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1 Introduction

Let C be a nonempty closed convex subset of a Banach space E, and let
T : C → C be a mapping. Then
(i) T is nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C;
(ii) T is asymptotically nonexpansive [1] if there exists a sequence {kn}, kn ≥ 1
with lim

n→∞
kn = 1 such that ‖Tnx− Tny‖ ≤ kn‖x− y‖ for all x, y ∈ C and n ≥ 1;

(iii) T is uniformly L-Lipschitzian if there exists a constant L > 0 such that
‖Tnx− Tny‖ ≤ L‖x− y‖ for all x, y ∈ C and n ≥ 1;
(iv) T is asymptotically nonexpansive in the intermediate sence (in brief, ANI) [2]
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provided T is uniformly continuous and

lim sup
n→∞

sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ≤ 0.

It is clear that every nonexpansive mapping is asymptotically nonexpansive
and every asymptotically nonexpansive mapping is uniformly Lipschitzian. Every
asymptotically nonexpansive mapping is ANI but ANI mapping is not necessarily
Lipschitzian.

Iterative methods for the approximation of fixed points of non-Lipschitzian
mapping have been studied by Agarwal et al. [3], Bruck et al. [2], Chidume et
al. [4], Kim and Kim [5] and many others.

In 1998, Takahashi and Kim [6] gave a strong convergence theorem of the
Ishikawa iteration process for a nonexpansive mapping defined on a noncompact
domain in a strictly convex Banach space. Two years later, Tsukiyama and Taka-
hashi [7] generalized the Takahashi and Kim’s result to a nonexpansive mapping
under less restrictions on the parameters.

In 2014, Kim [8] generalized the result due to Takahashi and Kim [6] to an
ANI-self mapping on the modified Ishikawa iteration process as the following
result: Let C be a nonempty closed convex subset of a strictly convex Banach
space X and T : C → C be an ANI mapping such that T (C) is contained in a
compact subset of C and for x1 ∈ C, and the sequence {xn} defined by

yn = βnT
nxn + (1− βn)xn,

xn+1 = αnT
nyn + (1− αn)xn, n ≥ 1, (1.1)

where {αn} and {βn} are two sequences in [0, 1]. If αn ∈ [a, b] and lim sup
n→∞

βn =

b < 1 or lim inf
n→∞

αn > 0 and βn ∈ [a, b] for some a, b with 0 < a ≤ b < 1, then {xn}
converges strongly to a fixed point of T.

In this paper, we generalize the result due to Kim [8] by consider on the
modified Noor iteration process as the following. For x1 ∈ C, let the sequence
{xn} defined by

zn = γnT
nxn + (1− γn)xn

yn = βnT
nzn + (1− βn)xn,

xn+1 = αnT
nyn + (1− αn)xn, n ≥ 1, (1.2)

where {αn}, {βn} and {γn} are real sequences in [0, 1].

If γn = 0 for all n ≥ 1, then the iteration process (1.2) is reduced to (1.1).
If γn = βn = 0 for all n ≥ 1, then the iteration process (1.2) is reduced to the
modified Mann iteration process [9].

We prove that the iteration {xn} defined by (1.2) converges strongly to a fixed
point of T under the appropiate conditions of {αn}, {βn} and {γn}. Finally, we
give some examples which satisfy all assumptions of T .
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2 Preliminaries

We denote by F (T ), the set of all fixed point of T . We define the modulus
of convexity for a convex subset of a Banach space (see also [10]). Let C be a
nonempty bounded convex subset of a Banach space E with d(C) > 0, where
d(C) > 0 is the diameter of C. Then we define δ(C, ε) with 0 ≤ ε ≤ 1 as follows:

δ(C, ε) =
1

r
inf

{
max (‖x− y‖, ‖y − z‖)−

∥∥∥∥z − x+ y

2

∥∥∥∥ : x, y, z ∈ C, ‖x− y‖ ≥ rε
}

where r = d(C).

Lemma 2.1. [11] Let {an} and {bn} be two sequences of nonnegative real numbers
such that

∞∑
n=1

bn <∞ and an+1 ≤ an + bn

for all n ≥ 1. Then limn→∞ an exists.

