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Abstract : In this paper, we establish a strong convergence theorem of the mod-
ified Noor iteration process for an ANI mapping such that its image is contained
in a compact subset of Banach spaces.
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1 Introduction

Let C' be a nonempty closed convex subset of a Banach space F, and let
T :C — C be a mapping. Then
(i) T is nonexpansive if |Tx — Ty|| < ||z — y|| for all z,y € C;
(ii) T is asymptotically nonexpansive (1] if there exists a sequence {k,}, k, > 1
with lim k, =1 such that |72 — T"y| < ky||z —y|| for all z,y € C' and n > 1;

n—oo

(iii) T is uniformly L-Lipschitzian if there exists a constant L > 0 such that
|T"x —Tmy|| < L||lz —yl| for all z,y € C and n > 1;
(iv) T is asymptotically nonexpansive in the intermediate sence (in brief, ANT) [2]

! Corresponding author.

Copyright (© 2018 by the Mathematical Association of Thailand.
All rights reserved.



90 Thai J. Math. 16 (2018)/ K. Nammanee et al.

provided T is uniformly continuous and

limsup sup (||[T"z — T™y| — ||z — y||) < 0.

n—oo z,ycC

It is clear that every nonexpansive mapping is asymptotically nonexpansive
and every asymptotically nonexpansive mapping is uniformly Lipschitzian. Every
asymptotically nonexpansive mapping is AN I but ANI mapping is not necessarily
Lipschitzian.

Iterative methods for the approximation of fixed points of non-Lipschitzian
mapping have been studied by Agarwal et al. 3], Bruck et al. [2], Chidume et
al. [4], Kim and Kim [5] and many others.

In 1998, Takahashi and Kim [6] gave a strong convergence theorem of the
Ishikawa iteration process for a nonexpansive mapping defined on a noncompact
domain in a strictly convex Banach space. Two years later, Tsukiyama and Taka-
hashi [7] generalized the Takahashi and Kim’s result to a nonexpansive mapping
under less restrictions on the parameters.

In 2014, Kim [8] generalized the result due to Takahashi and Kim [6] to an
AN -self mapping on the modified Ishikawa iteration process as the following
result: Let C be a nonempty closed convex subset of a strictly convex Banach
space X and T : C' — C be an AN mapping such that T(C) is contained in a
compact subset of C' and for z; € C, and the sequence {xz,,} defined by

Yn = ﬂnTnIn + (1 - Bn)xn,
Tn+1 = anTnyn + (1 - an)xnv n Z 17 (11)

where {a,} and {f,} are two sequences in [0,1]. If a;, € [a,b] and limsup 3, =
n— o0
b <1 orliminfa, > 0 and S, € [a,b] for some a,b with 0 < a < b < 1, then {z,}
n—oo

converges strongly to a fixed point of 7.

In this paper, we generalize the result due to Kim [8] by consider on the
modified Noor iteration process as the following. For x; € C| let the sequence
{z,,} defined by

Tnt1 = Ty + (1 —an)z,, n>1, (1.2)

where {a, }, {6n} and {7, } are real sequences in [0, 1].

If v, = 0 for all n > 1, then the iteration process (1.2)) is reduced to (L.I)).
If v, = B, = 0 for all n > 1, then the iteration process (1.2 is reduced to the
modified Mann iteration process [9).

We prove that the iteration {x,} defined by converges strongly to a fixed
point of T" under the appropiate conditions of {a,}, {#.} and {y,}. Finally, we
give some examples which satisfy all assumptions of 7.
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2 Preliminaries

We denote by F(T), the set of all fixed point of T. We define the modulus
of convexity for a convex subset of a Banach space (see also [10]). Let C' be a
nonempty bounded convex subset of a Banach space E with d(C) > 0, where
d(C) > 0 is the diameter of C. Then we define §(C, €) with 0 < e <1 as follows:

T +y

z —

1.
3(Cq = 3 int {max (o =yl Iy - =) -

H XY,z € C? ||l'_yH > TE}
where r = d(C).

Lemma 2.1. [11] Let {a,} and {b,} be two sequences of nonnegative real numbers
such that

o0
an<oo and api+1 < an + by

n=1

for allm > 1. Then lim,,_,  a,, exists.

