - Wyy,x — y>§

(3) Fiz(W,) = EP(F);
(4) EP(F) is closed and conver.
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3 Main Results

In this section, we prove some strong convergence theorems of the modify
viscosity iteration for finding a common element of the set of solutions of the equi-
librium problem and the set of fixed points of the m-generalized hybrid mapping
and the (a,b)-monotone mapping in Hilbert spaces.

Theorem 3.1. Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let F: C x C — R be a bifunction satisfying the conditions (A1)—(A4),
S : C — C be an m-generalized hybrid mapping and f : C — C is a contraction
such that © = Fixz(S) N EP(F) # 0. Assume that {a,} is a sequence in (0,1)
and «, 8 € R are such that 0 < o < ap, < B < 1, {r,} C (0,00) satisfies
liminf, ,o0 7 > 0 and {B,} is a sequence in [d, 1] for some d € (0,1) such that

liminf 3, (1 — 8,) > 0.
n—oo
If {x,} is a sequence generated by x1 = x € C and, for ally € C,

1
U, € C suchthat F(upn,y) + — (Y — Un, up — T) > 0,
T

Tnt1 = (1 — an)Sxy + @nSyn

for all n € N. Then the sequence {x,} converges strongly to a point v € ©, where
v = lim, 00 Po(zy).

Proof. By Lemmal[2.2] the sequences {u,}, {y,} and {z,,} are well defined. Since S
is an m-generalized hybrid mapping such that Fiz(S) # (), S is quasi-nonexpansive.
So Fiz(S) is closed and convex. Also, by the hypothesis, © # (). Let ¢ € ©. From
Uy, = Wy, x,, we have

[un = qll = [[Wr, @ = Wr q| < |z —ql. (3.1)
On the other hand, we have

g — all> = (1= Bu)llf(2n) — all” + BullSun — ql|* = Bu(1 = Bu)lI f(2n) — Sun?
= (1= BII(f(xn) = f(@) + (f(@) = DI* + BullSun — ql?
— Bn(1 = Bn) |l f (@n) — Sun|?
< (1 =B)(If (@n) = F(@I? + 1£(a) — al?
+2)f(xn) = F@IIF(@) = qll) + BnllSun — gl
— Bn(1 = Bo) | f(xn) — Sun”2
< (1= Bk |len — ql” + Bullen — ql* = Bu(1 = Bu) |1 f (2n) — Sun|?

< lzn — qll? = Bu(1 = Bu)llf (zn) — Sun|?
(3.2)
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and hence
lzns1 = all* = (1 = an)Szn + @Sy, — qfl?
= (1= ap)[ISzs — ql|* + anl|Syn — gl — an(l — an)|| Sz, — Sy,
< (1= an)lzn = ql* + anllyn — gl
— (1 — an)||Szn — Syall?

< (1= an)llzn - q”2 + anl|zn — q||2 = apBn(1 = Bo)ll f(wn) — SunH2
12

I

—an(l —an)||lzn — Syn
< lzn = qll* = anBu(l = Bu) | f (2n) — Sual®
< [l — qll*.
(3.3)
So, we can conclude that lim,,_, ||, — ¢ exists. This yields that the sequences
{z,} and {y,} are bounded. It follows from (3.3) that

[2ns1 — gl < llan — gl = anBn(l = Bu)llf(2n) — Suanl*.
By using the condition 0 < o < oy, < 8 < 1, we have
Znt1 = qll* < lon — qll* — aBn(l = Bo) |l f (2n) — Sual®.
Also, we have
0 < aBn(l = Ba)llf(zn) = Sunl?® < ||an — gl = [J2n1 —gll* =0
as n — oo since liminf,, o B, (1 — 8,) > 0. Therefore, we have
[ f(zn) = Sunll — 0. (3.4)

This yields that
yn — f(zn)ll = Bullf(zn) — Sun| — 0 (3.5)
as n — oo. Using (3) of Remark 2.3 and Lemma [2.3] we have

lun — ql® = Wy, 2 — W, q?
S <Wrnxn - Wrnann - Q>
= <un_Q7xn —(]>

1
= 5 (llun = all* + llzn = l* = ll2n = unl®),

and hence
lun = gll* < llen = all* = llzn — unll*.
Then, by the convexcity of || - ||?, we have
lyn = all* = 11 = Ba) (f (zn) — @) + Bn(Sun — q)|I?