Lemma 2.2. [7] Let C be a nonempty compact convex subset of a Banach space
E with r = d(C) > 0. Let x, y, z ∈ C and suppose ‖x − y‖ ≥ εr for some ε with
0 ≤ ε ≤ 1. Then, for all λ with 0 ≤ λ ≤ 1,

‖λ(x− z) + (1− λ)(y − z)‖ ≤ max(‖x− z‖, ‖y − z‖)− 2λ(1− λ)rδ(C, ε).

Lemma 2.3. [7] Let C be a nonempty compact convex subset of a strictly convex
Banach space E with r = d(C) > 0. If limn→∞ δ(C, εn) = 0, then limn→∞ εn = 0.

3 Main Results

We give some results which will be used in our main result.

Lemma 3.1. Let C be a nonempty compact convex subset of a Banach space E,
and let T : C → C be an ANI mapping. Put

cn = sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ∨ 0

so that
∑∞
n=1 cn < ∞. Suppose that the sequence {xn} is defined by (1.2). Then

limn→∞ ‖xn − w‖ exists for any w ∈ F (T ).

Proof. By Schauder’s fixed point theorem [12], we have F (T ) 6= ∅. Let w ∈ F (T ).
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Since

‖zn − w‖ ≤ γn‖Tnxn − w‖+ (1− γn)‖xn − w‖
≤ γn(‖xn − w‖+ cn) + (1− γn)‖xn − w‖
≤ ‖xn − w‖+ cn,

‖yn − w‖ ≤ βn‖Tnzn − w‖+ (1− βn)‖xn − w‖
≤ βn(‖zn − w‖+ cn) + (1− βn)‖xn − w‖
≤ βn(‖xn − w‖+ 2cn) + (1− βn)‖xn − w‖
≤ ‖xn − w‖+ 2cn,

we obtain

‖xn+1 − w‖ ≤ αn‖Tnyn − w‖+ (1− αn)‖xn − w‖
≤ αn(‖yn − w‖+ cn) + (1− αn)‖xn − w‖
≤ αn(‖xn − w‖+ 3cn) + (1− αn)‖xn − w‖
≤ ‖xn − w‖+ 3cn.

By Lemma 2.1, we get limn→∞ ‖xn − w‖ exists.

Lemma 3.2. Let C be a nonempty compact convex subset of a strictly convex
Banach space E with r = d(C) > 0. Let T : C → C be an ANI mapping. Put

cn = sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ∨ 0,

so that

∞∑
n=1

cn <∞. Suppose x1 ∈ C, and the sequence {xn} defined by (1.2).

(i) If βn ∈ [a, b] for some a, b ∈ (0, 1), 0 < lim infn→∞ αn and lim supn→∞ γn < 1,
then lim

n→∞
‖xn − Txn‖ = 0.

(ii) If αn,∈ [a, b] for some a, b ∈ (0, 1) and lim supn→∞(βn + γn) < 1, then
lim
n→∞

‖xn − Txn‖ = 0.

(iii) If γn ∈ [a, b] for some a, b ∈ (0, 1), then lim
n→∞

‖xn − Txn‖ = 0.

Proof. By Schauder’s fixed point theorem [12], we have F (T ) 6= ∅. Let w ∈ F (T ).

(i) If αn, βn ∈ [a, b] for some a, b ∈ (0, 1), 0 < lim infn→∞ αn and lim supn→∞ γn <

1. We will show that lim
n→∞

‖Txn − xn‖ = 0. Let εn = ‖Tnzn−xn‖
r , then we have

0 ≤ εn ≤ 1 because ‖Tnzn − xn‖ ≤ r. Since ‖Tnzn − xn‖ = rεn and by Lemma
2.2, we have

‖yn − w‖ = ‖βnTn(zn − w) + (1− βn)(xn − w)‖
≤ max{‖Tnzn − w‖, ‖xn − w‖} − 2βn(1− βn)rδ(C, εn)

≤ max{‖xn − w‖+ 2cn, ‖xn − w‖} − 2βn(1− βn)rδ(C, εn)

= ‖xn − w‖+ 2cn − 2βn(1− βn)rδ(C, εn).
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And so

2βn(1− βn)rδ(C, εn) ≤ ‖xn − w‖ − ‖yn − w‖+ 2cn. (3.1)