Lemma 2.2. [7] Let C be a nonempty compact convex subset of a Banach space
E with r = d(C) > 0. Let x,y,z € C and suppose ||z — y|| > er for some € with
0<e<1. Then, for all X with 0 < A <1,

Az = 2) + (1 =Ny = 2)l| <max(||lz — 2], [ly — z[)) = 2A(1 = A)rd(C'e).
Lemma 2.3. [7] Let C be a nonempty compact convex subset of a strictly convex

Banach space E with r = d(C) > 0. If lim,_, 6(C, €,) = 0, then lim, . €, = 0.

3 Main Results

We give some results which will be used in our main result.

Lemma 3.1. Let C' be a nonempty compact convex subset of a Banach space E,
and let T : C' — C be an ANI mapping. Put

cn = sup ([[T"z = T"y|| = [lz —y[) VO
z,yeC
so that Y00 | ¢, < oo. Suppose that the sequence {x,,} is defined by (1.2)). Then
limy, o0 ||@n — w|| exists for any w € F(T).

Proof. By Schauder’s fixed point theorem [12], we have F(T) # (). Let w € F(T).
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Since
”Zn_wH < 'YHHTnxn_w||+(1_7n)||xn_w”
< Yalllzn —wll +en) + (1 = 30)[|[zn — w]|
< lon —w| + cn,
lyn —wl < BulT"2n — w|| + (1 = B)ll2n — wl|
< Bulllzn —wll +cn) + (1 = Bn)llzn — wl|
< Bu(llrn —wl +2¢,) + (1 = Bp)lzn — |
< lzn —wll + 24,
we obtain
[Zn41 —wll < anlT"yn —wll + (1 = an)l|zn —w|
< an(llyn —wll 4 cn) + (1 = ap)||lzn — w]|
< anl(flzn —wll +3c) + (1 = an)||lzn — v
< lp — w|| 4 3c,.
By Lemma we get limy, o ||z, — w]|| exists. O

Lemma 3.2. Let C be a nonempty compact convex subset of a strictly convex
Banach space E with r = d(C) > 0. Let T : C — C be an ANI mapping. Put

cn = sup (|T"z = T"y[| - [lz —y|) V0,
z,yeC

so that Z cn < 00. Suppose x1 € C, and the sequence {x,} defined by (1.2).
n=1
() If By, € [a,b] for some a,b € (0,1),0 < liminf,_,. a;, and limsup,,_, o ¥ < 1,
then lim ||z, — Tzy,| = 0.
n—oo

(i3) If an, € [a,b] for some a,b € (0,1) and limsup,,_,..(Bn + 1) < 1, then
lim |z, —Tz,| =0.
n— oo

(138) If vy € [a,b] for some a,b € (0,1), then li_>m |z — Tzy|| = 0.
n o0

Proof. By Schauder’s fixed point theorem [12], we have F(T) # 0. Let w € F(T).
() If a, By, € [a, b] for some a,b € (0,1),0 < liminf, o o, and limsup,, o, Yo <

1. We will show that lim ||Tx, — z,| = 0. Let ¢, = w, then we have
n—o0
0 <€, <1 because ||T"z, — x,| < r. Since |T"z, — x,|| = re, and by Lemma
we have
lyn —wl = N8BT (2n — w) + (1 = Bn)(zn — w)|

max{[|7" 2z, — wl[, [|[zn — wl[} = 26,(1 = Ba)rd(C, €,)
max{||zn, — w|| + 2¢n, [|[Tn —w||} — 26, (1 — Bn)rd(C, €n)
|zn — wl|| + 2¢n — 28, (1 — Bp)rdé(C, €y).

VANVAN
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And so
280 (1 = Bu)rd(Clen) < ||Xn — w|| — |lyn — wl| + 2¢p. (3.1)
Since
[ —w] = Jlan(T"yn —w) + (1 = o) (@n — w)]
< an| Ty —w| + (1 = ay)|lzn — wl|
< an[llyn —w| +cn] + (1 — an)flzn —wll,
we have
Ln 1—’LU||— |an—w
lrnss ol Zhen =l <y ), — ] + 26, (:2)

Since 0 < liminf, .. a4, there is a positive integer ng and a positive number k
such that a,, > k > 0 for all n > ng and by (3.2), we obtain

