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1 Introduction

Let E be an ordered Banach space with the partial order <, K be a nonempty
subset of an ordered Banach space E. A mapping T : K — K is said to be
monotone if Tx < Ty for all z,y € K with < y and recall that 7" is monotone
nonexpansive if 7" is monotone and || Tx — Ty|| < ||z — y||, Vz, y € K with z < y.
Following, Aoyama and Kohsaka [1], a mapping T : C — C is said to be a-
nonexpansive for some o < 1 if

1Tz - Ty|* < a|| Tz — y|I* + al| Ty — 2| + 1 - 2a) |z — yl|, Vo, y € C. (1.1)

Clearly, nonexpansive mapping is 0-nonexpansive maps. An example of a discon-
tinuous a-nonexpansive mapping (with o > 0) has been given in [1]. It is well
known that, the concept of nonexpansivity of a map T from a convex set plays an
important role in the study of the Mann iteration given by

Tnt1 = (1 = sp)xn + sp Ty, 20 € K,

for each n > 1, where s,, € [0, 1] such it was introduced by Mann [2] in 1953.
In 1974, Ishikawa [3] introduced the Ishikawa iteration given by

Tnt1 = (]- - an)mn + anT(yn)7

For each n > 1, where a,, and b,, € [0,1]. In particular, when all b, = 0, then
Ishikawa iteration becomes the standard Mann iteration.

In this paper, we introduce and approximating common fixed points of two
a-nonexpansive mappings S and T throught weak and strong convergence of the
sequence be defined by we use the following Ishikawa iteration [4-6]

Yn = (1 - bn)xn + b, Ty,

for each n > 1, where a,, and b,, € [0, 1], satisfying certain condition.

2 Preliminaries

Next, we state some useful lemmas and definitions as follows.

Lemma 2.1. [7] Suppose that E is a uniformly convex Banach space and 0 < p <

g <1 foralln=1,2,---. Suppose further that {x,} and {y,} are sequence of E
such that limy, oo ||n || < 7, My oo [Ynll < 7 andlimy, oo [[tnTn+(1—t)ynl| =
hold for some r > 0. Then lim, o ||2n — ynll = 0.

We recall that a Banach space E is said to satisfy Opial’s condition [8] if for
any sequence {x,} in E, x, — = implies that

limsup ||z, — || < limsup ||z, — y||
n—oo n— oo
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for all y € F with x # y. Moreover, we also know that a mapping T is called
demiclosed with respect to y € K if for each sequence {z,} € K and each z €
FE, r, =z and Tx, — y imply that x € K and Tx = y.

Lemma 2.2. |9] Let E be a uniformly convex Banach space satisfying Opial’s
condition and K be a nonempty closed convex subset of E. Let T : K — K be a
nonezxpansive mapping. Then I —T is demiclosed with respect to zero.

Definition 2.3. Let K be a nonempty closed convex subset of Banach space E.
A mapping T : K — K is said to be :

(1) a-nonezpansive for some « < 1,
1Tz = Ty|?* < a|| Tz — y|* + a|| Ty — z|* + (1 - 2a) [z — y|®
for all x,y € K.

(2) quasi-nonexpansive if F(T) # @ and ||Tz — p|| < ||z — p|| for all p € F(T)
and r € K.

Lemma 2.4. Let K be a nonempty closed conver subset of Banach space E.
A mapping T : K — K be a a-nonexpansive mapping. Then T is a quasi-
nonexrpansive.

Proof.
T2z —p|* = | Tz — Tpl|?
< a||Tz —p|* + al|Tp — z|* + (1 — 2a)[|z — p|?
= a||Tz —p|I* + (1 — a)|lz — p|®
< lz —pll
and so T is a quasi-nonexpansive. O

3 Weak and Strongly Convergence Theorems

In this section, first we prove the following Lemma which, in fact, forms a
major part of the proofs of both weak and strong convergence theorems.

Lemma 3.1. Let C be a bounded, closed and convex subset of a uniformly convex
ordered Banach space (E,<). Let S, T : C — C be monotone a-nonerpansive
mappings. Assume there exists x1 € C such that 1 < Sx1, v1 < Txy and there
exists p € F(S)NF(T) such that x1 and p are comparable. Consider the sequences
{z,} be defined by Ishikawa’s iteration. Then

lim ||Sz, —x,||=0= lim ||Tz, —z,]-
n—oo n—00
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Proof. Let p € F(S)N F(T). By Lemmal2.4] we consider

[#n1 = pll = (1 = an)zn + anSyn — p|
YT + anS((1 —bp)xy, + by Txy) — p|
<A = an)(@n =Pl + lanS((1 = bn)zn + b T(2n)) —
<A = an)(@n =PIl + llan((1 = bn)zn + buT(zn)) — pll
< = an)(@n =P + llan(l = bn)(@n = p)I| + lanbn(Tzn — p)|
< (X =an)llzn = pll + an(l = ba)llzn = pll + anbnllzn — pll
= l[en = pl|.
Hence lim,, o ||z, — p|| exists. Let lim, ,o ||z, — p|| = r where > 0 is a real
number. By T is quasi-nonexpansive mapping then we have || Tz, —p|| < ||zn —p||

foralln=1,2,3,...,s0
limsup [Tz, — p|| < 7.

