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1 Introduction and Preliminaries

Let S be a semigroup. A subset A of S is called a two-sided base or simply
base of S if it satisfies the following conditions:

(i) S = A ∪ SA ∪AS ∪ SAS;

(ii) if B is a subset of A such that S = B ∪ SB ∪BS ∪ SBS, then B = A.

This notion was introduced and studied by Fabrici [1]. Indeed, the author de-
scribed the structure of semigroups containing two-sided bases.

This is an algebraic structure, generalized the concept of semigroups, called a
Γ-semigroup introduced by Sen [2]. This notion has been widely studied, see [3–18].
Let S and Γ be the set of all functions (or mappings) from {1, 2, 3, 4, 5} into
{6, 7, 8}, and from {6, 7, 8} into {1, 2, 3, 4, 5}, respectively. It is observed that S is
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not a semigroup under the composition of functions. Consider the operation, for
a, b ∈ S and α ∈ Γ, by

(aαb)(x) = a(α(b(x))) for all x ∈ {1, 2, 3, 4, 5}
we have that

(i) aαb ∈ S for all a, b ∈ S and α ∈ Γ;

(ii) (aαb)βc = aα(bβc) for all a, b, c ∈ S and α, β ∈ Γ.

Formally, let S and Γ be any two non-empty sets. Then S is called a Γ-
semigroup [15] if, for any a, b ∈ S and α ∈ Γ, aαb is defined, and the following
hold:

(i) aαb ∈ S for all a, b ∈ S and α ∈ Γ;

(ii) (aαb)βc = aα(bβc) for all a, b, c ∈ S and α, β ∈ Γ.

Example 1.1. [19] Let S := [0, 1] be a unit interval and Γ :=
{ 1

n
| n is a positive

interger
}
. Then S is a Γ-semigroup under the usual multiplication.

The purpose of this paper is to introduce the concept of bi-bases of a Γ-
semigroup, and extend some of Fabrici’s results.

Let S be a Γ-semigroup, and A,B non-empty subsets of S. The set product
AΓB is defined by:

AΓB := {aαb | a ∈ A, b ∈ B,α ∈ Γ}.

For a ∈ S, we write BΓa for BΓ{a}, and similarly for aΓB.
A non-empty subset A of a Γ-semigroup S is called a Γ-subsemigroup [2] of S

if
AΓA ⊆ A.

That is, aαa′ ∈ A for all a, a′ ∈ A and α ∈ Γ.
A Γ-subsemigroup B of a Γ-semigroup S is called a bi-Γ-ideal [19] of S if

BΓSΓB ⊆ B.

This notion generalizes the notion of one-sided and two-sided Γ-ideals of S.
Let S be a Γ-semigroup, and Bi a bi-Γ-ideal of S for all i ∈ I. It is known

that if
⋂
i∈I

Bi 6= ∅, then
⋂
i∈I

Bi is a bi-Γ-ideal of S (see, [19]). Moreover, for a

non-empty subset A of S, the intersection of all bi-Γ-ideals of S, denoted by (A)b,
is the smallest bi-Γ-ideal of S containing A. And it is of the form

(A)b = A ∪AΓA ∪AΓSΓA

(see, [19]). In particular, for A = {a}, we write ({a})b by (a)b.

Example 1.2. [19] Let N be the set of all positive integers and Γ = {5}. Then N
is a Γ-semigroup under usual addition. We have:

(1) For A = {2}, (A)b = {2} ∪ {9} ∪ {15, 16, 17, . . .}.
(2) For B = {3, 4}, (B)b = {3, 4} ∪ {11, 12, 13} ∪ {17, 18, 19, . . .}.
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2 Main Results

We begin this section with the following definition of bi-bases of a Γ-semigroup.

Definition 2.1. Let S be a Γ-semigroup. A subset B of S is called a bi-base of
S if it satisfies the following two conditions:

(i) S = (B)b;

(ii) if A is a subset of B such that S = (A)b, then A = B.

