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1 Introduction

Let A be a nonempty set and n a natural number. The set AY" = n x A
where n := {1,...,n} is called the n-th copower. Dualizing the concept of n-ary
operation we obtain that of an n-ary cooperation on A is a mapping f4 : A — A"
and the number n is called the arity of the cooperation f4. Each n-ary cooperation
f# is uniquely determined by the pair of mappings (f{, f5') where fi* : A — n,
3+ A— Aand f4(a) = (f{*(a), f5*(a)). The mappings f{* and f3' is called the
labelling and the mapping of f4, respectively, (see, [2]). An indexed coalgebra
is a pair (A; (f?)ier), where f{ is an n;-ary cooperation defined on A, and 7 =
(ni)ier is called the type of the coalgebra, (see, [1},3,4]). This particular structure
was introduced by Drbohlav and the Birkhoft’s variety theorem for coalgebra was
proven [5].

Let COXL) be the set of all n-ary cooperations defined on A. In [2], Csdkany
introduced the notion of superposition as follows. If f4 € COXL) and g, ... ,g;? €

cOl(f), then define a k-ary cooperation f4[gi,... g2]: A — AYF by

0 (9 L (F3(0)), (97 o) )2(5 (@)

for all a € A. We call the cooperation f4[g{,..., ¢] a superposition of f4 and
gty ..., g2 Instead of fA[gl, ..., g/ we also write comp}(f4,git,...,g7). For
example, let A = {a;,a,a3} and f4,¢{', 95,95 : A — A3 by
fHar) = (2,a2) | g1 (a1) = (2,a2) | g3'(a1) = (2,a2) | g5'(a1) = (3,a1)
fHaz) = (3,a1) | g1 (az) = (3,a1) | g3'(a2) = (3,a1) | g5'(az) = (3, a2)
fHaz) = (La3) | gi'(az) = (1,a3) | g5'(a1) = (2,a3) | g5'(a3) = (3, a2).

We can see that f{*(a;) and f3'(a;), 1 < i < 3, are a natural number in the first
and an element of A in the second component of f4(a;), respectively. The labelling
and the mapping of g, g5, g5' can be considered similarly. Thus,

Flott 95 g5 1(ar) = ((95)1(az), (93)2(a2)) = (3,a1),

Aot g5 98'1(az) = ((98)1(a1), (g5)2(ar)) = (3,a1),
and

FAlott 95" 93 (as) = ((91)1(as), (9)2(a3)) = (1, a3).

The injection /" are special cooperations which are defined by /> : A — A"
with @ — (i,a) for 1 <i < n. Then we obtain a multi-based algebra

(€O )z 15 (comp) g s, (1) 1<izn)-

In (2], Csédkdny mentioned that it is a clone.

Coalgebras are pairs consisting of a nonempty set and a set of cooperations de-
fined on this set. In [1], K. Denecke and K. Saengsura defined terms for coalgebras,
coidentities and cohyperidentities. These concepts can be applied to give a new
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solution of the completeness problem for clones of cooperations defined on a two-
element set and to separate clones of cooperations by coidentities. The concepts
of coidentities and cohyperidentities, help to solve the functional completeness
problem, are defined by coterm.

Let 7 = (n;);es be an indexed family of natural numbers and let (f;);c; be an
indexed set of cooperation symbols. To each cooperation symbol we assign n; as
its arity. Let {e} : n € N,1 < j <n} be a set of symbols which is disjoint from the
set {fi :4 € I}. To each e we assign the positive integer n as its arity. Coterm of
type 7 are defined by the following recursion:

(i) For every i € I, the cooperation symbol f; is an n;-ary coterm of type 7.

(ii) For every n € N and 1 < j < n, the symbol €7 is an n-ary coterm of type 7.

(i) If ¢q,...,t,, are m-ary coterms of type 7, then fi[t1,...,¢n,] is an m-
ary coterm of type 7 and if t1,...,t, are m-ary coterms of type 7, then
eft1, ..., tn] is an m-ary coterm of type 7 where 1 <j < n.

