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1 Introduction

Let H be a real Hilbert space endowed with an inner product (-) and a norm
|| - || associated with this inner product, respectively. Let C' be a nonempty closed
convex subset of H. A mapping T : C' — C is called contraction, if there exists a
constant ¢ € (0,1) such that

|T2 — Ty <l — yll, Va,yeC. (L1)

From (L)), if § = 1,7 is called nonexpansive. Further, we consider the following
fixed point problem for a nonexpansive mapping 7' : C' — C :

Find x € C such that Tz = z. (1.2)

We denote the set of solutions of fixed point problem (2) by Fix(7T'). It is well
known that if Fix(T') # 0, Fix(T') is closed and convex. Next, let f be a bifunction
from C x C to R such that f(z,z) =0 for all € C. An equilibrium problem in
the sense of Blum and Oettli [I] is stated as follows:

Find 2* € C such that f(z*,y) >0 for all y € C. (1.3)

Problem of the form (I3]) on one hand covers many important problems in opti-
mization as well as in nonlinear analysis such as (generalized) variational inequal-
ity, nonlinear complementary problem, nonlinear optimization problem, just to
name a few. Convex minimization problems have a great impact and influence
in the development of almost all branches of pure and applied sciences. On the
other hand, it is rather convenient for reformulating many practical problems in
economic, transportation and engineering (see [1L[2]) and the references quoted
therein). We denote the set of solutions of the problem (3] by Sol(f,C).

The existence of solution and its characterizations can be found, for example,
in [3], while the methods for solving problem (3]) have been developed by many
researchers [4l[5]. On the other hand, iterative methods for nonexpansive mappings
have recently been applied to solve convex minimization problems [6]. The problem
P(C, f,T) of finding a common point in the solution set of problem EP(C, f) and
the set of fixed points of a nonexpansive mapping T recently becomes an attractive
subject, and various methods have been developed for solving this problem. Most
of the existing algorithms for this problem are based on the proximal point method
applying to equilibrium problem EP(C, f) combining with a Mann’s iteration to
the problem of finding a fixed point of T

In 2006, Takahashi and Takahashi [7] proposed an iterative scheme under the
name wviscosity approximation methods for finding a common element of set of
solutions of (L3) and the set of fixed points of non-expansive mapping 7T in a real
Hilbert space H. This method generated an iteration sequence {x*} starting from
a given initial point 2° € H and computed z**! as

Tk

Find u* € C such that f(u* y) + L {y — uF,uF —2¥) >0, for all y € C,
Compute ¢! = agg(a®) + (1 — ap)T(u¥), k > 0,
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where g is a contraction of H into itself, the sequences of parameters {ry} and {oy}
were chosen appropriately. Under certain choice of {ax} and {ry}, the authors
showed that two iterative sequences {z*} and {u*} converge strongly to z =
Prix(r,0)ns01(£,0)(9(2)), where P¢ denotes the projection onto C'.

Recently, Anh in [8] proposed to use the extragradient-type iteration instead
of the proximal point iteration given in [9] for solving Problem P(C, f,T). More
precisely, given z* € C, the proximal point iteration given in [9] is replaced by
the two following mathematical programs, which seems numerically easier than
previous ones. More precisely, It is suggested in [§] the following algorithm:

For an initial point z° € C,
y* = argmin f(xk,y)+ﬁ||y—xkl\2:y60}a (1.4)
2F = argmin < f(y*,2) + ﬁ”z —zk|2:z € C} k> 0.

It was proved that if f is pseudomonotone and satisfies the Lipschitz-type condi-
tion: there are Lipschitz constants ¢; > 0 and co > 0 if

f(x7y) + f(yaz) > f(I,Z) - cl||$ - y”2 - CQHy - ZH2,VI,y,Z eC. (15)

then the sequence {z*} strongly converges to a solution of Problem P(C, f,T).
Recently, Anh and Muu [I0] emphasized that the Lipschitz-type condition (L),
in general is not satisfied, and if yes, finding the constants ¢; and ¢ is not an
easy task. Furthermore solving the strongly convex programs (4] is expensive
excepts special cases when C has a simple structure. They suggested and studied
a new algorithm for finding a common point in the solution set of a class of
pseudomonotone equilibrium problems and the set of fixed points of nonexpansive
mappings in a real Hilbert space. The proposed algorithm uses only one projection
and does not require any Lipschitz condition for the bifunctions. More precisely,
they introduced the following algorithm:

