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Abstract : At present the option on future is popular one for trading but there
are some problems of risk. So the minimizing of risk which is call the hedging is
needed. In this paper we studied such hedging by using the Delta-hedging which
is popular at present. We found the new results which having the interesting
properties. We hope that such results may be useful in the research area the
Financial Mathematics.
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1 Introduction

Back to the year 1973 that F. Black and M. Scholes has first introduced the
Black-Scholes formula which is the solution of Black-Scholes Equation, see [1].
Such Black-Scholes formula is the option price which is fair price for trading in
FEuropean Options. Now the Black-Scholes Equation is given by

0 1 5 507 0 B
au(s,t) + 508 @u(s,t) + rs%u(s,t) —ru(s,t) =0, (1.1)
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with the terminal condition or the call payoff
u(sr,T) = (st —p)* (1.2)

and denote (s — p)™ = max(sy — p,0) where u(s,t) is the option price at time
t for 0 <t < T, T is the expiration date, s is the stock price at time ¢, r is the
interest rate, o is the volatility of stock and p is strike price.

The well known solution of that satisfies (1.2)) which call the Black-

Scholes formula is given by

u(s,t) = sN(dy) — pe " T=IN(dy) (1.3)
see [2], where
S 1,
In( -+ (r+z0%)(T—1)
p 2
dy =
ovT —1t
] 1,
In( - )+ (r—z0?) (T -1
p 2
dy =
ovT —1t
yf
and denote N (z / 2d
\/7

At present the option price on future is the popular one for trading. Let
F = se"(T=%) be the stock price on future and write u(s,t) = C(F,t). Substitute
F and C(F,t) into (L.1)) then (1.1)) is transformed to the equation

0 1 S22 0? B
aC(F t) + F 92 —C(F,t)—rC(F,t) =0 (1.4)
with the call payoff
C(Pr,T) = (Fr —p)*, (15)

where C(F,t) is the option price on future, see [3] and Fr is the stock price at the
expiration date T'. Thus Fp = sp where sy is the stock price at time 7. Now in
this paper we studied the Delta-hedging of C(F,t) from (1.4)). Such Delta-hedging

is defined by Ap = 8%0 (F,t). In fact we obtain the Black-Scholes formula which
is the the solution of (|1.4) and is similar to ([1.3) of the form

C(F,t) = e """ (FN(dy) — pN(dy)). (1.6)

Now from (1.6)) we obtain

0
= — = _T(T_t)
Ap 6)FC(F,t) e N(dy), (1.7)
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see [3]. Now let R =1In F and 7 = T'—t and write C(F,t) = V(R, 7) and substitute
into ([L.4]). Then (1.4)) is transformed to the equation

2V(R )+1 QiV(R )—1 Qa—QV(R )+ RV(R,7) =0 (1.8)
or 0T TR GrIVRT T % Rz UnT Sk '

with the call payoff or the initial condition
V(R,0) = C(Pr,T) = (Pr —p)* = (" = p)*
where 7 = 0 correspond to to t =T. Let
V(R,0) = (e —p)* = f(R) (1.9)

where f is the continuous function of R. Now we take the Fourier transform with

respect to R to ((1.7) and ([1.8)), we obtain
V(R,7)=exp[-rT+0°T+R| —e"p (1.10)
as the solution of (1.7)). Since
CF,t)=V(R,7)=V(InF,T —t)
=exp|[-r(T—t)+o*(T —t)+InF] — erT=p
=Fexp [-r(T—t)+o*(T —t)] — e Ty,

Thus we have

Ap = a%C(F, t)=exp [-r(T —t)+o*(T —t)]. (1.11)

Now (|1.11)) is the results of this paper which is different from the well known in
(L.7).
2 Preliminaries

The following some definitions and lemmas are needed.

Definition 2.1. Let f be locally integrable function then the Fourier transform
of f is defined by

§160) = Fw) = [ e pa)da (21)
and the inverse Fourier transform is also defined by
~ 1 [ .

f@) = 57w = 5= [ e Fwns (22)
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Definition 2.2. Let C(s,t) be the call option and s is the stock price at time ¢.
0
Then the Delta-hedging denoted by A is defined by A = %C(s,t) or 9C(s,t) =

AQds. In fact A is the number of shares of stock times the change of stock price.
Now the concepts of Delta-hedging is that if we want to hedge the sale of one
call option we need to buy A shares of stock.