[2n = w]| = [[#nt1 — w]]

lzn = wll = llyn — wll < - +2¢,,. (3.3)
From (3.1)) and (3.3) it follow that
281 — B )ro(C, ) < 1T =l *k”””"“ —wll ) o, (3.4)
Since B, € [a, ],
2a(1 = b)ra(C, e) < 1n =l _ka”“ —wll o, (3.5)
And so
S I1T" 2 — 2n|
2 1-0)6(C,— .
P> a1 - o = <o
Tn n - 4n .
Thus lim §(C, M) = 0. By Lemma [2.3] we obtain
n—o00 r
nlgr;o |77z, — 2 || = 0. (3.6)
Since
lYn — nll = BullT" 20 — @pl| < BT 20 — 20| — 0 as n — oo (3.7)
and

[T"n —an| < T @0 =T 2n | + [|T" 20 — an|
< len = zall + cn + 1T 20 — 20|

= YllT"2n — zall + cn + [T 20 — 20l
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we obtain
A=) T"zn —znl| < [T"2n — 20| + cn.

Since lim sup,, . v» < 1, we have

lim ||T"z, — x,|| = 0. (3.8)
n— o0
It follows that
||Zn - ynH = H'YnTnxn +(1 - 'Yn)xn - yn”
< YllT"zn — 20|l + |20 — ynll = 0 as n — . (3.9)
Since
[Zn1 — 2l = anllT"yn — zn||
< N T"n = T2 + 1 T" 20 — 24|
< ”yn - Zn” +cn + ||T"zn - $n||

and by using (3.6)) and (3.9)), we get
lim ||#,41 — 2,] =0. (3.10)

n—oo

Since

2n = Txnll < llon = zpsall + [Tn1 = T @ | + 1T pgn — T |
+ [Tz, — Ty
|20 — Znta || + |01
+ T2, — T,
2H$n - xn+1H + |71 Tngtl + cng1

+ IT(T"zy, — )| (3.11)

_ TnJrl

IN

Tt | + |20 — Togall + cnpr

_ Tn+1

and by the uniform continuity of T, (3.8)) and (3.10)), we have

lim ||z, — Tzy| = 0. (3.12)
n—oo

(i7) Let o, € [a,b] for some a,b € (0,1) and limsup,, ,o.(Bn + 7n) < 1. We will
show that lim,, o ||z, —Tn| = 0. Let €, = w, then we have 0 < ¢, < 1.
Since || T"y, — || = re, and by Lemma[2.2] we have

[Tt —wl = llanT"yn + (1 = an)z, —w||

= |an(T"yn —w) + (1 — an)(zn — w)|
max{||T"yn — w||, [|zn — w||} — 20n (1 — a,)7r8(C, €,)
max{ ||z, — w| + 3cn, [|zn — w||} — 20, (1 — an)rd(C€p)
|zn — w|| + 3cn — 200 (1 — ap)rd(C €4).

INIA
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And so
20, (1 — ap)rd(Cher) < |2 — || — ||@nt1 — w]| + 3en.

- ™ n - 4n
Since 2r Z a(l —b)6(C, M) < 00, we have
n=1 "

Ty, —
lim o(c, I = 2ally

n—00 T

By Lemma [2.3] we get
lim ||T"y, — a,|| = 0. (3.13)
n—oo

Since

[Tz — | [T 2 = T"yn | + 1Ty — |

|20 — Yull + en + 1 T"yn — 2nll

BallT"zn — x|l + cn + [ T"yn — @a|

BalllT"2n — T"xn || + | T" 20 — znll] + cn + 1 T"yn — x|
Bulllzn — znll + cn + [T 20 — znll] + en + [ T"yn — 24|

Bul vl T"xn — x|l + en + | T" %0 — xpl] + cn + | T"yn — 4l

INIA

IA

we have

From (3.13), >°°7, ¢, < 0o and limsup,, . (Bn + vn) < 1, it follows that

n=1
lim ||T"z, — x| = 0.
n— oo
Since
||xn+1 - an = ||(1 - an)xn + o, "y — JUn” = an”T”yn - an < bHTnyn - an?
and by (3.13)), we obtain
lim ||2n+1 — 2] = 0. (3.14)
n—oo
Since
20 = Tanll < ll2n = Zogall + [En1 = T @ | + 1T apgn = T |
+ T, — T, ||
< Nz = Zogall + 2041 — Tn+1xn+1|| + |70 — Tngall + entr

+ T, — T, ||
= 2|lzn — Tpgall + |21 Tngtl + cngr
+ | T(T "z, — )]l (3.15)