Since

‖xn+1 − w‖ = ‖αn(Tnyn − w) + (1− αn)(xn − w)‖
≤ αn‖Tnyn − w‖+ (1− αn)‖xn − w‖
≤ αn[‖yn − w‖+ cn] + (1− αn)‖xn − w‖,

we have

‖xn+1 − w‖ − ‖xn − w‖
αn

≤ ‖yn − w‖ − ‖xn − w‖+ 2cn. (3.2)

Since 0 < lim infn→∞ αn, there is a positive integer n0 and a positive number k
such that αn ≥ k > 0 for all n ≥ n0 and by (3.2), we obtain

‖xn − w‖ − ‖yn − w‖ ≤
‖xn − w‖ − ‖xn+1 − w‖

k
+ 2cn. (3.3)

From (3.1) and (3.3) it follow that

2βn(1− βn)rδ(C, εn) ≤ ‖xn − w‖ − ‖xn+1 − w‖
k

+ 2cn. (3.4)

Since βn ∈ [a, b],

2a(1− b)rδ(C, εn) ≤ ‖xn − w‖ − ‖xn+1 − w‖
k

+ 2cn. (3.5)

And so

2r

∞∑
n=1

a(1− b)δ(C, ‖T
nzn − xn‖

r
) <∞.

Thus lim
n→∞

δ(C,
‖Tnzn − xn‖

r
) = 0. By Lemma 2.3, we obtain

lim
n→∞

‖Tnzn − xn‖ = 0. (3.6)

Since

‖yn − xn‖ = βn‖Tnzn − xn‖ ≤ b‖Tnzn − xn‖ → 0 as n→∞ (3.7)

and

‖Tnxn − xn‖ ≤ ‖Tnxn − Tnzn‖+ ‖Tnzn − xn‖
≤ ‖xn − zn‖+ cn + ‖Tnzn − xn‖
= γn‖Tnxn − xn‖+ cn + ‖Tnzn − xn‖,
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we obtain

(1− γn)‖Tnxn − xn‖ ≤ ‖Tnzn − xn‖+ cn.

Since lim supn→∞ γn < 1, we have

lim
n→∞

‖Tnxn − xn‖ = 0. (3.8)

It follows that

‖zn − yn‖ = ‖γnTnxn + (1− γn)xn − yn‖
≤ γn‖Tnxn − xn‖+ ‖xn − yn‖ → 0 as n→∞. (3.9)

Since

‖xn+1 − xn‖ = αn‖Tnyn − xn‖
≤ ‖Tnyn − Tnzn‖+ ‖Tnzn − xn‖
≤ ‖yn − zn‖+ cn + ‖Tnzn − xn‖

and by using (3.6) and (3.9), we get

lim
n→∞

‖xn+1 − xn‖ = 0. (3.10)

Since

‖xn − Txn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − Tn+1xn+1‖+ ‖Tn+1xn+1 − Tn+1xn‖
+ ‖Tn+1xn − Txn‖

≤ ‖xn − xn+1‖+ ‖xn+1 − Tn+1xn+1‖+ ‖xn − xn+1‖+ cn+1

+ ‖Tn+1xn − Txn‖
= 2‖xn − xn+1‖+ ‖xn+1 − Tn+1xn+1‖+ cn+1

+ ‖T (Tnxn − xn)‖ (3.11)

and by the uniform continuity of T , (3.8) and (3.10), we have

lim
n→∞

‖xn − Txn‖ = 0. (3.12)

(ii) Let αn ∈ [a, b] for some a, b ∈ (0, 1) and lim supn→∞(βn + γn) < 1. We will

show that limn→∞ ‖xn−Txn‖ = 0. Let εn = ‖Tnyn−xn‖
r , then we have 0 ≤ εn ≤ 1.

Since ‖Tnyn − xn‖ = rεn and by Lemma 2.2, we have

‖xn+1 − w‖ = ‖αnTnyn + (1− αn)xn − w‖
= ‖αn(Tnyn − w) + (1− αn)(xn − w)‖
≤ max{‖Tnyn − w‖, ‖xn − w‖} − 2αn(1− αn)rδ(C, εn)

≤ max{‖xn − w‖+ 3cn, ‖xn − w‖} − 2αn(1− αn)rδ(C, εn)

= ‖xn − w‖+ 3cn − 2αn(1− αn)rδ(C, εn).
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And so
2αn(1− αn)rδ(C, εn) ≤ ‖xn − w‖ − ‖xn+1 − w‖+ 3cn.