n—oo
Also
lyn — pll = (1 = bp) s + bp Ty, — p|
SN = bn)(@n = Il + 168 Tz —
< (L =b)l[(@n = Pl + bullzn — pll
= llzn —pl
and we get
limsup ||y, —p| < 7. (3.1)
n—oo

By S is quasi-nonexpansive mapping then we have

limsup ||Sy, —p| < r.

n—oo
Moreover, lim, o |2, — p|| = 7 means that
lim [[(1 = an)(zn —p) + an(Syn —p)|| =1
n—oo
By Lemma 2], we get
lim ||Sy, — x,|| = 0. (3.2)
n—o0
Now
[zn = pll < llzn = SYnll + 11Syn — Pl < 20 — Syall + lyn — plI,
then we get

r < liminf ||y, — p||. (3.3)
n— oo
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By (3.1) and (3.3), we get

143

Jim |y, —pl| =7 (3.4)

That is
lim (1= bp)(zn —p) + bn(Tzn —p)|| =1

n—oo

By Lemma we get

nh_)rrgo T2, —zp| =0. (3.5)

And we consider,

|Txn — ynll = |Txn — (1 = bp)zsn — b1 (4) ||
= (1 = bp) Ty, — (1= by)zn ||
= (1= b)) [(T2 — z0) |,

then by (3.5)), we get

lim ||T2, — yn| = 0. (3.6)
n—oQ

By Definition 2:3] we consider

1S2n = znll* < (1525 = Syall + 1Sy — znll]?
= [|Szy — Syal® + 2l Szn — Syl Syn — zall + 1Sy — znll?
< af|Szn = ynll* + | Syn — zall* + (1 = 20) |2 — ya?
+2(|Sz — SyulllSyn — znll + |Syn — za?

= af Sz, — yn||2 + (1 = 2a)|x, — yn||2 + (1 + a)||Syn — anz

+2[|Szn — SynllllSyn — @n
< af[|Szy — @all + s — yall]* + (1 = 20) 2 — yull?
+ (1 + a)[[Syn — all® + 21| Szn — Synlll|Syn — 2al
= a||Szy, — an2 +2a||Szy — zull||2n — Yl + allzn — ynH2
+2[Szn = SynllllSyn — znll + (1 = 2) |25 — yn?
+ (1 +a)[[Syn — @l
then

(1 = a)l|Szn — 2n|® < (1 = @) |25 = yul® + 20]|Szn — zalllzn — yall
+ 2[5z — Syaulll1Syn — @nll + (L + )|Sys — znll?
<A -d)[lzn — Tan| + [[T2n — ynH]Q
+ 20| Sz — anllllen — Ton|| + 1 T2n — ynl]
+2[|Sz0 — Syl l1Syn — nll + (1 + @) [[Syn — @n|*.
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By (3.2), (3.5) and (3.6)), we can conclude that

lim ||Sz, — x| = 0= lim [Tz, — .| (3.7
n—oo n— oo
O

Theorem 3.2. Let C' be a bounded, closed and convex subset of a uniformly convex
ordered Banach space (E,<). Let S, T : C — C be monotone a-nonexpansive
mappings. Assume E satisfies Opial’s condition and the sequence {x,} be defined
by Ishikawa’s iteration with 1 < Sz1, v1 < Txy. If F(S)NF(T) # 0 then {z,}
converges weakly to a unique common fized point of S and T'.

Proof. From we let p be a common fixed point of S and T and lim,,—, ||z, — p||

exists. Next we will prove that {z,} has a uniqua weak subsequential limit in

F(S)N F(T). Let u and v be weak limit of the subsequences {z,,} and {z,,} of

{z,} respectively. By Lemma we have lim, o0 ||[Szp — || = 0and I — S

is demiclosed with respect to zero, respectively. Therefore, we obtain Su = wu.

Similarly, Tu = u. Again in the same fashion, we can prove that v € F(S)NF(T).
Next, we will prove the uniqueness by Opial’s condition,

lim ||z, —u| = lm |z, —ull
n—oo n—oo
< lim [z, — vl
11— 00
= lim ||z, —v|
n—oo
= lim (|, — ]
j—o0
< lim (|2, — ul|
]*)OO
= lim ||z, — ul.
n—oo
This is a contradiction, then u = v. O

Theorem 3.3. Let C be a compact, closed and conver subset of a uniformly convex
ordered Banach space (E,<). Let S, T : C — C be monotone a-nonerpansive
mappings. Assume E satisfies Opial’s condition and the sequence {x,} be defined
by Ishikawa’s iteration with x1 < Sz, 1 < Txy. If F(S)NF(T) # 0 then {z,}
converges strongly to a unique common fized point of S and T.

Proof. By Lemma lim, o0 [|STy — zn|| = 0 = limy 00 [|[ T2, — x|, Since

K is compact so there exists a subsequence {z,,} of {z,} such that z,, — q.
Continuity of S and T gives Sz,, = Sq and Tx,, — T'q as n; = co. Then we get

159 = all = 0= [|Tq — ql|
This results ¢ € F(S) N F(T) so that {x,,} converges strongly to ¢ in € F(S)N
F(T). But again by Lemma limy, 0 ||Zn — p|| exists for all p € F(S)N F(T)
therefore {z,} must itself converge to ¢ € F(S) N F(T). This completes the
proof. U
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