Example 2.2. Consider the Γ-semigroup S = {a, b, c, d, e} with Γ = {α} and

α a b c d e
a b a d c a
b a b c d b
c d c d c c
d c d c d d
e a b c d e

Then B = {e} is a bi-base of S. But B′ = {b} is not a bi-base of S.

Example 2.3. Consider the Γ-semigroup S = {a, b, c, d} with Γ = {γ, δ} and

γ a b c d
a a b c d
b b a d c
c c d c d
d d c d c

δ a b c d
a b a d c
b a b c d
c d c d c
d c d c d

Then B1 = {a} and B2 = {b} are bi-bases of S. But B′
2 = {a, b} is not a bi-base

of S.

Lemma 2.4. Let B be a bi-base of a Γ-semigroup S. Let a, b ∈ B. If a ∈
bΓb ∪ bΓSΓb, then a = b.

Proof. Assume that a ∈ bΓb ∪ bΓSΓb, and suppose that a 6= b. Let

A := B \ {a}.

Then A ⊂ B. Since a 6= b, b ∈ A. We will show that (A)b = S. Clearly, (A)b ⊆ S.
We have

(B)b = S.

Let x ∈ S. Then
x ∈ B ∪BΓB ∪BΓSΓB.

Case 1: x ∈ B.

Subcase 1.1: x 6= a. Then x ∈ B \ {a} = A ⊆ (A)b.
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Subcase 1.2: x = a. By assumption, we have

x = a ∈ bΓb ∪ bΓSΓb ⊆ AΓA ∪AΓSΓA ⊆ (A)b.

Case 2: x ∈ BΓB. Then x = b1γb2 for some b1, b2 ∈ B and γ ∈ Γ.

Subcase 2.1: b1 = a and b2 = a. By assumption, we have

x = b1γb2 ∈ (bΓb ∪ bΓSΓb)Γ(bΓb ∪ bΓSΓb)

= bΓbΓbΓb ∪ bΓbΓbΓSΓb ∪ bΓSΓbΓbΓb ∪ bΓSΓbΓbΓSΓb

⊆ AΓAΓAΓA ∪AΓAΓAΓSΓA ∪AΓSΓAΓAΓA

∪AΓSΓAΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.

Subcase 2.2: b1 6= a and b2 = a. By assumption and A = B \{a}, we have

x = b1γb2 ∈ (B \ {a})Γ(bΓb ∪ bΓSΓb)

= (B \ {a})ΓbΓb ∪ (B \ {a})ΓbΓSΓb

⊆ AΓAΓA ∪AΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.

Subcase 2.3: b1 = a and b2 6= a. By assumption and A = B \{a}, we have

x = b1γb2 ∈ (bΓb ∪ bΓSΓb)Γ(B \ {a})
= bΓbΓ(B \ {a}) ∪ bΓSΓbΓ(B \ {a})
⊆ AΓAΓA ∪AΓSΓAΓA

⊆ AΓSΓA

⊆ (A)b.

Subcase 2.4: b1 6= a and b2 6= a. From A = B \ {a}, hence

x = b1γb2 ∈ (B \ {a})Γ(B \ {a}) = AΓA ⊆ (A)b.

Case 3: x ∈ BΓSΓB. Then x = b3γ1sγ2b4 for some b3, b4 ∈ B, γ1, γ2 ∈ Γ and
s ∈ S.

