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Abstract : The purpose of this paper is to introduce an iterative method for find-
ing a common element of fixed point of nonexpansive mapping which is generated
by the general system of variational inequalities with inverse strongly monotone
mappings and the set of the solution of variational inequality. By using our main
result, we obtain the strong convergence theorem of the proposed iterative method
and another corollary in a real Hilbert space.
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1 Introduction

Throughout this paper, let H be a real Hilbert space with the inner product
(.,.) and the norm || .|| and let C' be a nonempty closed and convex subset of
H. We call A: H — H a strongly positive bounded linear operator if there is a
constant 7 > 0 with the property

(Az,z) > ||,

for all z,y € C.
A mapping A : C' — H is called a-inverse strongly monotone if there exists a
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positive real number « such that
(& —y, Az — Ay) > af| Az — Ay|]?,

for all z,y € C.

Let T : C'— C be a mapping. A point z is called fixed point of T if and only
if Tex = x. We denote the set of solutions of fixed point of T' by Fixz(T). It is
well known that F(T) is always closed convex and also nonempty provided T has
a bounded trajectory, by Goebel and Kirk [1]. Recall the following mappings:

A mapping f: H — H is called contraction if there exists a € (0,1) such that

[fz = fyll < allz —yll,

for all z,y € H.
A mapping T : C' — C' is called nonexpansive if

[Tz =Tyl <z —yl,

for all z,y € C.
Let A: C — H. The variational inequality problem is to find a point u € C
such that
(Au,v —u) >0, (1.1)

for all v € C. The set of the solutions of is denoted by VI(C, A).

The variational inequality problem, which were introduced by Lions and Stam-
pacchia [2] in 1964. It has been widely studied in the literature, see [3H6].

In 1953, Mann (7] introduced the following iteration to find a fixed point of
nonexpansive mapping 7', which referred as the Mann iteration,

Tp4+1 = BnTmn + (1 - ﬁn)xna (12)

for each n > 1 and x; € C where {8,} in [0, 1].
In 2006, Marino and Xu [8] introduced the general iterative method and proved
the following theorem:

Theorem 1.1. Let T : H — H be a nonexpansive mapping with Fix(T) # (0. Let
A : H — H be a strongly positive bounded linear operator and f : H — H be a
contraction mapping and let {x,} be generated by

{moeH

Tpi1 = (I — anA)Tay + anyf(z,), n >0, (1.3)

where {ay,} is a sequence in (0,1) satisfying the following conditions:
(Z) limy, ooty = 0;
(i) 3 oneg On = 003

(iii) either > 0" o |Qnt1 — an| < 00 or limy, oo *2H = 1.

Qn,
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Then {x,} converges strongly to a fixed point z* of T.

Let A, B : C — H be two different mappings. In 2008, Ceng et al. [9] intro-
duced the general system of variational inequalities to find (z*,y*) € C x C such
that

(My* +2* —y*,z—2*) >0, Ve e C,
(uBz* +y* —a*,x —y*) >0, Vx e C,

where A\, > 0 are two constants. In particular, if A = B, then problem (|1.4)
reduces to finding (z*,y*) € C x C such that

(1.4)

MNMy* +2* —y*, e —2*) >0, Ve e C,

(uAz* +y* —a*,z —y*) >0, Vo € C, (1.5)

which is called the new system of variational inequalities introduced by Verma [10],
in 1999. Moreover, if we put z* = y*, then problem reduces to the variational
inequality problem.

In order to find the common element of the solutions of the general system
of variational inequalities problem and the set of fixed point of a nonexpan-
sive mapping, Ceng et.al [9] proved the strong convergence theorem by a relaxed
extragradient method as follow:

Theorem 1.2. Let the mappings A, B : C — H be «, 5 inverse strongly mono-
tone mappings, respectively. Let S : C — C be a nonexpansive mapping such
that F(S) N F(G) # 0, where a mapping G : C — C is defined by G(z) =
Pco [Pe(x — uBx) — AMAPo(x — uBx)], Yo € C. Suppose that z1 = v € C and
{zn} is generated by

Yn = PC’(xn - Man)a (1 6)
Tn+l1 = pU + ﬁnxn + ’YnSPC(yn - /\Ayn)y '

where A € (0,2a),p € (0,28) and {an}, {Bn}, {1} are three sequences in [0,1]
such that

(Z) Qn + Bn+m =1
(i) lim o, =0 and Y a, = oo;
n— oo n=1

(i) 0 < liminf,, 0B, < limsup,,_,..0n < 1.