Lemma 2.3. Recall the equation (1.8]) and the call payoff (1.9)) that

2V(R )+1 2iV(R )—1 28—2V(R Y+ 7rV(R,7)=0 (2.3)
or VT TR% gr VT TR Rzt U T )= '

and the call payofff or the initial condition
V(R,0) = f(R). (2.4)
Then
V(R,7) =exp[-rT+ 0’7+ R —e "p (2.5)

as the the solution of (2.3) and the Delta-hedging

AR = %V(R7 7) = exp|—rT + o%7 + R]. (2.6)

Proof. Take the Fourier transform defined by (2.1) with respect to R to (2.3)).
Then we obtain

1 =5 1 g -~
a—V(w, T)— 502in(w,7') + 502w2V(w, 7)+rV(w,7) =0. (2.7)
-

Thus we have

~ 1 1
V(w,7) = C(w) exp (—§U2w2 + 502iw —r)T

as the solution of (2.6). Now from (2.4)),

V(w,0) = f(w)
Thus
Cw) = f(w)
Since
V(R,7) = 1 /OO ei“R?(w,T)dw
2 J_ o
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from (2.2)). Thus
1 > ’LUJR 1 2 2 1 2
V(R,T):— Flw)exp [(— Fow +2a iw—7)7| dw

_ / / m)R —zwy exp |:(—;O' w + 2'0' W)T:| f(y)fydw

where f(w) = §f(y) = [°0 e f(y)dy. Thus

oo oo o2t
—rT ) e’ i 0-27 + R — y
_ ¢ / (/ exp | —=o?7(w —i( 2 N2 dw)
21 ) S o2r
ﬁg+R v,
exp | —(—55—)"| fF(v)dy

r+R— 1 /2
Put u = 0\/§(w - Z(W)) Then dw = —4/ —du. Thus we have
T

g°T g

e~ "7 o] 00 21 —(Uzg—‘y-R—y)Q
e o\f duw)exp | —2 | f(u)dy
—7T 1 CT 5 + R — y)
T oon O'\/i\/i/ 2027 F(y)dy.

(Note that [ e’ du = /7). Tt follows that

_ - -
—(025 +R—y)?

e o0

_ ¢ - .2 Y _
 V2ro?r /—oo P 20%T (e = p)dy




200 Thai J. Math. 16 (2018)/ A. Kananthai and R. Ouncharoen

since f(y) =e¥ —p, (L.9) and (2.4). Thus

2

o
e~ T [e e} (?T"‘R—y)z
V(R,T) = —— -t | &Y%
(Rr)= e [ ow e K
2
e~ T o] (%T+R—y)2
- - | dy.
vV QWUQTP[OO P 20%T v
1 o? . .
Now put u = 5 (y— 5T R), then dy = 0v/27du. By computing directly the
oV2m

same as before, we obtain
V(R,7) =exp[(—rT +0*r+ R)] —e "p
as the solution of (2.3) and by Definition we also obtain

_ 9 _ 2
AR—@V(R,T)—eXp[ rT 4o+ R].

Thus we obtain (2.6) as required. O

3 Main Results

Theorem 3.1. Recall the equation (1.4) and The call payoff (1.5)) that

%OGU)+%HF%%%CGH)—MXRG:O (3.1)
with the call payoff
C(F,T)= (F,T) = (Fr —p)* (3:2)
Then has the solution
C(F,t)=Fexp [(—r(T —t)+ o*(T —t)] —e " p (3.3)
with the Delta-hedging
Ap =exp [(—r(T = t) + o*(T — t)] (3.4)

and

0<Ap<1 (3.5)
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Proof. By Lemma , we obtain
V(R,7)=exp[—(rT+ 0’1+ R)] —e "Tp
where 7 =T —t and R =InF. Since we let C(F,t) = V(R,7) = V(InF,T — t).
Thus we have
C(Ft)=exp[(—r(T —t)+0*(T —t)+InF)] — e Tty
=Fexp [(—r(T —t)+ o*(T —t))] — e Ty
0

as the solution of (3.1)). By Definition Ap = a—FC(F7 t). It follows that

Ap =exp [(=r(T —t) + o*(T — t))]. Thus we obtain and as required.
Now at ¢t = 0 we have Ap = exp [(—rT 4+ ¢2T)] > 0 and at t = T. We have
Apr =1.Since 0 <t < T. It follows that 0 < Ar < 1. Thus we obtain .

Moreover, from (L6), C(F,t) = e """~ [FN(d;) — pN(d3)] which is the
Black-Scholes formula for the option price on future and from (L.7)),

Ap = %O(F, t)=e " TON(dy).

Now for t = 0, Ap = e "' N(d;) > 0 and for t = T we have from that
d1 = oo and N(oo) = 1. It follows that Ap = N(oco) = 1 since 0 < ¢t < T, thus
we have 0 < Ap < 1. We see that the option price on future which is the Black-
Scholes formula and the option price given by of this paper has the same
condition of Ar which is 0 < Arp < 1. O]

4 Conclusion

Consider the option price on future given by . That is
C(F,t)=Fexp [((—=r(T —t) + o*(T —t))] — e "T=0P
and the call payoff
C(Fr,T) = Fre® —e’p = (Pr —p)*
and the option price on future which is Black-Scholes formula given by
C(F,t) = e "D [FN(dy) — pN(d2)] .
The call payoff at t =T,
C(Fr,T) =€’ [FrN(c0) — pN(o<)] = (Fr —p)*

where dy = dy = oo at t = T and N(oo0) = 1. We see that both options price
on future has different forms but has the same call payoff. Moreover we have the
same condition of the Delta-hedging which is 0 < Ap < 1.
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