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Abstract : Based on the results of bi-ideals generated by a non-empty subset of
a I'-semigroup S, we introduce in this paper the concept of bi-bases of S. Using
the quasi-order on S defined by the principal bi-ideals of .S we characterize when
a non-empty subset of S is a bi-base of S.
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1 Introduction and Preliminaries

Let S be a semigroup. A subset A of S is called a two-sided base or simply
base of S if it satisfies the following conditions:

(i) S=AUSAUASUSAS;
(ii) if B is a subset of A such that S=BUSBUBSUSBS, then B = A.

This notion was introduced and studied by Fabrici [1]. Indeed, the author de-
scribed the structure of semigroups containing two-sided bases.

This is an algebraic structure, generalized the concept of semigroups, called a
I'-semigroup introduced by Sen [2]. This notion has been widely studied, see [3-18].
Let S and T' be the set of all functions (or mappings) from {1,2,3,4,5} into
{6,7,8}, and from {6,7,8} into {1,2,3,4,5}, respectively. It is observed that S is
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not a semigroup under the composition of functions. Consider the operation, for
a,be Sand a €T, by

(aad)(z) = a(a(b(z))) for all z € {1,2,3,4,5}
we have that
(i) aabe S for all a,b € S and o € T
(ii) (aadb)Be = aa(bfc) for all a,b,c € S and o, B € T
Formally, let S and I" be any two non-empty sets. Then S is called a T'-

semigroup [15] if, for any a,b € S and a € T, aab is defined, and the following
hold:

(i) aab e S for all a,b e S and o € T
(ii) (aad)Be = aa(bBe) for all a,b,c € S and «, 8 € T.

1

Example 1.1. [19] Let S := [0, 1] be a unit interval and I" := {f | n is a positive
n

interger } Then S is a I'-semigroup under the usual multiplication.

The purpose of this paper is to introduce the concept of bi-bases of a I'-
semigroup, and extend some of Fabrici’s results.

Let S be a I'-semigroup, and A, B non-empty subsets of S. The set product
AT'B is defined by:

ATB :={aab|a€ A,be B,a €T}

For a € S, we write BT'a for BT'{a}, and similarly for aI'B.
A non-empty subset A of a I'-semigroup S is called a I'-subsemigroup [2] of S
if
AT'A C A.
That is, aaa’ € A for all a,a’ € Aand a €T.
A T-subsemigroup B of a I'-semigroup S is called a bi-I'-ideal [19] of S if

BI'STB C B.

This notion generalizes the notion of one-sided and two-sided I'-ideals of S.
Let S be a I'-semigroup, and B; a bi-I'-ideal of S for all ¢ € I. It is known
that if n B; # 0, then ﬂ B, is a bi-T-ideal of S (see, |19]). Moreover, for a
iel iel
non-empty subset A of S, the intersection of all bi-T-ideals of S, denoted by (A)y,
is the smallest bi-I'-ideal of S containing A. And it is of the form

(A =AUATAUATSTA
(see, [19]). In particular, for A = {a}, we write ({a})s by (a)p.

Example 1.2. [19] Let N be the set of all positive integers and I = {5}. Then N
is a I'-semigroup under usual addition. We have:

(1) For A= {2}, (A), = {2} U {9} U{15,16,17,...}.
(2) For B = {3,4}, (B), = {3,4} U{11,12,13} U {17,18,19,...}.
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2 Main Results

We begin this section with the following definition of bi-bases of a I'-semigroup.

Definition 2.1. Let S be a I'-semigroup. A subset B of S is called a bi-base of
S if it satisfies the following two conditions:

(i) 5= (B
(ii) if A is a subset of B such that S = (A), then A = B.

Example 2.2. Consider the I'-semigroup S = {a, b, ¢,d, e} with T' = {a} and

o Q0 SR
QO e oe
SRR O oS
Q0O 0 o
QU QO & O &
DL L0

Then B = {e} is a bi-base of S. But B’ = {b} is not a bi-base of S.

Example 2.3. Consider the I'-semigroup S = {a,b,¢,d} with T’ = {~,§} and

’y‘abcd 5‘abcd
ala b ¢ d alb a d c
b|lb a d c bla b ¢ d
clec d ¢ d cld ¢ d c
d|ld ¢ d c dlc d ¢ d

Then B; = {a} and By = {b} are bi-bases of S. But B} = {a, b} is not a bi-base
of S.

Lemma 2.4. Let B be a bi-base of a I'-semigroup S. Let a,b € B. Ifa €
bI'b U bI'ST'D, then a = b.

Proof. Assume that a € bI'b U bI'ST'b, and suppose that a # b. Let
A:= B\ {a}.

Then A C B. Since a # b, b € A. We will show that (A), = S. Clearly, (A), C S.
We have
(B)y = S.