Let ¢T{™ be the set of all n-ary coterms of type 7 and let ¢ T, := Unen ¢T™ be the
set of all coterms of type 7. For simply, we write the set {6? :neN1<j<n}
by E. Let n € N, we denote the set {7 : 1 < j <n} by E,.

Definition 1.1. For each m,n € N. A superposition of coterms S7 : ¢T(™ x
(CT(Tm))" — CT(Tm) defined inductively by the following steps;
(i) if t = e, 1 < i <n, then S™(t,t1,...,t,) :=t; where ty,...,t, € ¢T™),
(ii) if ¢ = f; is an n-ary cooperation symbol, then S}i(t,el", ..., epi) == fi,

(iii) if t = g; is an n,-ary cooperation symbol, then
Sni (tt1y o tn,) = gjltis ... tn,] where t1,... t,, € cT{™),

(iv) if t = e?[sl,...,sp] where s1,...,5, are n-ary coterms and assume that
ST (Sk,t1,...,tn) are already defined for ¢y,...,t, € (:T(Tm)7 1 <k <p, then
Sh(tsty, . ytn) = el [Sh(s1,t1, o tn), o Sy (Spytas e o5 )l

(v) if t = fi[s1,...,Sn,] where f; is an n;-ary cooperation symbol, $1,...,Sp,
are n-ary coterms and assume that S” (sg,t1,...,t,) are already defined for
t1,...,tp € CT_(rm), 1 <k <mn;, then

S:Z(t,tl,...,tn) = fi[Sgl(Sl,tl,...,tn),...,S&(Sni,tl,...,tn)].

The above definition is defined slightly different from [1,/3]. Indeed, the prop-
erty (iv) is added since an n-ary coterm of type 7 can start with symbol e? for

p € N, 1 < j < p. For instance, the binary coterm t can be written by e3[e2, €2, e3].
In [1], the authors proved that the multi-based algebra

(T nz15 (S ) mom=1, (€] )1<j<n)

is a clone. That is, it satisfied the conditions
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(C )SA( o (yl,xl,...,mn),...,gﬁl(yp,xl,...,xn))
zSm(Sm(Zaylv'~~,yp)vx1»'~~axn)a

m,n,p € N),
(C2) Sm(e?,x1,...,xn) ~ x5, meN1<i<n,
(03) Sg(lheyfv"'? n)"“y7 (REN)

Here 57}1, g,’;l, Sﬁ and e are operation symbols corresponding to the clone type.
The concept of cohypersubstitution was introduced in [1] as making precise
the concept of cohyperidentities.

Definition 1.2. A cohypersubstitution of type 7 is a mapping o : {f; : i € [JUE —
c¢T which maps each n;-ary cooperation symbols of type 7 to an n;-ary coterm of
this type and o(e) = e if ¢ € E. Any cohypersubstitution ¢ can be extended to a
mapping & : cT; — cT; on the set of all coterms of type 7 inductively defined as
follows:

(i) &[fi] :== fifor alli € I,

(i) olef] :=ef for each n € Nand 1 <17 <n,
(iii) olel[t1,...,tn]] := 0[t;] for each n € Nand 1 <14 < n,
(iv) 6lfiltr, s tn,]] = Sp (o (fi), 0ltal - -5 OlEn])-

This definition is also slightly different from [1)3] by the same reason as defining
superposition of coterms. Moreover, we set o(e) = e for all e € E. We denote by
cHyp(7) the set of all cohypersubstitutions of type 7. In [1], the authors defined
a binary operation oc on ¢T by 07 o¢ 09 := 61 0 03 for all 01,09 € ¢T, where o
is a usual composition of mapping. They showed that the structure cHyp(7) :=
(cHyp(7); o¢, 0iq) is a monoid where oiq is an identity cohypersubstitution defined
by oia(fi) = fi for all i € I.

In semigroup theory, it is of interest to consider various type of its elements,
including regular, idempotent, completely regular, etc. In [6], the authors char-
acterized idempotent and regular elements of cHyp(2). The characterizations of
idempotent and regular elements of cohypersubstitutions of type (3) and type (n)
was given in [7] and [8], respectively, by D. Boonchari and K. Saengsura.