Subcase 3.1: b3 = a and b4 = a. By assumption, we have

x = b3γ1sγ2b4 ∈ (bΓb ∪ bΓSΓb)ΓSΓ(bΓb ∪ bΓSΓb)

= bΓbΓSΓbΓb ∪ bΓbΓSΓbΓSΓb ∪ bΓSΓbΓSΓbΓb

∪bΓSΓbΓSΓbΓSΓb

⊆ AΓAΓSΓAΓA ∪AΓAΓSΓAΓSΓA ∪AΓSΓAΓSΓAΓA

∪AΓSΓAΓSΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.
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Subcase 3.2: b3 6= a and b4 = a. By assumption and A = B \{a}, we have

x = b3γ1sγ2b3 ∈ (B \ {a})ΓSΓ(bΓb ∪ bΓSΓb)

= (B \ {a})ΓSΓbΓb ∪ (B \ {a})ΓSΓbΓSΓb

⊆ AΓSΓAΓA ∪AΓSΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.

Subcase 3.3: b3 = a and b4 6= a. By assumption and A = B \{a}, we have

x = b3γ1sγ2b4 ∈ (bΓb ∪ bΓSΓb)ΓSΓ(B \ {a})
= bΓbΓSΓ(B \ {a}) ∪ bΓSΓbΓSΓ(B \ {a})
⊆ AΓAΓSΓA ∪AΓSΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.

Subcase 3.4: b3 6= a and b4 6= a. From A = B \ {a}, hence

x = b3γ1sγ2b4 ∈ (B \ {a})ΓSΓ(B \ {a}) = AΓSΓA ⊆ (A)b.

This implies (A)b = S. This is a contradiction. Therefore, a = b.

Lemma 2.5. Let B be a bi-base of a Γ-semigroup S. Let a, b, c ∈ B. If a ∈
cΓb ∪ cΓSΓb, then a = b or a = c.

Proof. Assume that a ∈ cΓb ∪ cΓSΓb, and suppose that a 6= b and a 6= c. Let

A := B \ {a}.

Then A ⊂ B. Since a 6= b and a 6= c, we have b, c ∈ A. We will show that
(A)b = S. Clearly, (A)b ⊆ S. We have

(B)b = S.

Let x ∈ S. Then
x ∈ B ∪BΓB ∪BΓSΓB.

Case 1: x ∈ B.

Subcase 1.1: x 6= a. Then x ∈ B \ {a} = A ⊆ (A)b.

Subcase 1.2: x = a. By assumption, we have

x = a ∈ cΓb ∪ cΓSΓb ⊆ AΓA ∪AΓSΓA ⊆ (A)b.

Case 2: x ∈ BΓB. Then x = b1γb2 for some b1, b2 ∈ B and γ ∈ Γ.
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Subcase 2.1: b1 = a and b2 = a. By assumption, we have

x = b1γb2 ∈ (cΓb ∪ cΓSΓb)Γ(cΓb ∪ cΓSΓb)

= cΓbΓcΓb ∪ cΓbΓcΓSΓb ∪ cΓSΓbΓcΓb ∪ cΓSΓbΓcΓSΓb

⊆ AΓAΓAΓA ∪AΓAΓAΓSΓA ∪AΓSΓAΓAΓA

∪AΓSΓAΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.

Subcase 2.2: b1 6= a and b2 = a. By assumption and A = B \{a}, we have

x = b1γb2 ∈ (B \ {a})Γ(cΓb ∪ cΓSΓb)

= (B \ {a})ΓcΓb ∪ (B \ {a})ΓcΓSΓb

⊆ AΓAΓA ∪AΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.

Subcase 2.3: b1 = a and b2 6= a. By assumption and A = B \{a}, we have

x = b1γb2 ∈ (cΓb ∪ cΓSΓb)Γ(B \ {a})
= cΓbΓ(B \ {a}) ∪ cΓSΓbΓ(B \ {a})
⊆ AΓAΓA ∪AΓSΓAΓA

⊆ AΓSΓA

⊆ (A)b.

Subcase 2.4: b1 6= a and b2 6= a. From A = B \ {a}, hence

x = b1γb2 ∈ (B \ {a})Γ(B \ {a}) = AΓA ⊆ (A)b.