Pick any z° € C;

yk S 8Ekf(xk7 ')(Ik);

i = max{ e, [|y*[[} and oy = 2

w* = Po(z* — apy®);

b = §pak + (1 — 6)Tw”, for each k =0,1,...

where O, f(z,-)(z) stands for e- subdifferential of the convex function f(z,-) at z,
{ex}, { M}, {Br} and {dx} were chosen appropriately. Under the certain condi-
tions, {x*} converse strongly to a common point in the solution set of a class of
pseudomonotone equilibrium problems and the set of fixed points of nonexpansive
mappings in a real Hilbert space.

Our main purpose in this paper is to present a method for finding hierarchically
a common element in Fix(T) N Sol(f, C') with respect to a nonexpansive mapping
S, namely

Find z € Q := Fix(T) N Sol(f, C) such that (z — S(z),z —z) < 0,Vz € Q, (1.6)
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ie, 0 € (I —8)%+ Nqi, where NoZ is the normal cone of Q at & € Q. It is not
hard to check that solving (L)) is equivalent to the following fixed point problem

Find Z € C such that & = Py o S(%). (1.7)

It is worth mentioning that when S = I, the solution set .S of () is nothing but
Q. From now on, we assume that

SOL:={% € C|z =PqoS(z)} #0.

Now, let us consider some special cases of the problem ().

e If f = 0, then the problem (L8] is reduced to the problem of finding hi-
erarchically a fixed-point of a nonexpansive mapping 1" with respect to a
nonexpansive mapping S, namely

Find & € Fiz(T) such that (z — S(z),Z —z) < 0Vzx € Fiz(T). (1.8)

This problem was studied by Moudafi [11]. He extended the KM iteration
in order to analyze an algorithm in a more broad setting. More precisely, it
is proposed in [I1] the following algorithm:

Tnt1 = (L —ap)zn + an(onSey + (1 — 0,)Txy,), forn >0, (1.9)

where zg € C, {0, } and {a,} C (0,1).
e By setting S = I —~F in (L8], where F is n-Lipschitzian and s-strongly
2
monotone with v € (0, —ﬂ, (CY) reduces to
n

find € Fix(T) such that (x — z, F(z)) > 0Vx € Fiz(T),

a variational inequality studied in Yamada [12].

e For a given a maximal monotone operator A, by setting T = J;f‘ =T+
MA)~! and S = I — 4V where v is a convex function such that Vi) is
n-Lipschitzian (which is equivalent to the fact that Vi) is n~! cocoercive)

2
with v € (0, ?}, and thanks to the fact that Fiz(J{) = (4)71(0), (L)
reduces to the following mathematical program with generalized equation
constraint:
min x),
OEA(z)w( )
a problem considered in [13].

e By taking A = dp, where dyp is the subdifferential of a lower semicontinuous
convex function, the latter reduces to the following hierarchical minimization
problem considered in Cabot [14] and Solodov [15]:

min  ¥(x).
xreargming
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For related works, please refer to [16H24].
Now, we are in a position to propose new iterative scheme for finding a solution

of (LH).

Algorithm 1.1. Let us assume that the bifunction f : C' x C — R satisfy the
following conditions: Step 1:

(i) For each z, f(x,z) =0 and f(x,-) is lower semicontinuous convex on C;

(ii) If {z*} C C is bounded and i | 0 as k — oo, then the sequence {y*} with
y* € 0., f(z*,)(aF) is bounded;

(i) f is pseudomonotone on C with respect to every solution of EP(C, f) and
satisfies the following condition, called strict paramonotonicity property:

x € Sol(C, ),y € C, f(y,x) =0=y € Sol(C, f); (1.10)

(iv) For each x € C, f(-,x) is weakly upper semicontinuous on the open set C.

Step 2: Suppose that the sequences { A}, {Bk}, {er}, {0k} and {ok} of nonnegative
numbers satisfy the following conditions:

() 0<M <A 0<a<dp<b<l 6p—3 0<d <op <V <1, op—3;

(ii) Bk > 0,3 pey Bk = +o0 and Y pe, B < +o0;
(iil) Ype o Brer < +oo.