Since 2r

∞∑
n=1

a(1− b)δ(C, ‖T
nyn − xn‖

r
) <∞, we have

lim
n→∞

δ(C,
‖Tnyn − xn‖

r
) = 0.

By Lemma 2.3, we get
lim
n→∞

‖Tnyn − xn‖ = 0. (3.13)

Since

‖Tnxn − xn‖ ≤ ‖Tnxn − Tnyn‖+ ‖Tnyn − xn‖
≤ ‖xn − yn‖+ cn + ‖Tnyn − xn‖
= βn‖Tnzn − xn‖+ cn + ‖Tnyn − xn‖
= βn[‖Tnzn − Tnxn‖+ ‖Tnxn − xn‖] + cn + ‖Tnyn − xn‖
≤ βn[‖zn − xn‖+ cn + ‖Tnxn − xn‖] + cn + ‖Tnyn − xn‖
= βn[γn‖Tnxn − xn‖+ cn + ‖Tnxn − xn‖] + cn + ‖Tnyn − xn‖,

we have
(1− βn − γn)‖Tnxn − xn‖ ≤ 2cn + ‖Tnyn − xn‖.

From (3.13),
∑∞
n=1 cn <∞ and lim supn→∞(βn + γn) < 1, it follows that

lim
n→∞

‖Tnxn − xn‖ = 0.

Since

‖xn+1 − xn‖ = ‖(1− αn)xn + αnT
nyn − xn‖ = αn‖Tnyn − xn‖ ≤ b‖Tnyn − xn‖,

and by (3.13), we obtain
lim
n→∞

‖xn+1 − xn‖ = 0. (3.14)

Since

‖xn − Txn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − Tn+1xn+1‖+ ‖Tn+1xn+1 − Tn+1xn‖
+ ‖Tn+1xn − Txn‖

≤ ‖xn − xn+1‖+ ‖xn+1 − Tn+1xn+1‖+ ‖xn − xn+1‖+ cn+1

+ ‖Tn+1xn − Txn‖
= 2‖xn − xn+1‖+ ‖xn+1 − Tn+1xn+1‖+ cn+1

+ ‖T (Tnxn − xn)‖ (3.15)

by the uniform continuity of T , limn→∞ ‖Tnxn − xn‖ = 0 and (3.14), we have

lim
n→∞

‖xn − Txn‖ = 0. (3.16)
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(iii) Let γn ∈ [a, b] for some a, b with 0 < a ≤ b < 1. We will show that

lim
n→∞

‖xn − Txn‖ = 0.

Let εn = ‖Tnxn−xn‖
r , then we have 0 ≤ εn ≤ 1. Since

‖zn − w‖ = ‖γn(Tnxn − w) + (1− γn)(xn − w)‖
≤ max{‖Tnxn − w‖, ‖xn − w‖} − 2γn(1− γn)2δ(C, εn)

≤ max{‖xn − w‖+ cn, ‖xn − w‖} − 2γn(1− γn)2δ(C, εn)

= ‖xn − w‖+ cn − 2γn(1− γn)2δ(C, εn). (3.17)

And so

2γn(1− γn)2δ(C, εn) ≤ ‖xn − w‖ − ‖zn − w‖+ cn.

It implies that

2r

∞∑
n=1

a(1− b)δ(C, ‖T
nxn − xn‖

r
) <∞.

Hence

lim
n→∞

‖Tnxn − xn‖ = 0. (3.18)

Since

‖zn − xn‖ = ‖γnTnxn + (1− γn)xn − xn‖ = γn ‖Tnxn − xn‖ ≤ ‖Tnxn − xn‖

and by using (3.18), we have

lim
n→∞

‖zn − xn‖ = 0. (3.19)

Since

‖Tnzn − xn‖ = ‖Tnzn − Tnxn + Tnxn − xn‖
≤ ‖zn − xn‖+ cn + ‖Tnxn − xn‖,

by (3.18) and (3.19), we have

lim
n→∞

‖Tnzn − xn‖ = 0. (3.20)