_ T’I’L+1

by the uniform continuity of T, lim,, o ||T" 2z, — x| = 0 and (3.14]), we have

lim ||z, — Tz,| = 0. (3.16)

n—oo
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(i7i) Let 7, € [a,b] for some a,b with 0 < a < b < 1. We will show that

lim @, — Tz,| = 0.
n—oo
Let ¢, = M, then we have 0 < ¢, < 1. Since
[2n —w| = [[y(T"zn —w) + (1 =) (20 — )]
< max{||T"zy — w|, [2n — wl|} = 29 (1 — 710)26(C, €n)
< max{||zn — wll + cn, |20 — W[} = 290 (1 = 72)26(C, &)
= |lzn —w|| + cn — 270 (1 — 712)26(C €5,). (3.17)
And so

29 (1 = 1m)26(C n) < fln — wl| = [2n — wl] + ¢n.

It implies that

- |T"xn — x|
2 — _— .
r> a(l-b)(C, . ) < o0
n=1
Hence
nh_}rrgo IT"xy, — x,|| = 0. (3.18)
Since
l2n = Znll = [T 20 + (1 = Yn)Tn — Tull = Vo [T Tn — 20| < T 20 — 20|
and by using (3.18)), we have
nh_}rr;o Iz — 2, = 0. (3.19)
Since
IT"zp, — xp|| = 1T 20 — T @y, + T @y, — 24|

< ||Zn - xn” +cn+ HTnl'n - xn”y

by (3.18)) and (3.19)), we have

nh_}rr;o IT"zp, — x| = 0. (3.20)

Since ||yn — zn|| = (1 = Br)@n + BT 20 — Tnll = B [|T" 25 — 24| and (3.20)), we
obtain

nh_{r(io lyn — zn]| = 0. (3.21)
Since [|yn = znll = [[yn — Tn + 20 — 20| < [lyn — Tnll + [|#n — 20|, by using (3.20)
and (3.21]), we have

lim ||y, — 2] = 0. (3.22)

n—oo
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Since

1T" Y — an =Ty =T 20 +T"2n — 2|l < |y — 20l + o + [|[T" 20 — 24|,

by using and ( -, we have

hm IT"yn — xn|| = 0. (3.23)
Since ||Tnyn Yol = IT"yn — 2n +@n — Yull < [Ty — @0l + lzn — yall, by
using and -, we obtain

lim ||7"y, — yn| = 0. (3.24)

n—o0

Since
1T"2n — ynll S NT" 20 — T"@p|| + | T" 20, — Tyl + 1 T"yn — Yall
<|lzn = @all + cn + 20 — Ynll + cn + 1 T"Yn — ynll
< lzn = zull + |20 — ynll + 2¢0 + [ T"yn — ynll,
by using (3.19), (3.21) and (3.24)), we obtain
nh_)rr;o IT"zp — ynl| = 0. (3.25)

Since

”mn - mnflu = ||(1 - an,1)$n,1 + anflTn_lynfl - xnfln

§ Oén—1||Tn71yn—1 - xn—l”

and by (3.23)), we get
lim ||z, — 2p-1] = 0. (3.26)

n—
From
||Tn71$n =z < |‘Tn71xn - Tnilxn—ln + ||Tn71xn—1 = Zp—1ll + |Tn-1 — 20|
S Hxn - xnfln + Cn—1 + ||Tn_1xn71 - mnle + ||mn71 - an

- 2”1'” - mn—l” +cp_1+ ||Tn71xn—1 - xn—l”

and by (3.18) and ( -, we obtain

nILH;O 1T 2, — 2] = 0. (3.27)
Since
[en = Tanll < lzn = yal + llyn =T 20ll + 1T"20 = T yu || + [T yn — T2l
+ | T2y — Ty
< lzn = ynll + llyn =T 20l + 20 = ynll + cn + lyn — zall + cn

+ ||T"zy — Ty
= 2”3771 - ynH + |y — T" 20| + Hzn — Ynl| +2¢, + HTnxn - Txn”

and by the uniform continuity of 7', (3.21), (3.22), (3.25) and (3.27), we have
lim ||z, — Tz,| = 0. O

n—
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Theorem 3.3. Let C be a nonempty closed convex subset of a strictly convex
Banach space E and letT : C — C be an ANT mapping, and let T(C) be contained
in a compact subset of C. Put

cn = sup ([[T"z = T"y| — [lz — y[|) VO,
z,yeC

so that Z cn < 00. Suppose x1 € C' and the sequence {x,,} defined by (1.2). If

n=1
(7) Bn € [a,b] for some a,b € (0,1),0 < liminf, o o, and imsup,,_,. v» <1 or
(1) a, € [a,b] for some a,b € (0,1) and limsup,,_, o (Bn +¥n) < 1 or
(18) vy, € [a,b] for some a,b € (0,1),

then {x,} converges strongly to a fized point of T.