(1= Ba)lf (zn) = gll* + Bl Sun — al®

(1= Bu)llf (@n) = all* + Bullun — ql®

(1= Bl f(xn) = all* + Bu(llf (wn) = all® = [1f (zn) = ual®)
1 (@n) = all* = Bull f(xn) — unll®.

n
n

IN A IA
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Therefore, we have

Bullf (@n) = unll® < [1f (@n) = alI* = llyn — all*. (3.6)
Since {8,} C [d,1], it follows from (3.6) that

d||f(z) = unll* < Bull f(wn) — unl?
< If () = al® = llyn — all®
= ([1f(zn) = all = llyn = alD(ILf (2n) = all + [lyn — ql)
<Mlyn = f@a)l(lzn — gl + llyn — al)-
By using the boundedness of {x,} and {y,}, it follows from (3.5) and the above

inequality that
Jim |[[f(25) = unl| = 0. (3.7)
From
lyn — (I||2 < | f(zn) — QH2 = Ballf(xn) — un||2,
it follows that
|yn — Q||2 <z, - CIHQ = Bullwn — un||2
Therefore, we have
Ballen —unll? < [z = all* = llyn — all*.
Also, we have
lim |2, — u,| = 0.
n—oo
Since liminf, .. r, > 0, we have

n — Yn . 1
Tn Z Ul _ im —||zn — un| = 0. (3.8)

n—o0 ',

lim
n— o0

Tn
Since B, Sun = yn — (1 — Bn)xn, we have
dllun — Sun|| < Bl Sun — un|
= llyn — (1 = Bn) f(n) — Bnun|l
< lyn — unll + (1 = Bu) [ f(zn) — ual
< llyn = f@a)ll + 11 (@n) = unll + [1f (2n) — un|
= llyn = f(@n)ll + 2] f (zn) — uall.

From (3.5) and (3.7), we obtain

nl;rrgo |, — Sun|| = 0. (3.9)

Since {z,,} is bounded, there exists a subsequence {x,,, } of {z,,} such that {z,,} —
was i — oo and so {u,,} — uw as i — oco. Since C is closed and convex and
{un;} C C, we have u € C.
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Now, we show that © € ©. Since S is an m-generalized hybrid mapping, we
have

S anll s r — Syl + (1= 3 o) o — Syl
k=1 =1

k
<D BlS™ T =yl 4 (1= D0 )l — P
k=1

k=1
and hence

03 Blls™  ra — g2+ (1= 3 i) le — ol
k=1 k

=1

=D anllsm e = Syl = (1= Y an) o — Syl
k=1

k=1

If we replace x and y by u, and w in the above inequality, respectively, then we
have

m m
0< ZBkHS”Hl*kun - u||2 + (1 - Zﬁk> ltn, — u||2
k=1 k=1
m m
=3 Sy, — Sul? — (1 - Zak) un — Sul?
k=1 k=1

=D BrlllS™ g ||? = 2087w, u) + [|ul?)
=1

(1= 228 Ul = 20, ) + )
k=1

= > (IS g || = 2057 Ry, Su) + |[Sul?)
k=1

(1 3 ol 2, 50+ [l

k=1
= llull® = 1I1Sull* + 2(un, Su — u)

+ 3 B8 un|P = 208 R, ) = Jlun |+ 2(un, )
k=1

+ 3 ar(flunll* = 2(un, Su) = [S™Fuy |
k=1

+ 2(8™H Py, Su))
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= [lull® = |Sull® + 2(un, Su — u)

+ 3B = an) (1™ Fu 1 = fun?)
k=1

m
-2 Z Bk<Sm+1_kun — Up,u) + 2 Z (ST Ry — Su)
k=1 k=1

<l = |Sul® + 2(un, Su — u)

+ > (Br — ) [(IIS’”“’kun = ) (IS™H un | + [lunll)
k=1

m

-2 Z BMS’”H*kun — Up,u) + 2 Z onSmH*kun — Uy, Su).
k=1 k=1

Now, substituting n by n; in the above inequality, we have

0 < [ull* — Sull® + 2{un, , Su — u)

YIS™ 1 uy,

(B = o) (187, =, o+ N )
k=1

-2 Z Br(S™ Ry, — up,, u) + 2 Z ar(S™ T ", — u,,, Su), Vi € N.
k=1 k=1
(3.10)
Since u,, — u as i — 00, it follows from (3.9) and (3.10) that

0 < [Jul® = 1Sull® + 2(un, Su— u)
= — |lull® + 2(u, Su) — [|Su||?
= —(|lu — Sull?).