Since ‖yn − xn‖ = ‖(1− βn)xn + βnT
nzn − xn‖ = βn ‖Tnzn − xn‖ and (3.20), we

obtain

lim
n→∞

‖yn − xn‖ = 0. (3.21)

Since ‖yn − zn‖ = ‖yn − xn + xn − zn‖ ≤ ‖yn − xn‖+ ‖xn − zn‖, by using (3.20)
and (3.21), we have

lim
n→∞

‖yn − zn‖ = 0. (3.22)
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Since

‖Tnyn − xn‖ = ‖Tnyn − Tnzn + Tnzn − xn‖ ≤ ‖yn − zn‖+ cn + ‖Tnzn − xn‖,

by using (3.20) and (3.22), we have

lim
n→∞

‖Tnyn − xn‖ = 0. (3.23)

Since ‖Tnyn − yn‖ = ‖Tnyn − xn + xn − yn‖ ≤ ‖Tnyn − xn‖ + ‖xn − yn‖, by
using (3.21) and (3.23), we obtain

lim
n→∞

‖Tnyn − yn‖ = 0. (3.24)

Since

‖Tnzn − yn‖ ≤ ‖Tnzn − Tnxn‖+ ‖Tnxn − Tnyn‖+ ‖Tnyn − yn‖
≤ ‖zn − xn‖+ cn + ‖xn − yn‖+ cn + ‖Tnyn − yn‖
≤ ‖zn − xn‖+ ‖xn − yn‖+ 2cn + ‖Tnyn − yn‖,

by using (3.19), (3.21) and (3.24), we obtain

lim
n→∞

‖Tnzn − yn‖ = 0. (3.25)

Since

‖xn − xn−1‖ = ‖(1− αn−1)xn−1 + αn−1T
n−1yn−1 − xn−1‖

≤ αn−1‖Tn−1yn−1 − xn−1‖

and by (3.23), we get
lim
n→∞

‖xn − xn−1‖ = 0. (3.26)

From

‖Tn−1xn − xn‖ ≤ ‖Tn−1xn − Tn−1xn−1‖+ ‖Tn−1xn−1 − xn−1‖+ ‖xn−1 − xn‖
≤ ‖xn − xn−1‖+ cn−1 + ‖Tn−1xn−1 − xn−1‖+ ‖xn−1 − xn‖
= 2‖xn − xn−1‖+ cn−1 + ‖Tn−1xn−1 − xn−1‖

and by (3.18) and (3.26), we obtain

lim
n→∞

‖Tn−1xn − xn‖ = 0. (3.27)

Since

‖xn − Txn‖ ≤ ‖xn − yn‖+ ‖yn − Tnzn‖+ ‖Tnzn − Tnyn‖+ ‖Tnyn − Tnxn‖
+ ‖Tnxn − Txn‖

≤ ‖xn − yn‖+ ‖yn − Tnzn‖+ ‖zn − yn‖+ cn + ‖yn − xn‖+ cn

+ ‖Tnxn − Txn‖
= 2‖xn − yn‖+ ‖yn − Tnzn‖+ ‖zn − yn‖+ 2cn + ‖Tnxn − Txn‖

and by the uniform continuity of T , (3.21), (3.22), (3.25) and (3.27), we have
lim
n→∞

‖xn − Txn‖ = 0.
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Theorem 3.3. Let C be a nonempty closed convex subset of a strictly convex
Banach space E and let T : C → C be an ANI mapping, and let T (C) be contained
in a compact subset of C. Put

cn = sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ∨ 0,

so that

∞∑
n=1

cn <∞. Suppose x1 ∈ C and the sequence {xn} defined by (1.2). If

(i) βn ∈ [a, b] for some a, b ∈ (0, 1), 0 < lim infn→∞ αn and lim supn→∞ γn < 1 or

(ii) αn,∈ [a, b] for some a, b ∈ (0, 1) and lim supn→∞(βn + γn) < 1 or

(iii) γn ∈ [a, b] for some a, b ∈ (0, 1),

then {xn} converges strongly to a fixed point of T .