Step 3: Let T and S be two nonexpansive mappings of C into itself such that
SOL # 0. Now the iteration scheme for finding a common point in SOL can be
written as follows:

20 € C;

yk € aakf(mka ')(xk)§

Ve := max{\y, [y¥]|} and oy = %;

wk = Po(z* — apy®);

oF Lt = 6pa + (1 — &) (orSw® + (1 — o) Tw"), for each k =0,1,...
(1.11)

Remark 1.2. [I0, Remark 2.1]

1. If f is pseudomonotone on C with respect to the solution set Sol(C, f) of
the problem EP(C, f), then under Step 1 (i) and (iv), the set Sol(C, f) is
CONVEX.

2. Step 1 (ii) is true if whenever Step 1 (i) is satisfied and the bifunction f is
continuous on C' x C.

3. Step 1 (iii) is true if f is pseudomonotone on C and satisfies the paramono-
tone property :

z € Sol(C, f),y € C, f(y,x) = f(y,x) = 0=y € Sol(C, f). (1.12)
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4. Since f(z,-) is lower semicontinuous convex on C, applying Remark 5] we
conclude that 9, f(z*,-)(x*) # 0. Thus the Algorithm (T)) is well defined.

In this paper, the strong convergence of proposed algorithms is investigated
under certain assumptions. Our results complement many known recent results in
the literature.

2 Preliminaries

Let C be a nonempty convex subset of a real Hilbert space H. We write
2% — 1 to indicate that the sequence {2*} converges weakly to = as k — oo, and
2* — 1 to indicate that the sequence {2*} converges strongly to x as k — co. In
a real Hilbert space H, we have

16 + (1 = 0)yl* = 8lll* + (1 = 8)llyll* = 6(1 = &) [l — y]* (2.1)

for all z,y € H and § € R. Since C is closed, convex, for any z € H, there exists
a unique nearest point of C', denoted by Po(x) satisfying

|z — Pe(z)|l < llz —yl, vy € C.

Pc is called the metric projection of H to C. It is well known that P satisfies
the following properties:

(& —y, Po(z) — Pe(y)) 2 ||Po(z) — Pe)lI’, Vo,y € H, (2.2)
<I’*PC(1'),PC(1')*ZJ>ZO, VI’EH,ZJGC, (23)
lz = ylI* > [lz = Pe(@)* + [ly = Po(@)|?, VeeH,yeC.  (24)

Lemma 2.1. [25] If {ar} is a sequence of nonnegative real numbers such that
ar+1 < (1 — ox)an + Ok,
where {0} is a sequence in (0,1) and {01} is a sequence in R such that
(i) Yope, ok = 005
(ii) limsup,,_, i—z <0 or Y o, |0k] < .
Then, limy_, o ax = 0.
Lemma 2.2. Let {ai} be a sequence of nonnegative real numbers such that
g1 < (1 —m)ok + Br, k>0,

where {ni} C (0,1), Y07 mp = 00, limp_yoo e = 0 and Y 1oy Br < 00. Then
(i) ag+1 < ap + Bk, for all k > 0;
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(ii) the sequence {au} is convergent.
Proof. (i) Since limg_,o, 0 = 0. Then limg_, (1 — o) = 1. So, we get

g1 < ag + B, for allk > 0.

(ii) In Lemma 27l setting nx = o and S = dx, we get the sequence {ay}
is convergent as desired. O

Lemma 2.3. [26] Let H be a real Hilbert space, {3x} be a sequence of real numbers
such that 0 < L < 6, < 1 for all k =0,1,... and let {vF}, {u*} be sequences of H
such that

limsup |[v*|| < ¢, limsup ||u”|| < ¢,
k—o0 k—o0

and
lim |60 4 (1 — 6x)u”|| = ¢, for some ¢ > 0.
k— o0

Then
lim [[o* —u*|| = 0.
k—o0

The following idea of the e-subdifferential of convex functions can be found
in the work of Bronsted and Rockafellar [27] but the theory of e-subdifferential
calculus was given by Hiriart-Urruty [28].

Definition 2.4. Consider a proper convex function ¢ : C — R. For a given £ > 0,
the e-subdifferential of ¢ at xg € domg¢ is given by

O=¢(x0) = {z € C: ¢(y) — ¢(w0) = (x,y — o) — ¢, for ally € C}.

Remark 2.5. It is know that if the function ¢ is proper lower semicontinuous
convez, then for every x € dome, the e-subdifferential O:p(x) is a nonempty closed
convex set (see [29]).