Then {x,} converges strongly to some point x* € C and (z*,y*) is a solution of
the general system of variational inequalities (1.4), where y* = Po(x* — pBx*).

In this paper, motivated and inspired by the iterative scheme in Mann (7],
Marino and Xu [8] and Ceng et.al [9], we introduce an iterative scheme for finding
the solution of the problem . Then, we prove a strong convergence theorem,
that the iterative sequence {z,} converges strongly to some point z* € C and
(z*,y*) is the solution of under some proper conditions in a real Hilbert
space.
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2 Preliminaries

In this section, we collect some lemmas which will be needed to prove our main
theorem in the next section.

Let C' be a nonempty closed convex subset of a real Hilbert space H. Let Po
be the metric projection of H onto C, i.e., for x € H, P¢ satisfies the property

[l = Pox| < |z —yll,

for all y € C.
The following lemmas characterizes the projection Pe.

Lemma 2.1. [11] For a given x € H and z € C,
x=Pey & (x—y,z—2x)>0, VzeC.
Furthermore, Po is a firmly nonexpansive mapping of H onto C and satisfies
|Pca — Peyl® < (Pox — Pey,x —y), Va,y € H.
Lemma 2.2. [12] Let {s,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1 —ap)sp+ Bny, Vn>0

where {a, },{Bn} satisfy the conditions:

(Z> {an} C (O’ 1)’ Z Qo = O0;

B -
(#) limsup — < 0 or Z |Bn| < 0.

n—oo O
n=1

Then lim,,_, o s, = 0.

Lemma 2.3. [11] Let H be a Hilbert space, let C' be a nonempty closed convex of
H, and let A be a mapping of C into H. Let w € C. Then, for A > 0,

u=Pc(I-X A)u & uweVI(CA),
where Po is the metric projection of H onto C'.

Lemma 2.4. [13] Fach Hilbert space H satisfies Opial’s condition, i.e., for any
sequence {x, } with {x,} — x, the inequality

liminf ||z, — x| < liminf ||z, — y||
n—r oo n—oo

holds for every y € H with x # y.
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Lemma 2.5. [14] Let C be a nonempty closed and convex subset of a real Hilbert
space H. For every i = 1,2,....N, let A; be a strongly positive linear bounded
operator on a Hilbert space H with coefficient v; > 0 and ¥ = min;—1 2. n7;. Let
{a;}¥, € (0,1), with vazl a; = 1. Then the following properties hold:

(i) [1-p X, aia
for every 0 < p < | 4|7 G =1,2,...,N).
(ii) VI(C, iy aids) = L, VI(C, Ay).

<1l—p7yandI— pi\il a; A; is a nonexpansive mapping

Lemma 2.6. [9] For given z*,y* € C,(z*,y*) is a solution of problem (1.4) if
and only if ©* is a point of the mapping G : C — C defined by

G(z) = PolPe(x — uBx) — AMAPc(x — uBx)], Vo € C,
where y* = Po(x — pBzx).

Lemma 2.7. |[15] In a real Hilbert spaces H, the following inequalities hold: for
all z,y € H and « € [0,1],

. 2 2 2 2
(i) llaz + (1 = y|” = allz[]” + (1 = a)ly[” = a(l = &)z = y[,
(ii) llz +yl* < l2]* +2{y,z +y) for all z,y € H.

3 Main Results

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert space H.
Let D,Dy,Dy : C — H be d,dy,ds-inverse strongly monotone mappings, respec-
tively. Define the mapping G : C — C by G(x) = Po (I — A\ D1) Po (I — A2D3) z,
for all x € C and a € [0,1). Let f be an a-contraction mapping on H. For
k=1,2,...N, define A: H— H by Az = ngvzl cpAgz, for all x € H, where Ay
is a strongly positive bounded linear operator on H with coefficient v, > 0,7 =
ming—1 2. NY and 0 < v < % Suppose that S = F(G)NVI(C,D) # 0. Let
{zn} be a sequence generated by x1 € C' and

Tn+1 = (1 - Bn)xn + BnPC(I - AD)ynv

Yn = anyf(zn) + (I — and) Gan, (3.1)

where {ayp} C [0,1], A € (0,2d), A1, A2 € (0,23) with d = min {dy,ds}. Suppose
the following conditions hold:

(o)
(i) lim a, =0 and > a, = o0;
n—o00 n=1

(i) 0<b< B, <c<l1;

N
(i) 0 <cp <land Y, cp =1;
k=1
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e 00
(iv) 32 lomsr — am| <00, 32 |Bpt1 — Bl < o0
n=1 n=1

Then, {x,} convergence strongly to xog = Po(I — A + vf)xo and (x0,y0) is a
solution of (L.4) where yo = Po(xzo — AaDaxp).