So, we have Su = u, i.e., u € Fiz(S).
Next, we show that u € EP(F). Since u,, = W;._x,, we have

1
F(unay) + 7<y_un7un _$n> >0
T

for all y € C. From the condition (A2), we obtain

1
*<y — Un, Un — xn) > F(yaun)

T
for all y € C' and so

M> > F<y’unl) (3.11)

ng

for all y € C. Tt follows from (3.8), (3.11) and the condition (A4) that

<y — Un,;,

0> F(y,u)
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for all y € C. Suppose that ¢t € (0,1], y € C and y; = ty + (1 — t)u. Then y; € C
and so F(y:, u) < 0. Hence we ahve

0= F(ye,y:) <tF(ye,y) + (L =) F(ys,u) < tF(ye, y)

and, dividing by ¢, we have F(y;,y) > 0 for all y € C. So, by taking the limit as
t | 0 and using the condition (A3), we have u € EP(F).
Finally, we prove that =, — v as n — oco. Since

(1= Bn)(f(zn) = v) + Bu(Sun — U)||2
<A =Bu)llf(wn) - U||2 + Bul|Sup — U||2
< (1= Ba)llf(@n) = 01> + Bullun — vl?,

5y —lI?

we have

[znt1 = v]* < (1 = @n)l1Szn — v]|* + | Syn — v|?

(1 —an)|lvn — U”z + anllyn — UH2

(1 —an)llz, — U||2 + an (1 = Bl f(2n) — U||2 + an B llun — U||2
(1 — ap)||zn — v|* + an(1 = Bo)Ek|(xn) — v]|* + anfullzn — v
(1 - O‘n)”In - U”z + an(l - ﬂn)H(In) - U”Q + anﬂonn - U”Z

lzn — v]|?.

(VAN VAN VAN VAN VANRR VAN

Therefore, the sequence {z,,} converges strongly to v, where v = lim,,_,oc Po(zy).
This completes the proof. O

Corollary 3.2. Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let F : C x C — R be a bifunction satisfying the conditions (A1l)—(A4)
and S : C — C be an m-generalized hybrid self mapping such that Fix(S) # 0.
Assume that {a,} is a sequence in (0,1) and o, 8 € R are such that 0 < o < oy, <
B8 <1, {rn} C (0,00) satisfies liminf, ooy, > 0 and {B,} is a sequence in [d, 1]
for some d € (0,1) such that

liminf 8,(1 — 8,) >0
n—oo
If {z,} is a sequence generated by x1 = x € C and, for ally € C,

Up € C suchthat (y — Up, U, — xy) >0,

Yn = (1 - Bn)f(xn) + anuru
Tpt1 = (1 — ap)Szy, + @, Syn.

for all n € N. Then the sequence {x,} converges strongly to a point v € Fix(S),
where

v = nh_{go Priz(s)(Tn)-
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Proof. Let F(x,y) =0 for all z,y € C and r, = 1 for all n € N in Theorem [3.1}
we have the result. O

Theorem 3.3. Let C' be a nonempty closed and convexr subset of a real Hilbert
space H. Let F: C x C' — R be a bifunction satisfying the conditions (A1l)—(A4)
and S : C — C be an m-generalized hybrid, T : C — C be an (a,b)-monotone
mapping and f : C — C is a contraction such that Q := Fix(S) N Fiz(T) N
EP(F) # 0. Assume that {ay,} is a sequence in [0,1] and «, 8 € R are such that

1-2b
1iminfan(7) >0, O<a<a,<fB<l,
n—00 2a — 1

{rn} C (0,00) satisfies liminf,, oo > 0 and {Br} is a sequence in [d, 1] for some
d € (0,1) such that

liminf 8,(1 — 8,) > 0.

n— oo

If {x,} is a sequence generated by x1 = x € C and, for ally € C,

1
un, € C suchthat F(un,y) + —(y — Un,up — xy) >0,
r

Yn = (1 — 6n)f(xn) + BnSun,
Tn41 = (1 - O‘n)an + anTyn,

for alln € N. Then the sequence {x,} converges strongly to a point v € 2, where
v = lim, o Po(zy).