In this paper, we continue in this vein, by consider the submonoid of cohy-
persubstitutions of type (2,2), so-called weak projection cohypersubstitutions and
characterize its idempotent elements.

2 Some Submonoids

In this section, we present two submonoids based on various properties of
cohypersubstitutions.

Definition 2.1. A cohypersubstitution o of type 7 is called a projection cohyper-
substitution of type 7 if o(f;) € E,, for all i € I.
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Denoted by P(7) the set of all projection cohypersubstitutions of type 7.

Proposition 2.2. An algebra (P(1) U{0.d}; 00, 044) i a submonoid of
(cHyp(7); 00, 01d)-

Proof. Let 01,02 € P(1) U {0iq}.

o If o1 € P(7) and 09 = 0iq, then
(01 0c 02)(fi) = 61(02(fi)) = 61(fi) = fi = oia(fi)-

e If 01 = 0iq and 02 € P(7), then oa(f;) = ¢} for some n € Nand 1 <j <n.
Thus,

(010 02)(fi) = 61(02(f:)) = b1(ef) = €.
o If 01,00 € P(7), then o3(f;) = ¢/ for some n € N and 1 < j < n. Thus,
(0100 02)(fi) = 61(02(f:)) = b1(ef) = €.
o If 01 = 0iq = 09, then
(0100 02)(fi) = 61(02(f:)) = 61(fi) = fi = aia(fi).

Therefore, 01 0c oy € P(T)U{0iq}. Altogether, we have that (P(7)U{oia}; oc, 0id)
is a submonoid of (cHyp(7); o¢, 0id)- O

Definition 2.3. A cohypersubstitution o of type 7 is called a weak projection
cohypersubstitution of type 7 if there is ¢ € I such that o(f;) € E,,.

Denoted by WP(7) the set of all weak projection cohypersubstitutions of
type 7.

Proposition 2.4. An algebra (WP(7) U {0.4}; 0, 044) is a submonoid of
(cHyp(T);00,0id)-

Proof. Let 01,09 € WP(7) U {0iq}

e If 01 = 0iq and 0 € WP(7), then there is i € I such that o2(f;) = €} for
some n € N and 1 < j <n. Thus,

(o1 0c 02)(fi) = 61(02(fi)) = (}1(6?) = e?.

e If oy € WP(7) and o2 = 0iq, then there is i € I such that o1(f;) = el for
some n € N and 1 < j <n. Thus,

(01 0c 02)(fi) = 61(02(fi)) = 61(fi) = fi = oia(fi)-
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e If 51,00 € WP(7), then there is ¢ € I such that oa(f;) = e for some n € N
and 1 < j <n. Thus,

(01 0c 02)(fi) = 61(02(fi)) = 61(€f) = €.
e If 0y = 0jq = 09, then
(o1 0c 02)(fi) = 61(02(fi)) = 61(fi) = fi = owa(fi)-

Therefore, 01 oc 09 € WP(7) U {0iq}. Altogether, we have that
(WP(7) U {0ia};0¢, 0iq) is a submonoid of (cHyp(7);oc, oid)- O

Corollary 2.5. An algebra (P(1)U{0i4};00,0:4) is a submonoid of
(WP(r) U{oida}ioc, 0id).

3 Idempotent Elements of Weak Projection
Cohypersubstitutions

For a semigroup 5, an element e € S is called an idempotent element of S if
e = ee. We consider the idempotent elements of WP(2,2). It is clear that every
element of P(2,2) is idempotent. Thus, we only consider the idempotent elements
of WP(2,2) \P(2,2). Let f and g be the binary cooperation symbols. We denote
the cohypersubstitution ¢ with o(f) = ¢; and o(g) = t2 by oy, 1,. We start with
the following proposition:

Proposition 3.1. Let o(,),., be a cohypersubstitution of type T = (n;)ier. Then
the following statements are equivalent:

(i) Ot,),e, 15 idempotent;