Lemma 2.6.

i) Let A be a mazimal monotone operator, then {t; '} graph converges to N -1
k (0)
as ty — 0 provided that A=1(0) # 0.

(ii) Let {Bi} be a sequence of maximal monotone operators which graph converges
to an operator B. If A is a Lipschitz mazimal monotone operators, then {A+ By}
graph converges to A+ B and A + B is a mazimal monotone.

Remark 2.7. It is well-known that since T is a nonexpansive mapping on C, I —T
is a mazimal monotone operator on C which is %—co—coercive. In addition, T is
a demiclosed on C in the sense that, if {xy} converges weakly to x in C and

{z, — Txi} strongly converges to 0, then x is a fized point of T
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3 Main Results

Theorem 3.1. Suppose that Step 1. and Step 2. of Algorithm [I1l are satisfied.
Then the sequences {z*} and {w*} generated by (LII)) converge strongly to the
same point T € ) which solves the problem (L), where T = limy_, o Po(z").

Proof. We divide the proof into five steps as follows.
Step 1. For every z* € C and every k, we show that

e+t —2*|? < [la® — 2”21 - d)an(f (2", 2%) +ex) +2(1 = G1)BE,  (3.1)

and there exists the limit

= lim [2* — 2*||. (3.2)
k—o00

Let {*} and {w*} be two sequences generated by [[L11land x* € C. Then, for all
k > 1, we have

l2*tt — 2*)? = ||6px® 4+ (1 — k) (O'kS’LUk + (1 = op)Tw®) — z*|?
< Op et —2*)? + (1 - Sk o ( (Swk—Sz*) + (1 — op ) (Tw" —Tx*) H2
< Ol =P+ (1 - )[okHSw —Sz*|| + (1 — op) || Tw" fT:c*H]
< il — 2 + (1= 8 [t — 27| + (1 = ox) |t — 2]

+ (1 —6x)
= Sl — |2 + (1 = 5) | wk — 27|
+ ( )

= 0illa" — = H2 1= ) ([la* = 2| = Jlw" — 2|
+2 <£L’ —wk, z >)
< |a* -z ||2+2(1—5k)<x —wk 2" —wk). (3.3)

Since wk = Pc(xk — apy®) and x* € C, we have

<xk —wh —wk> < o <yk,x* —wk>. (3.4)
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Combining this inequality with B3] yields

[ =P <t — a2 +2(1 = 8) (2 — k0" — )
< e =22 4+ 2(1 = 6y) ak<yk,x —w >
= laF — 2|2+ 2(1 — &) ak<yk,x —x >

+2(1 — & ak<yk,x* — k>

< ||x x||2+21—(5kak<yk,x —x>
+2(1 = dp)a[[y*|[a* — w"||
= a* —2*? +2(1 - op) o (yF, 2" — ")
B K[|k k
+2(1 — 0p) —————————|l¥"||||z" — w
(1= 8) e el e = |
< laf =22 4+ 21 = 6o, <yk,x* — :ck>
—|—2(1 —5k)ﬁk||xk —U}kH. (35)

Using again w* = Po (2% — azy*) and 2% € C, we have

2% — wh||? < ay (y*, 2% — w)
< agly*|||=* — w¥|
B
= max{)\:, Ean Hkaka - wkH

< Brlla® — |,

which implies that
2% — wk|| < Be. (3.6)

Consequently,
2% — w*|| = 0as k — oco. (3.7)

Therefore from [B.5]) and [B4]), we get
2Pt — 2| < ||l2® — 2*|]2 + 2(1 — 6r) <yk, = :ck> +2(1-6)53;.  (3.8)
Since y* € 9., f(z*,.)(2*),2* € C and f(z,z) = 0 for all z € C, we have
<yk,x* f:ck> < flaf, x*) — f(a®, 2) +ep < f(aF,2%) + . (3.9)
Combining (3.8) and ([39), we obtain that
[ — 2|2 < fla® = 2*|? + 2(1 = dp)aw (f (2, %) +ex) +2(1 = 3)BF. (3.10)