Proof. Since a,, — 0 as n — oo, without loss of generality, we may assume that
oy < m, Vne€Nandi=1,2,...,N. Let z,y € C. Since D is d-inverse strongly
monotone mapping with A € (0,2d), we obtain
I(T = AD)z — (I = AD)y|* = | — y — A(Dz — Dy)||*
= |lz — y||* = 2\ (& =y, Dz — Dy) — X*|| Dz — Dy|®
< ||z — y||* — 2Ad|| Dz — Dy||* = X*|| Dz — Dy||?
< & —y|* = A(2d — \)||Dz — Dy]|*
< [l —y|f*.
This implie that
(I =AD)x — (I = AD)y| < [l —yll, (3.2)

that is, (I — AD) is a nonexpansive mapping. Then, we have Po(I — AD) is a

nonexpansive mapping. By using the same method as , we have Po(I—\1 D)

and Po(I—X2Ds) are nonexpansive mappings. Then G is a nonexpansive mapping.
The proof will be divided into five steps.

Step 1. We will show that {z,} is bounded.

Let z* € &. From the definition of x,, we have

[Zn+1 — 2| = [[(1 = Bn)2n + BuPo(I — AD)y, — 27|
1= Bn) lln — 2| + Bu [[Pc(I — AD)yn — ™|
1= Bn) [|on — || + Bn [lyn — 27|
1 —Bn) |20 — z*|| + Bn Hanvf(xn) + (I — and) Gz, — a*
1= Ba) llzn — (| + Buan ||y f(2n) — Az
+ Bn HI - anf_lH |Gxy — ¥||
< (1= Bn) llzn — 2% + Browy [ f(zn) — f(z7)]]
+ Bnon ||y f (") = Ax*|| + 8o (1 = @) |G, — 2|
< (1= Bp) llzn — || + Buamya |2, — 2™ || + Buawy |7 (2*) — Az™|
+ Bn (1 = oY) [|n — 2|
(1= But+Bn (anya +1 = an?) l2n—2*|| + Buaw ||y f(z*) — Az*
(1= But Bn (1 = an (7 = 7)) @0 — 2| + Bncvy |7 f(2*) - Ax*
(1 = Buan (¥ = 7)) |20 — @*[| + Buan ||y f (") — Az™|

. H’yf(x*) + Azx*
<max( ||z — 2|, ———— ;.
¥ —ya

INIA

(
(
( |
(

IN
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* K *
By induction, we have ||z, — z*| < max{||x1 — x|, W} ,Vn e N.

Hence {z,} is bounded and so is {y,}.
Step 2. We will show that lim ||z, — .| = 0.
n—oo

From the definition of {y,}, we have

Ynt1—ynll = Han+17f($n+1)+ (I—an+1z) Gzpi1— anf(Tn)— (I—anZ) Gan
< niry [ ) — S @)l + 7 | — anl 1 )
+ ||Ifan+1Z||HGzn+1 *G"En”ﬁ*H (Ifan_HZ) Gz, — (Ifanﬁ) G:an
< an17a [Tnpr — Zall + 7 [omir — anl [ f(20)]]
+ (1 - an+17) ||$n+1 - an + |an+1 - anl HZGan
=1 = ant1 (T = 7)) |Tnt1 — nll + 7 a1 — an| [ f(zn) |
+ |anr1 — Qg ||ZG:cn|| ) (3.3)

From the definition of {x,} and (3.3]), we have

241 = Znll = |(1 = Bn)zn + BuPe(I — AD)yn — (1 = Ba—1)Tn—1

= Bn—1Pc(I = AD)yn—1||

= |(1 = Bn)zn + BnPc(l = AD)yn — (1 = Bp)Tn-1 + (1 = Br)Tn-1
— (L= Bn-1)Tn-1 = BuPc(I = AD)yn—1+ BnPc(I — AD)yn—1
—Bn—1Pc(I = AD)yn—1]|