Proof. By Lemma the sequences {uy}, {yn} and {z,} are well defined. Since
S : C — C is an m-generalized hybrid mapping and T : C — C is an (a,b)-
monotone mapping such that Fiz(S) and Fiz(T) # 0, S is quasi-nonexpansive.
So, Fiz(S) and Fixz(T) are closed and convex. Also, by the hypothesis Q # 0, let
q € Q. From u,, = W, x,, we have

[un = qll = [Wr,2n = We gl < llzn — 4. (3.12)
On the other hand, we have

lyn = all* = (1 = Bu)llf (n) = all* + Bull Sun — all* = Bu(1 = Bu)llf (wn) — Sua |
= (1= Bu)ll(f(@n) = £(2) + (F(@) = DII* + Bul| Suin — ql®
= Ba(1 = Bu)llf (2n) — Sunll?
< (= Bu)(lf (@n) = F(@IP + [ (@) — all?
+2|[f(zn) = F(@II (@) = all) + Bull Sun — al®
= Ba(1 = Bu)llf (@n) — Sunll?
< (1= Ba)k®llzn = al® + Bullwn — all* = Bu(1 = Ba)llf (@n) — Sunll?

<lwn = qll* = Ba(1 = B[l f (@) — Sun*.
(3.13)
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Since T ia an (a, b)-monotone mapping, we have

lzns1 = al® = |1 = @n)Swn + aTyn — ql®
= (1= an)llSzn = qll* + ol Tyn — ql* = an(1 = )| Szp — Ty |®
1-2b

< (1= an)llzn — all* + anllyn — all* = an (5— ) lm — Tl

—an(1 = ap)|lz, — Ty,
< (1= an)l|lzn =gl + anllzn — qll* = anBu(l = Ba)[[ f(2n) — Sun|?
1-2b 9
= au (57 ) 9 = Twal
< Hxn - Q||2 - anﬂn(l - Bn)”f(xn) - SunH2

< lzn — qll*.

(3.14)
So, we can conclude that lim,,_, ||, — ¢ exists. This yields that the sequences
{z,,} and {y,} are bounded. Thus, similar to Theorem [3.1} we have u € C.

Now, we show that u € €. Since S is an m-generalized hybrid mapping, in
Theorem we have u € Fiz(S) N EP(F).

Next, we show that u € Fiz(T). Since T is an (a,b)-monotone mapping, we
have

(r =y, Te—Ty) > al|Tz — Ty|* + (1 - a)||lz — y[|* — bllz — T[> — blly — Ty|?
and hence
blle — Ta||* + blly — Tyl > al| Tz — Tyl + (1 — a)llz — y|I> — (z — y, Tz — Ty)

If we replace x and y by u, and u in the above inequality, respectively, then we
have

bl|tn — Tun||* + blju — Tul)?
> al|Tu, — Tul]® + (1 — a)|jun — ul|® = (w, — u, T, — Tu)
= a(Tup, — Tu, Tup, — Tu) + (1 — a){up — u,tp — u) — (Up, — u, Tty — Tu)
+ auy, — u, Tup, — Tu) — alu, — u, Tu, — Tu)
=a(Tup, — Tu, Tu, — Tu — up, + u) + (1 — a)(u, — u,up —u—Tuy, + Tu)
= a(Tu, — Tu, Tuy, — uy) + a{T, — Tu,u — Tu)
+ (1 —a){up —uytup — Tup) + (1 — a){uy, —u, Tu — u)
= a(Tun, — Tu, Tup — up) + a{Tuy — Up,u — Tu)
+a(u, —u,u—Tu) +a(lu — Tu,u —Tu) + (1 —a){u, —u,up — Tuyp)
+ (1= a){uy —u, Tu —u)
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Now, substituting n by n;, we have
blln, — T, ||* + bl|u — Tul|?
> a{Tup, — Tu,Tup, —Up,) + a{TUup, — tn,,u — Tu)
+ a(up, —u,u —Tu) + (1 — a){un, — u, up, — Tuy,)
+a{u —Tu,u—Tu) + (1 — a){u,, —u, Tu — u)

(3.15)

for all ¢ € N. Since u,, — u as i — oo, it follows from (3.15) that
bllu — Tul|* > al|lu — Tul)?