On the other hand, since z* € Sol(C, f), that is, f(z*,2) > 0 for all x € C, by
pseudomonotonicity of f with respect to z*, we have f(a*, 2*) < 0 for all x € C.
Replacing = by 2% € C, we get f(z*,2*) < 0. Then, from (EI0), it follows that

||xk+1 _ $*||2 < Hwk _ $*||2 + 2(1 _ 5k)ak5k + 2(1 — 5k)ﬁl% (3.11)
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Using Lemma [Z2] and (BI1]), we get the existence of
c:= lim ||zF — z*|. (3.12)
k—o0
Step 2. For every z* € ', we show that
lim sup f(z*,2%) = 0. (3.13)
k—o0
Since f is pseudomonotone on C and f(z*,z%) > 0, we have — f(z*, 2*) > 0. Then
by Step 1., for every k, we have
2(1 = o) [—f(2",2%)] < fla® —a*|? = [|la™* — 2| + 2(1 — k) anen
+2(1 - 6)B;
2% — %)% — |2t — 2| + 2aper + 267 (3.14)

IN

Summing up the above inequalities for every k, we obtain that

0<2) on[—fa*a")] < a° =2 |? + 2> arer +2) B7 < +oo.  (3.15)
k=0 k=0 k=0

It follows from the boundedness of the sequences {y*} and {)\;} that we can
assume that
max{Ar, [ly*[[} < M, (3.16)

for a constant M > 0. Thus,

Bk Bk Bk
="k Pk 5Dk 3.17
b= e maxOn [P = M (3.17)

which together with 0 < a < < b < 1 and (BI%)), implies

0< W D Bl faF )] <2 (1 = Gkl f(2F, %)) < +oo.  (3.18)
k=0 k=0
Thus -
> Bl fa*,27)] < +oo. (3.19)
k=0

Then, by Y ;2 Bk = oo and —f(z*,2*) > 0, we can deduce that
lim supy,_, o, f(2*,2*) = 0 as desired.
Step 3. For any z* € ), suppose that 2% is the subsequence of 2* such that

limsup f(z*,2*) = lim (z*7, %), (3.20)
k—o00 J—roo

and, without loss of generality, we may assume that z¥i —,Z as j — oo for some
Z € C. We show that T solves EP(C, f). To this end, since f(-,z*) is weakly
upper semicontinuous, we have
f(Z,2*) > limsup f(z",2*) = lim f(z",2*) = limsup f(z*, 2*) = 0. (3.21)
; o0

j—o00 J— k—o00
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On the other hand, since f is pseudomonotone with respect to * and f(z*,z) > 0,

we have
fl@*,z) <0. (3.22)

From B21] and [3:22] we can conclude that f(Z,z*) = 0. By Step 1. of Algorithm
[Tl we can deduce that Z is a solution of EP(f,C) as well.

Step 4. We prove that any weakly cluster point of the sequence {xk} is a fixed
point of T'. In particular, Z € Fix(T). Let & € FixT and Ty, := 035 + (1 — ox)T.
By ([3), we can write

[

(1= o) |a* = 2| + 6| Ty, (") — T3]
lz* = & + 6| To, () — T

= |la* = & + Grox]|S(@) — T

IAIA

By Lemma and taking into account the fact that Y- dkor < +oo, we have
that the limit
I(#) = lim |[|z* — 3| (3.23)

k——+oo

exists and is finite. Also the sequence {2*} is bounded. Then, by setting z¢+! =

(1 = 8g)x® + 0, T2* and G = I — T we obtain
2+t — 2| = 6| T, (2*) — Ta™|| = Opow||T2* — Sa||.
On the other hand, using the fact that G is %—co—coercive7 we obtain

||Q_L‘k+1 o 22'”2 _ ||l‘k+1 — 5 (5kG£L'k||2
z* — &% — 2(z* — &, Ga* — G&) + 67||Gz"||?
% = Z||* = 6k (1 — 60) | G® ||

A

Since {z*} is bounded, there is an M; > 0 such that ||Tz* — Sz*|| < M; Vk € N
and we derive

(1= o) G"|* < la® = 2|* — 2" — 7|2
||l‘k o QZ'||2 o ||i'k+1 o l,kJrl + l,kJrl o 53”2
< ka _ jHQ _ ka—i—l _ £||2 _ 2<£k+1 _ Ik—H,Ik—H _ j)
< 2k = 2)? = ||2*t — 2| + 2M ko
This leads to

o0 (o)

D 01 = 0)|GaF | < Jlwo — &> + 2M1 Y ok < +o0.