< (1= Bn) lzn = 2n—all + Bn [|Po(I = AD)yn — Po(I = AD)yn—1 |
+ 180 = Bu—1lllTn-1ll + [Bn = Bu—1l [[Pc(I = AD)yn-1|

<A =Bn) llwn — Tp—1ll + B 1yn — Yn-1ll + [Bn = Ba—1| |Tn-1]|
+ B = Bu-1| [[Pc(I = AD)yn—1]|

< (1 =Bn) 1z — zn—all + B (1 — an(¥ — 7)) [[2n — Tp1|
+7 lan — an—1l | f(@n—1)|| + lan — an-1] ||AG$n71H)
+ 180 = Bo—1ll[Tn-1ll + [Bn = Bu—1l [[Pc(I — AD)yn-1|

= (1= Bn) |lzn — 2n-1ll + Bn(l — an (¥ — 7)) [z — zp—1|
+ B o — an—1| [ f(@n-1) [l + Bn o — atn—1] HAGxn—lﬂ
+18n = Bu—1l |zn—1ll + [Bn = Bn-1| | Pc(I = AD)yn—1|

=1 =B+ Bn(l — an(y —7a)))llen — Tn_1]|
+ B lan — an—a| [[f(@n—1)|| + Bn lan — an—1] HAGCEanH
+1B8n = Bu—1lllwn-1ll + [Bn — Ba—1l [[Pc(I — AD)yn—1|

< (1= Bnan(¥ —v) |20 — zn—a |l + 7 |an — ap—a| | f(zn-1)|
+ |an — a1 ||AGxn—1|| + 18 — Bn=1| |zn-1]|
+ 180 = Bu—1l[[Pc(I = AD)yn-1] -
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This together with conditions (i), (i) and Lemma [2.2], we get that

nlgr;o |Znt1 — znl = 0. (3.4)

From conditions (%), (i7), (3.3)), and (3.4]), we obtain lim ||y,+1 — y.|l = 0.
From the deﬁnitif)r?(ff y:, ave , e o =]
lyn =27 |* = [lowr s (20) + (I = 0 A) Gz — ||
= |[(Gzp — 2*) + (a7 f(2n) — anAGz,,)

< ||Gzn — z*||> + 20, (vf(zy) — AGzy, yp — ™)
<l — | + 20 [[vf (@) = AGzy | lyn —*[. (3.5)

2
I

From nonexpansiveness of Pz and (3.5)), we have

2

[Zn1 — 2|7 < (1= Bn)llzn — 37*H2 + BullPc(I = AD)y, — 33*”2
< (1= Bu)llzn — 2" + Bal(I = AD)yn — (I — AD)z"|®
= (1= Bo)llzn — 2% + Bullyn — 2* — A(Dyn — Da*)||?
( )

L= Ba)llzn — 2" |I* + Ballyn — 2*|°

— 2X\By (yn — 2, Dy, — Dz*) + BuX?|| Dy, — Da*|?

< (1= Ba)lan — 2*|° + Bullzn — %[ + 2Bncn |[7f (zn) — AGw||
X lyn — *|| — 2AdB, | Dyn — Da*||* + BuA2|| Dy, — Da*||*

= (1= Bu)llwn — 2 |* + Bullzn — 2*[* + 2Bncn |7 (@n) — AGa,||
X |lyn — %[ = ABn(2d — N)|| Dy, — Dz*|?

= ||z — 2*|* + 2Bn0wm ||V (@n) — AGwn]| lyn — 2|
— ABn(2d — \)||Dy,, — Da*||?.

It implies that

ABn(2d — N)|| Dy, — D™ ||* < ||z — 27> = [|2ngr — =¥
+ 2Bnan H’Yf(xn) - AGmnH lyn — 7|

< ([len = 2™ = llentr = 2™|) lzn1 — 2l
+2Bnan |7 (@n) — AGay || lyn — 27| (3.6)
Form conditions (7), (i), (3.4) and (3.6]), we have
le | Dy, — Dz*|| = 0. (3.7