Case 3: x ∈ BΓSΓB. Then x = b3γ1sγ2b4 for some b3, b4 ∈ B, γ1, γ2 ∈ Γ and
s ∈ S.

Subcase 3.1: b3 = a and b4 = a. By assumption, we have

x = b3γ1sγ2b4 ∈ (cΓb ∪ cΓSΓb)ΓSΓ(cΓb ∪ cΓSΓb)

= cΓbΓSΓcΓb ∪ cΓbΓSΓcΓSΓb ∪ cΓSΓbΓSΓcΓb

∪cΓSΓbΓSΓcΓSΓb

⊆ AΓAΓSΓAΓA ∪AΓAΓSΓAΓSΓA ∪AΓSΓAΓSΓAΓA

∪AΓSΓAΓSΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.
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Subcase 3.2: b3 6= a and b4 = a. By assumption and A = B \{a}, we have

x = b3γ1sγ2b3 ∈ (B \ {a})ΓSΓ(cΓb ∪ cΓSΓb)

= (B \ {a})ΓSΓcΓb ∪ (B \ {a})ΓSΓcΓSΓb

⊆ AΓSΓAΓA ∪AΓSΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.

Subcase 3.3: b3 = a and b4 6= a. By assumption and A = B \{a}, we have

x = b3γ1sγ2b4 ∈ (cΓb ∪ cΓSΓb)ΓSΓ(B \ {a})
= cΓbΓSΓ(B \ {a}) ∪ cΓSΓbΓSΓ(B \ {a})
⊆ AΓAΓSΓA ∪AΓSΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.

Subcase 3.4: b3 6= a and b4 6= a. From A = B \ {a}, hence

x = b3γ1sγ2b4 ∈ (B \ {a})ΓSΓ(B \ {a}) = AΓSΓA ⊆ (A)b.

This implies (A)b = S. This is a contradiction. Therefore, a = b.

To characterised when a non-empty subset of a Γ-semigroup is a bi-base of the
Γ-semigroup we need the quasi-order defined as follows:

Definition 2.6. Let S be a Γ-semigroup. Define a quasi-order on S by, for any
a, b ∈ S,

a 6b b :⇔ (a)b ⊆ (b)b.

The following examples show that the order 6b defined above is not, in general,
a partial order.

Example 2.7. From Example 2.3, we have that (a)b ⊆ (b)b (i.e., a 6b b) and
(b)b ⊆ (a)b (i.e., b 6b a), but a 6= b. Thus, 6b is not a partial order on S.

Example 2.8. Consider the Γ-semigroup S = {u, v, x, y, z} with Γ = {α, β} and

α u v x y z
u u u u u u
v u z y x v
x u y v z x
y u x z v y
z u v x y z

β u v x y z
u u u u u u
v u y v z x
x u v x y z
y u z y x v
z u x z v y

We have that (v)b ⊆ (x)b (i.e., v 6b x) and (x)b ⊆ (v)b (i.e., x 6b v). But v 6= x.
Thus, 6b is not a partial order on S.
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Lemma 2.9. Let B be a bi-base of a Γ-semigroup S. If a, b ∈ B such that a 6= b,
then neither a 6b b, nor b 6b a.

Proof. Assume that a, b ∈ B such that a 6= b. Suppose that a 6b b; then

a ∈ (a)b ⊆ (b)b.

By assumption, we have a 6= b, so

a ∈ bΓb ∪ bΓSΓb.

By Lamma 2.4, a = b. This is a contradiction. The case b 6b a can be proved
similarly.

Lemma 2.10. Let B be a bi-base of a Γ-semigroup S. Let a, b, c ∈ B and γ1, γ2 ∈
Γ and s ∈ S:

(1) If a ∈ {bγ1c} ∪ {bγ1c}Γ{bγ1c} ∪ {bγ1c}ΓSΓ{bγ1c}, then a = b or a = c.