k=0 k=0

As Y72 0k(1—6;) = +o0, we infer that liminfy_, | |G2¥|| = liminfy_s 4 oo [|2% —
Tz*|| = 0. However, for all k

Tkl — b+l = pph+t _ Ts, (xk) + (1 =) Ty, (mk) — xk)
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and therefore

2Tt — T2 Y| = | T2F T — Ta® + Tab — T, (a%) + (1 = 6,) (T, (2F) — 27) ||
| T2*+ = Ta®|| 4+ | Ta* — Ty, ()

(1 = 6)(To () — )|

[ — ¥ || + | Ta® = Ty (@) + (1 = 60)[|(To, (27) — )|
|1 T2" = Ty ()| + || T, () — 2"

|z* — Ta¥|| + 2My0y.

IN

IN AN IA

Consequently as >, 0% < 400, Lemma 22 ensures that the sequence
{||#*¥ — Tz*||} converges and thus

lim [z* — Tz*| = 0. (3.24)
k—o0

As {2*} is bounded, there has a weak cluster point # which amounts to saying
that there exists a subsequence {z*~} that weakly converges Z. This combined
with the fact that Ta* is demiclosed yields Z € Fix T. Moreover, since

2%+ — 2*)| = kll(To, (2) — 2*)|| < Okowl|Sz® — Tz + dellz"* — Ta*|,
the sequence {z*} is asymptotically regular, in other words

lim ||z — 2% = 0. (3.25)

k——+oo

It remains to show that Z solves problem (L6]). Again by (L9), we have
et —2F = (1 - 6k) (or(S2" — 2%) + (1 — op)(T2" — ")),

that is 1
T ™ = (09
1—0oy

Lemma [2.6(i) assures that the operator sequence {<7Z+(/ —T)} graph converges
to Nq which in the light of Lemma 26(ii) allows us to deduce that the operator
(I-5)+ %(I — T') graph converges to (I — S) + Ng.

Now, by replacing k by k; and passing to the limit in (320, as j — oo and
by taking into account the fact that mﬂxk“ —2¥|| — 0 and that the graph
of (I —S)+ Ngq is weakly-strongly closed, we finally obtain 0 € (I — S)Z + NqZ,
in other words Z solves problem (L6]).

Step 5. Finally, we prove that

1—op

(I- T))xk. (3.26)

Ok

lim 2" = lim w* = lim Py(z*) =7. (3.27)
k—o0 k—o0 k—o0

It follows from (BI1) that, for all z* € ,

[ — ¥ |* < [|* — 2| * + s (3.28)
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where pj, = 2(1 — 6F)age, +2(1 — 6%)82 > 0 for all k > 0 and X2 1y, < +o00.
Now, using property (24) of the metric projection, we have

ka"’l - PQ(QU’“'H)H2 = Hékxk + (1= 0k) (orSw" + (1 — %) Tw") — Pg(xk+1)H2
< dy[|a" — Paah)’
+ (1= 0)|[(oeSw* + (1 — o) Tw*) — Po(2¥)||
< dy[|a* — Pa(ah)|’
+(1- 5k)||(ak5wk + (1 = op)Tw®) — ka2
— (1= 63)|]a* — Pa(a®)]?
= (205, — 1)||2* — Pa(a™)|?
+ (1= 6p)||or(Swh — Tw") + (Tw* — )|
= (20, — 1)||z* = Pa(®)|* + (1 = 6) | w® — 2*|°. (3.29)

2

2

Since &, — 1 and @), |w* — 2| — 0 as k — oo, it follows from ([B29) that
|2*tt — Po(z*h)|| = 0ask — oc. (3.30)
For the simplicity of notation, let 2* := Pqo(2*) for each k > 1. Then, for all

m > k, since Q is convex, we have 5(2’" + 2¥) € Q, and therefore

2
[l = ="l

2||z™ — zmH2 +2||z™ — zkH2 - 4H:cm - %(zm + zk)H2

IN

2| = 2"+ 2l = 2" = 4f|la - =

2| — 2*||* - 2||]z™ — =™, (3.31)