Proof. Since T (C) be contained in a compact subset of C, by Mazur’s theorem [13]
implies that A := co({x1} ∪ T (C)) is a compact subset of C containing {xn}
which is invariant under T . Without loss of generality, we may assume that C
is compact and {xn} is well defined. By Schauder’s fixed point theorem [12], we
have F (T ) 6= ∅. If d(C) = 0, then done. So, we assume d(C) > 0. From Lemma
3.2 , we obtain

lim
n→∞

‖xn − Txn‖ = 0. (3.28)

Since C is compact, there exists a subsequence {xnk
} of the sequence {xn} and a

point w ∈ C such that xnk
→ w. Thus we obtain w ∈ F (T ) by the continuity of

T and (3.28). Hence, we obtain lim
n→∞

‖xn − w‖ = 0 by Lemma 3.2.

For γn ≡ 0 in Theorem 3.3, we obtain the Kim’s result as the following.

Corollary 3.4. Let C be a nonempty closed convex subset of a strictly convex
Banach space E and let T : C → C be an ANI mapping, and let T (C) be contained
in a compact subset of C. Put

cn = sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ∨ 0,

so that

∞∑
n=1

cn < ∞. Suppose x1 ∈ C and the sequence {xn} defined by (1.1)

satisfies

(i) αn ∈ [a, b] for some a, b with 0 < a ≤ b < 1 and lim sup
n→∞

βn < 1 or

(ii) βn ∈ [a, b] for some a, b with 0 < a ≤ b < 1 and lim inf
n→∞

αn > 0.

Then {xn} converges strongly to a fixed point of T .
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If T in Theorem 3.3 is an asymptotically nonexpansive mapping, then we have
the following corollary.

Corollary 3.5. Let C be a nonempty closed convex subset of a strictly convex
Banach space E and let T : C → C be an asymptotically nonexpansive mapping

with {kn} satisfying kn ≥ 1,

∞∑
n=1

(kn − 1) < ∞ and let T (C) be contained in a

compact subset of C. Suppose x1 ∈ C and the sequence {xn} defined by (1.2)
satisfies

(i) βn ∈ [a, b] for some a, b ∈ (0, 1), 0 < lim infn→∞ αn and lim supn→∞ γn < 1 or

(ii) αn,∈ [a, b] for some a, b ∈ (0, 1) and lim supn→∞(βn + γn) < 1 or

(iii) γn ∈ [a, b] for some a, b ∈ (0, 1).

Then {xn} converges strongly to a fixed point of T.

4 Examples

We give some mappings which is ANI but is not Lipschitzian.

Example 4.1. Let E := R, where R is the set of all real numbers and C := [0, 4].
Define T : C → C by

Tx =

{
2, x ∈ [0, 2];√

4− x, x ∈ [2, 4].
(4.1)

We see that Tnx = 2 for all x ∈ C and n ≥ 2 and F (T ) = {2}. Clearly, T
is uniformly continuous and ANI on C. Next, we will show that T is not a
Lipschitzian mapping. Suppose not, i.e., there exists L > 0 such that

|Tx− Ty| ≤ L|x− y|

for all x, y ∈ C. If we choose y = 4 and x = 4− 1
(L+1)2 > 3, then

√
4− x ≤ L(4− x)⇔ 1

L
≤
√

4− x⇔ 1

L2
≤ 4− x =

1

(L+ 1)2
⇔ L+ 1 ≤ L.

This is a contradiction.

Example 4.2. Let E := R and C := [−2π, 2π] and let |h| < 1. Let T : C → C be
defined by Tx = hx cosnx for each x ∈ C and for all n ∈ N, where N is the set of
all positive integers. Clearly, F (T ) = {0}. Since

Tx = hx cosnx

T 2x = h(hx cosnx) cosn(hx cosnx) = h2x cosnx cosn(hx cosnx) . . . ,
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we obtain Tnx→ 0 uniformly on C as n→∞. Thus T is an ANI mapping. Next,
we will show that T is not a Lipschitzian mapping. Suppose that there exists
h > 0 such that

|Tx− Ty| ≤ h|x− y|

for all x, y ∈ C. If we choose x = 2π
n and y = π

n , then

|Tx− Ty| =
∣∣∣∣h(

2π

n
) cos(

2π

n
)− h(

π

n
) cos(

π

n
)

∣∣∣∣ = |2πh+ πh| = 3πh,

and since

h|x− y| = h

∣∣∣∣2πn − π

n

∣∣∣∣ =
πh

n
.

Hence T is not a Lipschitz function.
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