(2) If a ∈ {bγ1sγ2c}∪{bγ1sγ2c}Γ{bγ1sγ2c}∪{bγ1sγ2c}ΓSΓ{bγ1sγ2c}, then a =
b or a = c.

Proof. (1) Assume that a ∈ {bγ1c} ∪ {bγ1c}Γ{bγ1c} ∪ {bγ1c}ΓSΓ{bγ1c}, and sup-
pose that a 6= b and a 6= c. Let

A := B \ {a}.

Then A ⊂ B. Since a 6= b and a 6= c, we have b, c ∈ A. We will show that
(B)b ⊆ (A)b, if suffices to show that B ⊆ (A)b. Let x ∈ B. If x 6= a, then x ∈ A,
and so x ∈ (A)b. If x = a, then by assumption we have

x = a ∈ {bγ1c} ∪ {bγ1c}Γ{bγ1c} ∪ {bγ1c}ΓSΓ{bγ1c}
⊆ AΓA ∪AΓAΓAΓA ∪AΓAΓSΓAΓA

⊆ AΓSΓA

⊆ (A)b.

Thus, B ⊆ (A)b. This implies (B)b ⊆ (A)b. Since B is a bi-base of S,

S = (B)b ⊆ (A)b ⊆ S.

Therefore, S = (A)b. This is a contradiction.
(2) Assume that a ∈ {bγ1sγ2c} ∪ {bγ1sγ2c}Γ{bγ1sγ2c} ∪ {bγ1sγ2c}ΓSΓ{bγ1sγ2c},
and suppose that a 6= b and a 6= c. Let

A := B \ {a}.
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Then A ⊂ B. Since a 6= b and a 6= c, we have b, c ∈ A. We will show that
(B)b ⊆ (A)b, if suffices to show that B ⊆ (A)b. Let x ∈ B. If x 6= a, then x ∈ A,
and so x ∈ (A)b. If x = a, then by assumption we have

x = a ∈ {bγ1sγ2c} ∪ {bγ1sγ2c}Γ{bγ1sγ2c} ∪ {bγ1sγ2c}ΓSΓ{bγ1sγ2c}
⊆ AΓSΓA ∪AΓSΓAΓAΓSΓA ∪AΓSΓAΓSΓAΓSΓA

⊆ AΓSΓA

⊆ (A)b.

Thus, B ⊆ (A)b. This implies (B)b ⊆ (A)b. Since B is a bi-base of S,

S = (B)b ⊆ (A)b ⊆ S.

Therefore, S = (A)b. This is a contradiction.

Lemma 2.11. Let B be a bi-base of a Γ-semigroup S.

(1) For any a, b, c ∈ B, γ1 ∈ Γ, if a 6= b and a 6= c, then a 
b bγ1c.

(2) For any a, b, c ∈ B, γ2, γ3 ∈ Γ and s ∈ S, if a 6= b and a 6= c, then
a 
b bγ2sγ3c.

Proof. (1) For any a, b, c ∈ B, γ1 ∈ Γ, let a 6= b and a 6= c. Suppose that

a 6b bγ1c,

we have

a ∈ (a)b ⊆ (bγ1c)b = {bγ1c} ∪ {bγ1c}Γ{bγ1c} ∪ {bγ1c}ΓSΓ{bγ1c}.

By Lamma 2.10 (1), it follows that a = b or a = c. This contradicts to assumption.
(2) For any a, b, c ∈ B, γ2, γ3 ∈ Γ and s ∈ S, let a 6= b and a 6= c. Suppose

that
a 6b bγ1sγ2c,

we have

a ∈ (a)b ⊆ (bγ1sγ2c)b

= {bγ1sγ2c} ∪ {bγ1sγ2c}Γ{bγ1sγ2c} ∪ {bγ1sγ2c}ΓSΓ{bγ1sγ2c}.

By Lamma 2.10 (2), it follows that a = b or a = c. This contradicts to assumption.