Let x € S. Then
r € BUBI'BUBISTB.

Case 1: z € B.
Subcase 1.1: z # a. Then x € B\ {a} = A C (A)y.
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Subcase 1.2: z = a. By assumption, we have

z=a€blbUBISTh C ATAUATSTA C (A),.

Case 2: x € BI'B. Then x = by~yby for some by,b, € B and v €T

Subcase 2.1:

Xr = bl")/bg

Subcase 2.2:

T = byyby

Subcase 2.3:

b1 = a and by = a. By assumption, we have

€

N

NN

(bT'b U bT'STH)T (bT'b U bT'STh)

BLBTBIb U bTTBISTH U b STHIbT U bT STHIBISTh
ATATAT AU ATATATSTA U AT ST AT AT A

UAT ST AT AT'ST A

ATSTA

(A)p-

by # a and by = a. By assumption and A = B\ {a}, we have

m

(B\ {a})T(bI'b U bT'STb)

(B\ {a})TTb U (B \ {a})TbISTH
ATAT AU ATATST A

ATSTA

(A)s.

N 1NN

by = a and by # a. By assumption and A = B\ {a}, we have

zx=byby € (TbUIDSTHI(B)\ {a})

BLBT(B \ {a}) UBTSTHI(B \ {a})
ATAT AU ATST AT A
ATST A

(A)p.

N 1NN

Subcase 2.4: b; # a and by # a. From A = B\ {a}, hence
x=b1yby € (B\ {a})T(B\ {a}) = ATA C (A)p.
Case 3: z € BI'STB. Then x = b3~y;5y2by for some b3, by € B, 71,72 € I' and

seSs.

Subcase 3.1: b3 = a and by = a. By assumption, we have

Tr = b3")/13’}/2b4

S

N 1N

(bTh U bTSTH)TST (bTh U bT'STh)

bI'bISTI'b U bI'bI' STOI'ST'b U bI’'ST'bI'STbI'b
UbLSTbI' STHI'STb

AT AT STAT AU AT AT STAT'STAU AT'STAT'ST AT A
UAT'STAT'STAT'ST A

AT'ST A

(A)s.
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Subcase 3.2: b3 # a and by = a. By assumption and A = B\ {a}, we have

x = bzy1872b3 €

N 1NN

(B\ {a})D'ST(bT'b U bI'STh)

(B\ {a})DSTVIb U (B \ {a})TSTHISTH
ATSTATA U ATSTATST A

ATSTA

(A)y.

Subcase 3.3: b3 = a and by # a. By assumption and A = B\ {a}, we have

x = b3y1872by €

N 1NN

(bTb U bTSTH)TST(B \ {a})

VOOTST (B \ {a}) UBLSTHIST (B \ {a})
ATATSTA U ATSTATST A

ATST A

(A)p.

Subcase 3.4: b3 # a and by # a. From A = B\ {a}, hence

T = b371872b4 S (B \ {a})FST(B \ {a}) = AT'ST A - (A)b

This implies (A), = S. This is a contradiction. Therefore, a = b. O

Lemma 2.5. Let B be a bi-base of a I'-semigroup S. Let a,b,c € B. If a €

cI'bU c'STY, then a =b or a = c.

Proof. Assume that a € ¢I'b U c['STD, and suppose that a # b and a # c. Let

A:= B\ {a}.

Then A C B. Since a # b and a # ¢, we have b,c € A. We will show that
(A), = S. Clearly, (A), C S. We have

Let x € S. Then

(B)y = S.

r € BUBI'BUBI'STB.

Case 1: z € B.

Subcase 1.1:  # a. Then z € B\ {a} = A C (A)y.

Subcase 1.2: = = a. By assumption, we have

x=a€c'bUcl'STb C ATAU ATSTA C (A)p.

Case 2: x € BI'B. Then x = byby for some b;,b € B and v €T.
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Subcase 2.1: by = a and b; = a. By assumption, we have
x=biyby € (cI'bUcl'STH)T(cI'bU cI'STH)
= cIbl'el'bU cl'bl'el'STO U cI'SThI'el'b U eI’ STOIcl'ST'h
C ATATATAU ATATATSTAU ATSTAT AT A
UAT'STAT AT ST A
C ATSTA
< (A
Subcase 2.2: b; # a and by = a. By assumption and A = B\ {a}, we have
x=biybe € (B\{a})T(cI'bUcl'STH)
= (B\{a})Tcl'bU (B\ {a})I'cl'STH
C ATATAUATATSTA
C ATSTA
< (A
Subcase 2.3: b; = a and by # a. By assumption and A = B\ {a}, we have

rz="biyby € (cI'bUl'STHI(B\ {a})

clbI(B\ {a}) Ucl'STHI (B \ {a})
ATATAU ATSTAT A
ATST A

(A)p.