Since b < a, we have |ju — Tu|| = 0, that is, u = T, which implies u € Fixz(T).
Finally, we prove that the sequence {z,,} converges strongly to a point v, where
v = lim,, o, Po(x,). Since

lyn = 0l1? < (1 = Ba)l|lzn — 01 + Bullun — v,
we have

201 = 0l* < (1= @) | Szp — ol* + || Tyn — vl

IN |

(1 —an)l|lzn — U”2 + anllyn — U||2

1-2b , )
B a"(Qa - 1) [0 = Tynll” — an(l = an)llzn — Tynll

(1= ap)llen — U||2 +an (1= Bn)llzn — UHQ + o Bnllun — UHZ
(1= an)llzn — vl + an(l = Bo)llzn — vlI* + anBallzn — v

< (1 - Oln)Hxn - U||2'

IA A

Therefore, the sequence {z,, } converges strongly to a point v, where v = lim,,—, oo Po(z,,).
This completes the proof. O

Corollary 3.4. Let C' be a nonempty closed and convex subset of a real Hilbert
space H. Let F : C x C — R be a bifunction satisfying the conditions (A1)—(A4),
S : C = C be an m-generalized hybrid mapping, T : C — C' be an (a,b)-monotone
mapping and [ : C — C is a contraction with Fix(S) N Fix(T) # 0. Assume that
{an} is a sequence in [0,1] and o, B € R are such that

(1—2b

minr « 2% — 1

n—oo

)>O7 I<a<a,<pf<l1,

{rn} C (0,00) satisfies liminf, oo r, > 0 and {B,} is a sequence in [d, 1] for some
d € (0,1) such that

liminf 3, (1 — $,) > 0.

n—oo

If {x,} is a sequence generated by x1 = x € C and for ally € C,

Uy € C suchthat (Y — tp,Up — Tp) >0,

Yn = (1 - /Bn)f(xn) + BnSunp,
Tnt1 = (1 — ap)Sz, + anTyn.
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for all n € N. Then the sequence {x,} converges strongly to a point v € Fiz(S) N
Fix(T), where v = limy, 00 Ppiz(s)nFiz(T)(Tn)-

Proof. Let F(z,y) =0 for all z,y € C and r, = 1 for all n € N in Theorem
Then we have the result. O

4 Numerical Examples
In this section, we give some examples to illustrate Theorem [3.1] and

Example 4.1. Let H = R and C = [-10,10]. Define a bifunction F : Cx C — R
by
F(u,y) :== —5u® + uy + 4y>
for all u,y € C. We see that F' satisfies the conditions (A1)-(A4) as follows:
(A1) F(u,u) = —5u?® +u? +4u® =0 for all u € [—10,10];
(A2) F(u,y)+F(y,u) = —y*+2uy—u? = —(y—u)? <0 for allu,y € [—10,10],
i.e., F' is a monotone;

(A3) for each u,y € [—10,10],
].tliIBl F(tz+ (1 —t)u,y)

= 1%(—5(& + (1 —t)u)? + (tz + (1 — Hu)y + 4y?)
= —5u® + uy + 4y°

= F(u,y);

(A4) for all u € [-10,10], y = (=5u? + uy + 4y?) is convezx and lower semi-
continuous.

From Lemma W, is single-valued. Let w =W, x for any y € [—10,10] and
r > 0. Then we have

1
F(u,y) + —(y —u,u — ) = 4ry* + (ru +u — )y — 5ru® — u? + ux
T
>0
Let G(y) = 4ry®> + (ru +u — )y — 5ru? — u? + ux. Then G(y) is a quadratic
function of y with coefficients a = 4r,b = ru+u — x and ¢ = —5ru? — u? + uz.
Hence we have A\ = b — 4ac <0, i.e.,
A = (ru+u — x)* — 16r(=5ru® — u? + uzx)

= ((9r + u — 2)?
0.

IN
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Thus it follows that u = 5% and so W,z = 5.%=. Therefore, we have
T,

n=Wp. Tn= .
“ n Ir+1

Since Fix(W,,) = {0}, from Lemmal[2.3 it follows that EP(F) = {0}.

Define a mapping S : C — C by Sz = E, Vo € C, Vn € N and Fiz(S) = {0}.
n

Therefore, S is an m-generalized hybrid mapping, where

1 1 n?—1
Y& = 7>\k?: 2 7)\1: D)
m n<m n

for each k = 1,2,--- ,m. Define a mapping f : C — C by f(x) = e~¢ " for all
x € C. Then f is a contraction.

Now, we consider different parameters into 8 Cases:

. 1, 1 1 _ 1.
Case 1: oznf41+4n1 cmdﬁnf21 B
Case 2: O‘n:@*"sfnl andﬁn:?ol_fs?l;
Case 3: ayp = 155 + g7 and Bn = 55 — =5

Assume that v, = =. Then the sequences {a,},{Bn} and {r,} satisfy the

conditions in Theorem and stop criterion to ||z, — z*| <5 x 1073, where
x* €0 := Fiz(S)NEP(F).