The following theorem characterizes when a non-empty subset of a Γ-semigroup
S is a bi-base of S.

Theorem 2.12. A non-empty subset B of a Γ-semigroup S is a bi-base of S if
and only if B satisfies the following conditions:
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(1) For any x ∈ S,

(1.a) there exists b ∈ B such that x 6b b; or

(1.b) there exist b1, b2 ∈ B and γ ∈ Γ such that x 6b b1γb2; or

(1.c) there exist b3, b4 ∈ B, s ∈ S and γ1, γ2 ∈ Γ such that x 6b b3γ1sγ2b4.

(2) For any a, b, c ∈ B, γ1 ∈ Γ, if a 6= b and a 6= c, then a 
b bγ1c.

(3) For any a, b, c ∈ B, γ2, γ3 ∈ Γ and s ∈ S, if a 6= b and a 6= c, then
a 
b bγ2sγ3c.

Proof. Assume first that B is a bi-base of S. Then

S = (B)b.

To show that (1) holds, let x ∈ S. Then

x ∈ B ∪BΓB ∪BΓSΓB.

We consider three cases:
Case 1 : x ∈ B. Then x = b for some b ∈ B. This implies (x)b ⊆ (b)b. Hence,

x 6b b.
Case 2 : x ∈ BΓB. Then x = b1γb2 for some b1, b2 ∈ B and γ ∈ Γ. This

implies (x)b ⊆ (b1γb2)b. Hence, x 6b b1γb2.
Case 3 : x ∈ BΓSΓB. Then x = b3γ1sγ2b4 for some b3, b4 ∈ B, s ∈ S and

γ1, γ2 ∈ Γ. This implies (x)b ⊆ (b3γ2sγ3b4)b. Hence, x 6b b3γ1sγ2b4.
The validity of (2) and (3) follow, respectively, from Lemma 2.11 (1), and

Lemma 2.11 (2).
Conversely, assume that the conditions (1), (2) and (3) hold. We will show

that B is a bi-base of S. To show that S = (B)b. Clearly, (B)b ⊆ S. By (1),

S ⊆ (B)b,

and
S = (B)b.

It remains to show that B is a minimal subset of S with the property: S = (B)b.
Suppose that S = (A)b for some A ⊂ B. Since A ⊂ B, there exists b ∈ B \ A.
Since b ∈ B ⊆ S = (A)b and b /∈ A, it follows that

b ∈ AΓA ∪AΓSΓA.

There are two cases to consider:
Case 1: b ∈ AΓA. Then b = a1γ1a2 for some a1, a2 ∈ A and γ1 ∈ Γ. We have

a1, a2 ∈ B. Since b /∈ A, so b 6= a1 and b 6= a2. Since b = a1γ1a2, (b)b ⊆ (a1γ1a2)b.
Hence, b 6b a1γ1a2. This contradicts to (2).

Case 2: b ∈ AΓSΓA. Then b = a3γ2sγ3a4 for some a3, a4 ∈ A, γ2, γ3 ∈ Γ and
s ∈ S. Since b /∈ A, we have b 6= a3 and b 6= a4. Since A ⊂ B, a3, a4 ∈ B. Since
b = a3γ2sγ3a4, so (b)b ⊆ (a3γ2sγ3a4)b. Hence, b 6b a3γ2sγ3a4. This contradicts
to (3).

Therefore, B is a bi-base of S as required, and the proof is completed.
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Theorem 2.13. Let B be a bi-base of a Γ-semigroup S. Then B is a Γ-subsemigroup
of S if and only if for any a, b ∈ B and β ∈ Γ, aβb = a or aβb = b.

Proof. Let a, b ∈ B and β ∈ Γ. If B is a Γ-subsemigroup of S, then aβb ∈ B.
Since aβb ∈ aΓb ∪ aΓSΓb , it follows by Lemma 2.5 that aβb = a or aβb = b. The
opposite direction is clear.
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