(i) G(t,)ie, [tj] =tj forall j € 1.
Proof. (i) = (ii): Let j € I. Then

&(ti)igl[tj] = &(ti)iel[a(ti)igl(fj)] = (U(ti)iel oc U(ti)z‘el)(fj) = a(ti)ie[(fj) =t;.
(ii) = (i): For each j € I, we obtain

(O—(ti)iel °C O—(ti)iel)(fj) = a—(ti)ieI [J(ti)iel (fj)} = a—(ti)iel [tj] =t = O(ti)ier (f])
Thus, we complete the proof. O

For a cohypersubstitution o, +, of WP(2,2) \ P(2,2) we separate our consid-
eration into four cases:

(1) t1 € EQ, to € Es and CO(tQ) =1,
(11) to € Ey, t1 ¢ FEs and CO(tl) =1,
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(iii) t1 € Es, to ¢ FE5 and CO(tg) > 1,
(iV) to € EQ, 3] € FE5 and CO(tl) > 1,

where co(t1) and co(tz) denote the number of all cooperation symbols occurring
in the coterms t; and ts, respectively. We will start with some notions that used
to prove our main results.

For n € N, 1 < j < n and F be a variable over the two-elements alphabet
{f, g} where ar(F) denotes the arity of F. We define M*(t), 1 <i < ar(F) by

(i) if t = e, then M'(t) =t,

(ii) if t = F, then Mi(t) = F,
(iif) if ¢ = F[s1,...,Sa(m)] and 1 <4 < ar(F), then M (t) = M'(s;),
(iv) if t = €}[s1,...,sy,], then M(t) = M (sy).

For example, let f, g be binary cooperation symbols and
t = flgle?[f. €3], e1], €3g, efle3, efl]]. Then

M (t) = M (flgleilf, 3], 3], e3lg, efles, edll])
= M (gle[f, €3] e5))
= M'(ef[f, e3])
=M'(f)
=/
M?(t) = M (flgleilf. €3], e1], €3[g, efle3, ed]]])
= M?(e3]g, eile3, e7]])
= M?(efle3, €i])
= M?(e3)
=e3.

Forn € N, 1 < 5 < n and F be a variable over the two-element alphabet
{f, g} where ar(F') denotes the arity of F. For a coterm ¢, we let inn(¢) be the set
of inner coterm of the coterm t defined inductively by the following,

(i) if t = F, then inn(¢) = {F'},
(ii) if ¢ = e}, then inn(t) = {e},
(iii) if ¢t = €%[s1,. .., sn), then inn(t) = J;_, inn(s;),

(iv) if t = Fls1,..., Sar(r)), then inn(t) = Uf;(lF) inn(s;).
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For example, let f,g be binary cooperation symbols and
t = flgleilf, 3], €3], e3[g, ei[e3, e7]]]. Then

inn(tz) = inn(flglei[f, €3], €i], e3[g, eile3. e1]]))

(
inn(glei[f, €3], ei]) U inn(e3[g, ef[e3, ef]])
1nn(e? [f,€2]) Uinn(e?) Uinn(g) U inn(e?[e2, e3])
= inn(f) Uinn(e2) U {e?} U {g} Uinn(e2) Uinn(e?)
= {fru{e u{eltu{gt u{ezt u{ei}
= {ef. 3. f,9}-
Forn € N, 1 < j < nand F be variables over the two-elements alphabet {f,g9}
where ar(F') denotes the arity of F'. Let 1 < i < ar(F). We define P*(t) by
(i) if t = e}, then P'(t) = t,
(i) if t = F, then Pi(t) = F,
(iii) if ¢ = e}[s1,...,sn] ;then P'(t) = P'(s;)
(iv) if t = F(t1,... ti ..., tar(s)), then Pi(t) = FPi(t;).
For example, let f, g be binary cooperation symbols and
t = floleilf, €3], €3], e3[g, ei[e3, e7]]]. Then
P(t) = P'(flglellf. e3]. 1], e3]g. ei[e3, e7]]])
= fP'(gle?[f. 3], 7))
= fgP'(ef[f, €3])
= fgP'(f)
=fgf

and

P(t) = P*(flgleilf. 3], e1], €319 eiles, ei]l])
= fPQ(eg[g,e [62761]])

Now, we are ready to prove our results. In the case that t; € FEs, t3 & E5 and
co(tz) = 1, we obtain the following propositions.