Step 3. Show that lim |z, —Tz,| =0, lim ||z, — Gz,| =0, im |y, — Tyl
n—oo n—oo n—00
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=0, lim |ly, — Gynll = 0 and lim [z, —yall = 0.
From the definition of x,, and , we obtain
=" = [[(1 = Bn)an + BuPo(I = AD)y, — z*||*
< (1= Bu)llzn — 2*||* + Bul Pe (I = AD)y, — 27|
—Bu(1 = Bu)len — Pe(I = AD)yal?
< (1=Ba) |en—a*|*+Ballyn—a* || = Bu (1= Bn) |20 — P (T=AD)yn | *
< (1=B)len =" + Ballzn— 2" I” + 2Bncn [[1£ (2n) — AGan
% llyn = 27| = Bu(1 = Bu)[n = Po(I = AD)ya]’
< lwn — %[ + 28nan |[f (2n) — AGwn]| [lyn — 27|
— Bu(1 = Bu)lln — Po(I = AD)ya|*.
It implies that
Bu(1 = Bu)[[wn — Po(I = AD)ya* < [l — 27||* = [@ni1 — 2|
+ 2Bn0m |7 f(2n) — AGzn|| lyn — 2*||
< (lon — 2" = llents —2") lzn1 — zall
+ 20 ||7f (2n) — AGzy || lyn — 2*|| . (3.8)
Form conditions (4), (ii), (3.4) and (3.8), we have
nh—{lgo |xn — Pc(I — AD)y,|| = 0. (3.9)

By Lemma and (3.5]), we obtain
|[Po(I=AD)y,— z*||* < (I = AD)yn — (I — AD)a*, Pe:(I — AD)y, — z*)

]‘ * *
= 5 (IT=AD)y. = T=AD)&" [P+ | Po(I=AD)y, — 2"

~|(I=AD)y, = (I-AD)a" = (Pe(I = AD)ya — o))

1 . .
< 5 (lyn = @ IP+ IPo (I = AD)yn — &

~llyn = Pe(I = AD)y = A(Dy, — D))

1 . _ .
< 5 (llon = "1 + 200 |1 @n) = 4G I3~ ]

1Pl = ADYyn — 2|2 = llyn — Pe(I — AD)ya ?
2\ (yn— P (I=AD)yn, Dyn—Da") —A2|Dyn—m*||2)

1 _
< 5 (Ilen = 2" + 200 |7 @n) = AGn [ llg — 2"

+ | Po(I = AD)y, — 2*||” = |lyn — Po(I — AD)yy|?
+2M |yn — Po(I — AD)yu|| | Dy, — Dz™|) .
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It follow that
IPo(I = AD)yn — 2*|* < llon — %[> + 200 |7 () — AGn || lyn — 2|
~ Nlyn = Po(I = AD)ynl|* + 2X |lyn — Pe(I = AD)ya|
x ||Dyy, — Dz*|| . (3.10)
From , we have
[Zng1—a*[” < (1= Bo)llzn — %[> + BullPo(I = AD)yy — 27|
< (1= Ba)llwn = 217 + B (ln — 2117 + 200 |1 (2n) = AGa|
X [[yn =" = llyn—Po(I = AD)yn|* + 2X [lyn — Pe:(I — AD)y, ||
X || Dyn — Dz™||)
< (1= Ba)llzn = 2*[° + Ballzn — 2*I° + 20 |7 (zn) — AGay ||
X |[yn—2*|| = Bullyn — Po (I = AD)yn|* + 2X [lyn — Po(I=AD)y, |
X | Dy — D™ ||
= [l — 27”4+ 200 |7 f (@n) — AG@n]| lyn — 2|
— Bullyn—Po(I=AD)yal* +2X |yn — P (I=AD)yy | || Dy — Dz |
It implies that

Ballyn — Pe(I=AD)ynl? < llwn — 21> = l|zns1 — 2% + 20 ||7f (20) — AGa, ||
X ||yn— || + 2X\ |yn — Po(I=AD)yy|| || Dyn — D™ ||

< (lzn — 2™ = [lonsr = 2|) [#ns1 — znl|
+ 2an H’Yf(xn) - AGwnH Hyn - m*ll
+2X lyn — Pc(I = AD)yull | Dyn — Dz™[|. (3.11)
From conditions (7), (i), (3.4)), (3.7) and (3.11)), we get

Consider,
|20 — yull < ll2n — Po(I = AD)yull + [[Pc(I — AD)yn — ynl| -
From (3.9) and (3.12)), we obtain
nh_{r(go |z — yn]l = 0. (3.13)
From definition of y,, and condition (7), we have

lyn, — Gz, = ||an7f(xn) + (I - a,A)Ga, — GmnH
= an |[7f(@n) + AGzy|| = 0 asn — oc. (3.14)
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Consider,
120 — Goall < llzn = ynll + lyn — Gzal -