N 1N 1N

Subcase 2.4: by # a and by # a. From A = B\ {a}, hence

x =byyby € (B\ {a})[(B\ {a}) = ATA C (A)y.

Case 3: z € BI'ST'B. Then x = b3y;5y2b4 for some b3, by € B, 71,72 € I' and

seSs.

Subcase 3.1: b3 = a and by = a. By assumption, we have

Tr = b3")/13’}/2b4

S

N 1N

(cT'b U I'STH)DST (cI'b U ¢I'ST'h)

clbT'STel'b U cl'bI' ST cl'STH U eI’ STHI'ST cl'b
Ucl'STHI'ST eI’ STh

AT ATSTATAU ATATSTATSTAU ATSTATST AT A
UATSTAT'STAT'ST A

ATSTA

(A)p.
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Subcase 3.2: b3 # a and by = a. By assumption and A = B\ {a}, we have

T = bzy1872b3 €

N 1N 1N

(B\ {a})T'ST(cI'b U I'ST'D)

(B\ {a})T'STcI'b U (B\ {a})T'STcI'STh
ATSTAT AU ATSTAT'STA

AT'ST A

(A)p.

Subcase 3.3: b3 = a and by # a. By assumption and A = B\ {a}, we have

x = b3y1872by €

N 1N 1N

(cTb U cI'STH)IST(B \ {a})

clbDST (B \ {a}) U L'STHI'ST (B \ {a})
AT ATSTAU AT STATSTA

ATST A

(A)p.

Subcase 3.4: b3 # a and by # a. From A = B\ {a}, hence

x = bgy1872bs € (B\ {a})I'ST(B\ {a}) = AT'STA C (A)p.

This implies (A), = S. This is a contradiction. Therefore, a = b. O

To characterised when a non-empty subset of a I'-semigroup is a bi-base of the
I'-semigroup we need the quasi-order defined as follows:

Definition 2.6. Let S be a I'-semigroup. Define a quasi-order on S by, for any

a,bes,

a <p IR= ((l)b - (b)b

The following examples show that the order <; defined above is not, in general,

a partial order.

Example 2.7. From Example we have that (a), C (b)y (i.e., a <p b) and
(b)s C (a)p (i-e., b<pa), but a #b. Thus, <, is not a partial order on S.

Example 2.8. Consider the I'-semigroup S = {u,v,z,y,z} with I' = {«, 5} and

alu v T Yy =z Blu v = vy =z
ulu u u o u u ulu u ou u U
viu z y T v viu oy v oz oz
rlu y v oz x xT|lu v Ty =z
ylu = z v y ylu z y x v
z|lu v oz oy =z z|lu xz z v vy
We have that (v), C (z)p (i-e., v <p z) and (x), C (v)p (i-e.,  <p v). But v # x.

Thus, <, is not a partial order on S.
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Lemma 2.9. Let B be a bi-base of a I'-semigroup S. If a,b € B such that a # b,
then neither a <p b, nor b < a.

Proof. Assume that a,b € B such that a # b. Suppose that a < b; then

a < (a)b - (b)b

By assumption, we have a # b, so
a € bI'b U bl'STh.

By Lamma [2.4] a = b. This is a contradiction. The case b <, a can be proved
similarly. O

Lemma 2.10. Let B be a bi-base of a I'-semigroup S. Let a,b,c € B and 1,72 €
TandseS:

(1) If a € {byrc} U {by1c}T{by1ic} U {by1c}T'ST{byic}, then a =b or a = c.

(2) If a € {by1sy2c} U{by1872c}T{by1 872} U{by1572c} T ST{bY1572¢}, then a =
b ora=-c.

Proof. (1) Assume that a € {byic} U {byic}T{byic} U {by1c}TST{byic}, and sup-
pose that a # b and a # c. Let

A:= B\ {a}.

Then A C B. Since a # b and a # ¢, we have b,c € A. We will show that
(B)p C (A)yp, if suffices to show that B C (A)y. Let € B. If x # a, then z € A,
and so x € (A). If © = a, then by assumption we have

{by1c} U {byic}T{byic} U {by1c}TST{bvy1c}
ATAUATATATAU ATATSTAT' A
ATSTA

(A)p-

r=a

N 1N 1IN m

Thus, B C (A)p. This implies (B), C (A)p. Since B is a bi-base of S,

S = <B>b C (A)b cS.