Since u,, = %xn, we have

im0 80+ (B (3 ()

Also, we have

Tnt1 = (1 — ap) (l>xn + (l)a” {(1 —Bu)e ¢ " 4 (l> (%)ann} (4.1)
n n n/\5
Table 1. The numerical results for x1 = —0.1.
n 2y (Case 1) x, (Case 2) xn (Case 3)
1 -0.1 -0.1 -0.1
2 0.0539 0.0146 -0.0149
3 0.0621 0.0338 0.0110
4 0.0392 0.0241 0.0118
5 0.0234 0.0143 0.0077
6 0.0156 0.0089 0.0047
7 0.0116 0.0061 0.0031
8 0.0092 0.0046 0.0022
9 0.0077 0.0037 0.0017
10 0.0066 0.0031 0.0013
11 0.0058 0.0027 0.0011
12 0.0051 0.0023 0.0009
13 0.0046 0.0021 0.0008
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Since © = {0}, we have Pg(x,) =0 for alln > 1. See Figure 1 for the initial
value £1 = —0.1. We use package program for compute this example.

01 1 1 1 1

2 4 6 8 10 12 14 16
Number of iteration
FIGURE 1

From Figure 4.1, We choose the initial value 1 = —0.1. The green line show

the speed of convergence for both a,, = i + ﬁ and S, = % — 5% The blue line
show the speed of convergence for both «,, = % + j’%” and 3, = 15 — %. The red
line show the speed of convergence for both ., = 155 + & and 3, = % — % So,

the red line converge fastest.

Example 4.2. Let H = R and C = [-10,10]. Define a bifunction F : Cx C — R
by
F(u,y) := —5u® 4+ uy + 49>

for all u,y € C. Thus, similar to Example 4.1, F satisfies the conditions (Al)—
(A4) and we have
Tp

G Fia(W,,) = BP(F) = {0).

Uy = Wy xn =

Define a mapping S : C — C by Sz = f} Vo € C, Vn € N. Then Fiz(S) = {0}
n

and S is an m-generalized hybrid mapping, where

for each k =1,2,--- ;m. Define a mapping T : C — C by Tx = —gx, vz € C,
Vn € N. Then Fiz(T) = {0} and T is an (a,b)-monotone mapping, where a = 2

and b = 1. Define a mapping f : C — C by f(z) = e~ ¢ " for allz € C. Then f
18 a contraction.
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Now, we consider different parameters into 3 Cases:

Case 1: a":@%—i_ﬁ andﬁnzlé—%;

Case 2: an:@—l—%—n andﬁnzﬁ—@;

Case 3: an = 555 + 550 andﬁnZS—lo——.

Assume that r, = ==. Then the sequences {can}, {Bn} and {r,} satisfy the
conditions in Theorem and stop criterion to ||z, — 2*| <5 x 1073, where

o € Q= Fiz(S) N Fiz(T) N EP(F).

Since uy, = 2z, we have

= =+ (D) () 5

Also, we have

1 2 —an 1\ /4
wsr o= (1= an) (1 )an + “g)“n (=B 4 (1) (5) nn]
Table 2. The numerical results for x;1 = —0.1.

n xn (Case 1) 2y (Case 2) 2y (Case 3)
1 -0.1 -0.1 -0.1

2 -0.1114 -0.1070 -0.1035
3 -0.0626 -0.0578 -0.0541

4 -0.0270 -0.0231 -0.0200
5 -0.0119 -0.0091 -0.0068

6 -0.0067 -0.0047 -0.0029

7 -0.0047 -0.0033 -0.0019

Since Q = {0}, we have Po(x,) =0 for alln > 1. See Figure 2 for the initial

values x1 = —0.1. We use package program for compute this example.
T T T T T T T
ok
— case 1
002 ase 2
—ase 3
-0.04 - b
006 F 1
008 .
01 - L L L L L L
2 4 6 8 10 12 14 16

MNumber of iteration

FIGURE 2
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From Figure 2, We choose the initial value ;1 = —0.1. The green line show
the speed of convergence for both «,, = ﬁ + ﬁ and 3, = % — % The blue line
show the speed of convergence for both a,, = % + ﬁ and 8, = % — %. The
red line shoW the speed of convergence for both o, = =15 + =1 and B, = 75 — 5
So, the red line converge fastest.
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