By (3.13) and (3.14)), we have

nh_)ngo lxn — Gx,|| = 0. (3.15)

From (3.13), (3.15) and

[yn = Gynll < l|yn — 2ol + 20 — Gzpll + |Grn — Gynl|
<yn = 2ol + |20 — Goull + |20 — yull 5

we get that
lim ||y, — Gyal|l = 0. (3.16)
n—roo

Step 4. We will show that limsup <fyf(x0) — Axg, yp — x0> < 0, where zg =
n—oo
Pg(] —A + ’)’f)a?().
To show this, choose a subsequence {y,, } of {y,} such that

limsup (7 f(z0) — Ao, yn — T0) = kli_g)lo (vf(z0) — A0, Yn), — T0) - (3.17)

n—oo

Without loss of generality, we can assume that x,, — ¢ as k — oo, where g € C.

Then, from (3.13) and z,, — ¢, we obtain y,, — ¢ as k — oco. From (3.17) and
Yn, — ¢ as k — 0o, we have

limsup (vf(z0) — Az, yn — o) = (7f(x0) — Az, q — 20) - (3.18)

n— oo

In order to show <’yf(x0) — Azg,q — x0> < 0, we need to show that ¢ € & =

F(G)NVI(C, D). Assume that ¢ ¢ F(G). It implies that ¢ # G¢. From Lemma
and (3.16]), we have

liminf ||y,, — ¢|| < liminf ||y,, — Gq||
n—oo n—oo
< lminf (lyn, — Gyn, || + [Gyn, — Gal))
n—r oo
< liminf ([|yn, — Gyn, [l + |y, — all)
n—oo
< liminf ||y, — q|| -
n—oo
This is a contraction, that is,
q € F(G). (3.19)

Next, we will show that ¢ € VI(C, D).
Assume that ¢ ¢ VI(C,D). Since VI(C,D) = F(Pz(I — AD)), we have q #
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Pc(I — AD)q. From Lemma 2.4 and (3.12)), we obtain

i nf [y, ] < liminf 3, ~ Pe(f ~ AD)q]
< timinf (g, Pe(I~ D)y |+ | P (1~ AD)y, ~ Pe(1-AD)gl)
< l%nn_ligf (”y’ﬂk - PC(I - )‘D)ynk H + ||y’ﬂk - QH)

< liminf |y,, —q| -
n—oo
This is a contraction, that is,
qeVI(C,D). (3.20)

From (3.19) and (3.20)), we have ¢ € & = F(G) NVI(C, D).By (3.18) and Lemma
we have

limsup (vf(z0) — Azg, yn — z0) = {(7f(z0) — Az, q — 20) < 0.
n—oo
Step 5. Finally, We will show that {z,} converges strongly to zo, where zy =
Ps(I — A+ ~f)xo. B
From the definition of z,, and zg = Ps(I — A 4+ v f)xo, we have

11 = Ba)zn + BuPo(I = AD)y, — ol
(1= Ba)llzn — zoll* + Bul P (I — AD)yn — o]
(1= Bu)llzn — ol + Bullyn — zo*
(1= 5n)||xn — acoH2 + BnHan'yf(acn) + (I — anA) Gy, — x0||2
< (1= Ba)llen = wol + B (| (I = and) (Gan — a0)||”

20, (7 f(20) = Ao, yn — 20))
< (1= Ba)llen = ol + B (1 = @)l = woll

+2any (f(2n) = f(20), Yn — o) + 200 ([ (20) — Ao, Yn — 20))
< (1= Ba)llzn = woll* + Bo (1 = an¥)? o — 2o

+2an7 || f (@) = f(@o) | [|yn — @oll + 200 (vf(20) — Azo, yn — o))
< (1= Bu)llzn — zoll* + Bu(1 — an¥)? s — 2o|®

+ 200,708y |20 = ol [yn — woll + 20080 (7 f (o) — Ao, yn — @0)
< (1= Bu)llzn — zoll* + Bu(1 — an¥)? s — 2o|®
+ 20708y |20 =0 (an |7 f(2n) = Azo || + (1—an¥) |Gy — o)
+ 200, B0 (7 f(w0) — Ao, yn — T0)