Replacing z* with z* in (28], we can obtain the following:

e S e (T

< me_Q_ZkHQ‘f'Mm—l + tm—2

<

B m—1

< ka—zkHQJr Zuj. (3.32)
=k

Combining this inequality with [331]), we have

I

m—1
=™ — zkH2 < 2||* — ZkH2 +2 Z py = 2||z™ — 2|7, (3.33)
j=k

which gives that
lim Hzm - zkH =0, (3.34)

m—o00,—k—00
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which implies that {2*} is a Cauchy sequence. Hence, {z*} strongly converges to
some point z € 2. However, since 2% := Pq(z¥"), letting i — oo, we obtain in the
limit that

Z = lim Po(z" = Po(Z) =T € Q. (3.35)

71— 00
Therefore, z¥ := Po(2F) — Z = 7 € Q. Then, from ([330), we can conclude that
2% — 7. Finally, since limy_,«, ||2* — w¥|| = 0, we have lim,_, o w* = 7. O

If S = I, the identity mapping, then we obtain the new algorithm for finding
a common point in the solution set of a class of pseudomonotone equilibrium
problems and the set of fixed points of a nonexpansive mappings in a real Hilbert
space.

Corollary 3.2. Suppose that Step 1. in Algorithm[L1] is satisfied. Let T be a non-
expansive mapping of C into itself such that Q := Fix(T)NSol(C, f) # 0. Suppose
that the sequences { i}, {Br}, {ek}, {0k} and {or} of nonnegative numbers satisfy
the following conditions:

LO<XA <A 0<a<dp<b<l, 6p—3,0<d <op,<b <1, op =%
2. B >0, p0 Br =400 and > e, 7 < 400;
3. 3 nto Brer < +oo.

Then, the sequences {x*} and {w*} are generated by

20 e C;
y* € 0o, f(2F, ) (e);
i 1= max{ i, [y*[|} and ay, = 22 (3.36)

Vi
wk = Po(a® — apy®);
2Pl = 5ok + (1 — 6p) (opw® + (1 — o) Tw"), for each k =0,1,...

converge strongly to the same point T € Q and T = limy,_, oo Po(2").

By setting S = I — +F in (.8]), where F is n-Lipschitzian and r-strongly
2
monotone with v € (0, —’;} , the problem (6] reduces to the following variational
n
inequality studied in Yamada [12]:

findz € Q := Fix(T) N Sol(C, f)such that (x — Z, F(Z)) > 0, Vz € Fix(T). (3.37)
The solution set of this problem is denoted by I';.

Corollary 3.3. Suppose that Step 1. in Algorithm[IL1] is satisfied. Let T be a non-

expansive mapping of C into itself and F be n-Lipschitzian and k-strongly mono-
2

tone with v € (0, —ﬂ such that Ty # (. Suppose that the sequences {\x}, {8k},
n

{er}, {0k} and {or} of nonnegative numbers satisfy the following conditions

LO<A <A 0<a<é<b<l, é—3, 0<d<o,<b<l,op—3;
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2. B> 0,570 Bk =400 and Y e, 7 < 400;
8. Y onto Brer < +oo.

Then, the sequences {x*} and {w*} are generated by

20 e C;

y* € 0e fa*, ) (ab);

e = max{ g, [v*||} and ay

wh = Po(a* — apy®);

oF = 62 + (1 — &) (on (I — yF)wk + (1 — o) Tw®), for each k =0,1,. ..
(3.38)

— Bk

— Bk.
Vi’

converge strongly to the same point & € I'1 and & = limg_, 00 Pr, (:L'k)

If f =0, then the problem (L.6) is reduced to the problem of finding hierarchi-
cally a fixed-point of a nonexpansive mapping T with respect to a nonexpansive
mapping S, namely

Find Z € Fix(T) such that (z — S(%),Z — z) <0, Vo € Fix(T). (3.39)

The solution set of ([39) is denoted by I's. Applying Theorem Bl we have the
following strong convergence theorem.

Corollary 3.4. Let C be a nonempty convex subset of a real Hilbert space H. Let
T and S be two nonexpansive mappings of C into itself such that Ty # (). Suppose
that the sequences {0x} and {or} of nonnegative numbers satisfy the following
conditions 0 < a < 0 < b < 1, 6k—>%, 0<a <op<b <1, ak—>%. Then,
the sequences {x*} generated by

¥ € C; (3.40)
oh = Gk + (1 — 6)(orS2* + (1 — op)T2*), for each k =0,1,. .. '

converge strongly to a point Tz € I's.
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