Therefore, S = (A),. This is a contradiction.
(2) Assume that a € {by1sy2¢} U {by1 572} {by1572¢} U {by1872¢}T ST {by1 572},
and suppose that a # b and a # c. Let

A= B\ {a}.
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Then A C B. Since a # b and a # ¢, we have b,c € A. We will show that
(B)p C (A)y, if suffices to show that B C (A)y. Let x € B. If x # a, then x € A,
and so x € (A)y. If z = a, then by assumption we have

r=a {by1s72c} U {by1872c}T{by1872¢} U {by1572¢}TST{by1 872}

ATSTAU ATSTATATSTAU ATSTATSTATST A

AT'ST A

(Ap-

Thus, B C (A)p. This implies (B), C (A)p. Since B is a bi-base of S,
S=(B)yC (ApCS.

Therefore, S = (A)p. This is a contradiction.

N IN 1N m

Lemma 2.11. Let B be a bi-base of a I'-semigroup S.
(1) For any a,b,c € B, y1 €T, ifa# b and a # ¢, then a £, byic.
(2) For any a,b,c € B, 73,73 € I' and s € S, if a # b and a # ¢, then
a £y byasysc.
Proof. (1) For any a,b,c € B, yv1 € T, let a # b and a # ¢. Suppose that

a <p byic,

we have

a € (a)p C (by1e)p = {byic} U {byic}T{byic} U {by1c}TST{bv1c}.

By Lammam (1), it follows that a = b or a = ¢. This contradicts to assumption.
(2) For any a,b,c € B, 72,73 € ' and s € S, let a # b and a # ¢. Suppose
that

a <p by syec,
we have
a € (a)p C (by1sy20)p
= {by1sy2c} U {by1syec}T{by15v2c} U {by1572¢} T ST{by1 572}

By Lamma[2.10](2), it follows that a = b or a = ¢. This contradicts to assumption.
O

The following theorem characterizes when a non-empty subset of a I'-semigroup
S is a bi-base of S.

Theorem 2.12. A non-empty subset B of a I'-semigroup S is a bi-base of S if
and only if B satisfies the following conditions:
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(1) For any x € S,

(1.a) there exists b € B such that x <p b; or
(1.b) there exist by,ba € B and v € T such that x <p byyba; or
(1.c) there exist b3, by € B,s € S and v1,v2 € I’ such that x <p bgy1872b4.
(2) For any a,b,c € B, y1 €T, ifa# b and a # ¢, then a £, byic.
(3) For any a,b,c € B, v2,73 € T and s € S, if a # b and a # ¢, then
a &b byasyse.
Proof. Assume first that B is a bi-base of S. Then
S = (B)p.
To show that (1) holds, let & € S. Then
r € BUBT'BUBISTB.

We consider three cases:

Case 1: z € B. Then z = b for some b € B. This implies (x), C (b),. Hence,
r <p b

Case 2 : x € BI'B. Then x = byby for some by,bo € B and v € I'. This
implies (z)p C (b1yb2)p. Hence, x <p byybo.

Case 3 : © € BI'ST'B. Then = = b37y;5v2b4 for some b3,b4 € B,s € S and
1,72 € I'. This implies (x), C (bsy2s7y3bs)p. Hence, x <p b3y157v2b4.

The validity of (2) and (3) follow, respectively, from Lemma 2.11] (1), and
Lemma (2).

Conversely, assume that the conditions (1), (2) and (3) hold. We will show
that B is a bi-base of S. To show that S = (B);,. Clearly, (B), C S. By (1),

S g (B)b7

and

S = (B)».

It remains to show that B is a minimal subset of S with the property: S = (B)y.
Suppose that S = (A), for some A C B. Since A C B, there exists b € B\ A.
Since be BC S = (A), and b ¢ A, it follows that

be ATAU AT'ST A.

There are two cases to consider:

Case 1: b € AT'A. Then b = a17y;1a9 for some ay,as € A and v, € I'. We have
ay, as € B. Since b ¢ A, so b ?é ay and b 7é ao. Since b = a1vy1a2, (b)b - (al’}/lag)b.
Hence, b <j a1y1a2. This contradicts to (2).

Case 2: b € AT'ST A. Then b = az7y25y3a4 for some as,aq4 € A, v2,v3 € I' and
s €S5. Since b ¢ A, we have b # a3 and b # a4. Since A C B, a3,aq € B. Since
b = azvy28y3a4, S0 (b)p C (azyesyzaq)p. Hence, b <p azyasyzas. This contradicts
to (3).

Therefore, B is a bi-base of S as required, and the proof is completed. O
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Theorem 2.13. Let B be a bi-base of a I'-semigroup S. Then B is a I'-subsemigroup
of S if and only if for any a,b € B and B € T, afb = a or afb ="b.

Proof. Let a,b € B and g € I'. If B is a ['-subsemigroup of S, then af8b € B.
Since afb € al'b U al'STD , it follows by Lemma [2.5] that ab = a or a8b = b. The
opposite direction is clear. O
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