241 -0
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IN
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< (1= Ba)llzn — zoll* + Bu(1 — an¥)?[l2n — o]
+ 20708y |20 — 2ol (anye[|zn — 2ol + an |7 (o) — Azo|
+ (1= an?) |20 — 20ll) + 20080 (7f (x0) — Azo, yn — 20)
= (1= Bo)llzn — zol* + Bu(l — an)?[l&n — z0ll* + 2027%0* Bu | — o]
+ 202708, || £ (20) — Azo || l2n — zol| + 20my0Bn (1 — ) |20 — 0]
+ 200, B0 (7 f (0) — Ao, yn — o)
< (1= Ba)llzn = zoll* + Ba (1 = an¥) &n — zol|* + 2025 Bn |2 — 20|
+ 202765 |7f(20) — Azo|| |n — zoll + 2amyaBpllzn — 2o®
+ 200 B (7 f (w0) — Ao, yn — o)
= (1= B + Bn — Buin¥ + 2a0708,) ||z — o> + 2057 Bul|zn — o]
+ 20098 ||7f (z0) — Azo || 2 — ol + 20085 {7f (w0) — Az, yn — o)
= (1= anfn (7= 290)) llzn = woll” + B (20072 2 — ol
+200,7 ||V f (w0) = Azol| lzn — mol| + 2 (v f (20) — Azo, yn — 0))
20m 72| wn — o]
(7 = 27a)
+20¢n5’ |7 f (o) — Azo|| [|#n — 2ol L 2 (7 f(x0) — Ao, yn — l’o>> .
(7 = 27e) (Y = 27e)

= (1 - anﬁn (:7 - 2’Va)) H-Tn - .%‘0“2 + Oénﬁn (’S/ - 270[) <

By step 4, condition (i) and Lemma we can conclude that {z,} converges
strongly to xg = Ps(I — A+ v f)zg. Then, from Lemma we have (zo,yo) is
a solution of the problem (1.4)) where yo = Po(xg — AaDaxp). This completes the
proof. O

Corollary 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let D,D; : C — H be d,d;-inverse strongly monotone mappings, respectively.
Define the mapping G : C — C by G(x) = Po (I — A\ D1) Po (I — A2Ds) x, for all
x€C anda€0,1). Let f be an a-contraction mapping on H. Fork =1,2,...,N,
define A: H — H by Az = Zszl crAgx, for oll x € H, where Ay is a strongly
positive bounded linear operator on H with coefficient v, > 0,7 = ming—12,... N7V
and 0 < v < L. Suppose that S = F(G)NVI(C,D) # 0. Let {z,} be a sequence
generated by x1 € C' and

Tpt1 = (1= Bn)zn + BrPc(l — AD)yy,
Yn = anVf(2n) + (I — anA) Gy,

where {a,} C [0,1], A € (0,2d), A1, A2 € (0,2d1). Suppose the following condi-
tions hold:

(3.21)

(o)
(i) lim a, =0 and > a, = o0;
n—o0o n=1
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(i) 0<b< B, <c<l1;

N
(i1i) 0 <cp <1and Y, c =1,
k=1

=) =)
(ZU) Z ‘anJrl - an| < o, Z ‘/BnJrl - ﬁn| < 0.
n=1 n=1

Then, {x,} convergence strongly to xog = Po(I — A + vf)xo and (x¢,vo) is a
solution of (L.5) where yo = Po(xzo — AaD1xo).

Proof. 1f we put D1 = Dy in Theorem we have the desired conclusion. O

4 Example and Numerical Results

Example 4.1. Let R be the set of real numbers. Let D, Dy, Dy be a mapping
from [—50,50] to R defined by Dx = 2“’510,D1m = %‘5 and Dox = %, for
all z € [-50,50]. Let mapping f : R — R be defined by fz = 5%, for every
z e R Fork=12,.. N, let ¢, = 3% + ﬁ and let the mapping A : R — R
be defined by Axx = ’%7 for every x € R. Let x; € R and {z,} be generated by
where A = 1.5, \; = 0.5, A = 0.5,a = 1,7 = 0.05, s, = = and 3, = %=1
By the definition of D, Dy, Dy, A and f, we have 5 € F(G) N VI(C,D). Then,
from Theorem the sequence {x,} and {y,} converges strongly to 5. We can

rewritten (3.1) as follow:

Tna1 021(3@1) Ty + (5%—11)713[_50750]([ — (1.5)D)yn, (4.1)
Yn = S f(zn) + (I — () A) Gan.