Proof. Since T(C') be contained in a compact subset of C, by Mazur’s theorem [13]
implies that A := co({z1} UT(C)) is a compact subset of C' containing {z,}
which is invariant under T'. Without loss of generality, we may assume that C
is compact and {z,} is well defined. By Schauder’s fixed point theorem [12], we
have F(T) # 0. If d(C) = 0, then done. So, we assume d(C) > 0. From Lemma
, we obtain

nh—>H;o |y, — Tx,| = 0. (3.28)

Since C' is compact, there exists a subsequence {x,, } of the sequence {z,} and a
point w € C such that x,, — w. Thus we obtain w € F(T) by the continuity of

T and (3.28)). Hence, we obtain nlgnéo |z —w| =0 by Lemma O
For 7, = 0 in Theorem [3.3] we obtain the Kim’s result as the following.

Corollary 3.4. Let C be a nonempty closed convex subset of a strictly convex
Banach space E and letT : C — C be an ANT mapping, and let T(C) be contained
in a compact subset of C. Put

cn = sup ([[T"z = T"y| — [lo —y[) VO,
z,yeC

o0

so that ch < oo. Suppose x1 € C and the sequence {x,} defined by (1.1
n=1

satisfies

(1) an € [a,b] for some a,b with 0 < a <b< 1 and limsup B, <1 or

n— oo

(17) By € [a,b] for some a,b with 0 < a <b< 1 and lin_1>inf oy, > 0.
n (o)

Then {x,} converges strongly to a fixed point of T
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If T in Theorem is an asymptotically nonexpansive mapping, then we have
the following corollary.

Corollary 3.5. Let C be a nonempty closed convex subset of a strictly convex
Banach space E and let T : C — C' be an asymptotically nonerpansive mapping

with {kn} satisfying k, > 1, Z(k” — 1) < oo and let T(C) be contained in a
n=1

compact subset of C. Supposeixl € C and the sequence {x,} defined by (1.2)
satisfies

(1) Bn € [a,b] for some a,b € (0,1),0 < liminf, . a, and limsup,,_, v, <1 or
(1) an, € [a,b] for some a,b € (0,1) and limsup,,_,.. (Bn +7n) < 1 or
(i#i) vn € [a,b] for some a,b € (0,1).

Then {x,} converges strongly to a fized point of T.

4 Examples
We give some mappings which is ANT but is not Lipschitzian.
Example 4.1. Let E := R, where R is the set of all real numbers and C' := [0, 4].
Define T': C — C by
2, z €0,2];
Tx = 4.1
{\/4x, z €24 (1)

We see that Tz = 2 for all x € C and n > 2 and F(T) = {2}. Clearly, T
is uniformly continuous and ANI on C. Next, we will show that T is not a
Lipschitzian mapping. Suppose not, i.e., there exists L > 0 such that

Tz —Ty| < L|z -y

forallw,yEC’.Ifwechoosey:4andx:4—ﬁ>3,then
1 1
V-2 <L4- — <4 - —<4-zr=——-L+1<L.
x < L( x)@L_ x®L2_ T (L—|—1)2® +1<
This is a contradiction.
Example 4.2. Let F:= R and C := [-27,27] and let |h| < 1. Let T : C' — C be

defined by Tx = hz cosnz for each x € C and for all n € N, where N is the set of
all positive integers. Clearly, F(T') = {0}. Since

Tx = hxcosnz

T?z = h(hxcosnz)cosn(hx cosnz) = h’x cosnx cosn(hx cosnzx) . . .,
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we obtain 7"z — 0 uniformly on C as n — co. Thus T is an ANT mapping. Next,
we will show that T is not a Lipschitzian mapping. Suppose that there exists
h > 0 such that

for all z,y € C. If we choose x = 27

[Tz — Ty| < hlz — y|

™ s

and y = I, then

n’

2 2

Tx — Tyl = j— (=) — h(= (=) = |2 —
|Tx Y| h(n)cos(n) h(n)COb(n)' |27wh + 7h| = 37h,

and since

2r o

hlz —yl =h

n

Hence T is not a Lipschitz function.
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