The following table and figure shows the values of the sequence {x, } and {y,}
of iterative (4.1)), where 21 = —10 , 1 = 10 and n = N = 40.

T = —10 T = 10
Ty Yn Tn, Yn
—10.000000  0.988889  10.000000 6.573611
—3.333333 1.156481 777778 5.967168
0.833333 2.928086 6.388889  5.448663

w N =3

20 4.999993 4.972774  5.000002  4.972779

38 5.000000 4.985673  5.000000  4.985673
39 5.000000 4.986040  5.000000  4.986040
40 5.000000 4.986389  5.000000  4.986389

Table 1: The values of {z,} and {y,} with different initial value x;
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Figure 1: The convergence of the sequence {z,} and {y,} with different
initial value 1 and n = N = 40.

From Table [1If and Figure [1| (a) and (b), we can observe that {z,} and {y,}
converge to 5, where 5 € F(G)NVI(C, D). The convergence of {x,} and {y,} of

Example can be guaranteed by Theorem

Acknowledgement(s) : This research was supported by Research and Innova-
tion Services of King Mongkut’s Institute of Tecnology Ladkrabang.

References

[1] K. Goebel, W.A. Kirk, Topics in Metric Fixed Point Theory, Cambridge
University Press, Cambridge, 1990.

[2] J.L. Lions, G. Stampacchia, Variational inequalities. Commum. Pure Appl.
Math. 20 (1967) 493-517.

[3] J.C. Yao, O. Chadli, Pseudomonotone complementarity problems and vari-
ational inequalities, Handbook of Generalized Convexity and Monotonicity,
Springer Science 4+ Business Media, Inc., Boston (2005), 501-558.

[4] R. Glowinski, Numerical Methods for Nonlinear Variational Problems,
Springer, New York, 1984.

[5] U. Kamraksa, R. Wangkeeree, A general iterative method for variational in-
equality problems and fixed point problems of an infinite family of nonexpan-
sive mappings in Hilbert spaces, Thai J. Math. 6 (1) (2008) 147-170.



218

[6]

[7]

8]

[9]

[10]
[11]
[12]
[13]

[14]

Thai J. Math. 16 (2018)/ K. Siriyan and A. Kangtanyakarn

Y. Yao, J.C. Liou, J.C. Yao, An extragradient method for fixed point problems
and variational inequality problems, J. Inequal. Appl. 2007:038752 (2007)
doi:10.1155/2007 /38752.

W.R. Mann, Mean value methods in iteration, Proc. Am. Math. Soc. 4 (1953)
506-510.

G. Marino, H.K. Xu, A general iterative method for nonexpansive mappings
in Hilbert spaces. J Math Anal Appl. 318 (2006) 43-52.

L.C. Ceng, C.Y. Wang, J. C. Yao, Strong convergencetheorems by a relaxed
extragradient method for a general system of variational inequalitied, Math.
Meth. Oper. Res. 67 (2008) 735-390.

R.U. Verma, On a new system of nonlinear variational inequalities and asso-
ciated iterative algorithms, Math Sci Res. Hot-Line 3 (8) (1999) 65-68.

W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yoko-
hama, 2000.

H.K. Xu, An iterative approach to quadratic optimization, J. Optim. Theory
Appl. 116 (3) (2003) 659-678.

Z. Opial, Weak convergence of the sequence of succesive approximation of
nonexpansive mappings, Bull. Am. Math. Soc. 73 (1967) 591-597.

S. Suwannaut, A. Kangtunyakran, The combination of the set of solutions
of equilibrium problem for convergence theorem of the set of fixed points
of strictly pseudo-contractive mappings and variational inequalities problem,
Fixed point Theory and Appl. 2013:291 (2013) doi:10.1186/1687-1812-2013-
291.

M.O. Osilike, F.O. Isiogugu, Weak and strong convergence theorems for
nonspreading-type mapping in Hilbert space, Nonlinear Anal. 74 (2011) 1814-
1822.

(Received 27 September 2017)
(Accepted 12 December 2017)

THAI J. MATH. Online @ http://thaijmath.in.cmu.ac.th


http://thaijmath.in.cmu.ac.th

	Introduction
	Preliminaries
	Main Results
	Example and Numerical Results