Proposition 3.2. Let oy, 1, € WP(2,2) \ P(2,2), t; € Ey, co(tz) = 1. Then the
following statements are equivalent:

(1) 04,4, is idempotent.
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(ii) to is one of the following forms;

L4 t2 € {f&g}7

o in Pi(ty) = Fy---F}, where F; € {f,gJUE, 1 < i < k, there is
the smallest positive integer | € {1,...,k} such that F; = g with a
subcoterm th, of ta such that

—th=gor
— th, = g[z1,x2] where x1,x9 € ch?Q) and the following conditions
hold;
x if €3 € inn(ta), then M (xq) = €3,
x if €3 € inn(ta), then M?(xq) = €3.

Proof. (i) = (ii): Assume that to € {f,g}. Suppose that, in Pl(ty) = Fy--- Fj
where F; € {f,g}UE, 1 <i < k, there is the smallest positive integer | € {1,...,k}
such that F; = f. This implies that 64, +, € Es, which is a contradiction. This
implies that in Pl(ty) = Fy--- Fy where F; € {f,g} UE, 1 <i <k, there is the
smallest positive integer [ € {1,...,k} such that F; = g with a subcoterm t} of
to. Let t, # g. Assume that ¢, = g[x1,z2] where z1,22 € CTE;?z). Since oy, 4, s
idempotent,
lg = &thtz [t2] =5° (t27 a-tl b2 [1‘1]7 a-tl it [1‘2])

Let e? € inn(ty). Suppose that M'(z;) = e3. Then we have to replace e? in
inn(t2) of the coterm to by e3. Thus, S?(ta, 6¢, 1, [T1], 61, 1, [2]) # t2, which is a
contradiction. Hence, if € € inn(t2), then M!(z1) = €. Similarly, if €3 € inn(ts),
then M?(z2) = €3.

(i) = (i): It is clear that 64, ¢,[F| = F where F € {f,g}. Thus, if t5 € {f, g},
then oy, 4, is idempotent. Assume that in P'(t) = Fy - - - F}, where F; € {f, g}UE,
1 <4 < k, there is the smallest positive integer [ € {1,...,k} such that F; = ¢
with a subcoterm t5 of 5. In this case, since t1 € Ea, &y, 4,[t1] = t1. If th = g,
then 6y, 4,[t2] = G¢,.1,[th] = G4,4,]9] = t2. Assume that ¢, = g[zq,x2] where
Z1,Tg € ch?z). Let €2 € inn(ta). Then 64, 1,[ta] = 64, 1, [th] = 61110 [g[71, 22]] =
S(t2,€2,64,.1,[72]). Thus, we have to replace €2 in inn(t3) of the coterm to by e3.
Similarly, if €3 € inn(t2), then we have to replace €3 in inn(ts) of the coterm t5 by
e3. Therefore, oy, ¢, is idempotent. O

For example, let f and g be cooperation symbols of type (2,2). Then we have

e 04,41, is idempotent where t; = e2 and t, = e3[e3, e2[g[e?, €3], €3], €3].

® 04,1, is not idempotent where ¢; = €3 and to = g[e3, €?]

Similarly, in case of t2 € Ea, t1 & F> and co(t;) = 1, we have as follows.

Proposition 3.3. Let 0y, 4, € WP(2,2) \ P(2,2), t3 € E3, co(t1) = 1. Then the
following statements are equivalent:

(i) o4 1, is idempotent.
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(i) t1 is one of the following forms;

o t1 €{f g},

e in Pl(t) = Fy--- Fy where F; € {f,g} UE, 1 < < k, there is the
smallest positive integer 1 <1 < k such that F; = f with a subcoterm
t) of t1 such that

—th=for
— th = flx1,x2) where xq,29 € ch?Q) and the following conditions
hold;

x if €3 € inn(ty), then M (xq) = €3,
x if €2 € inn(ty), then M?(xq) = €3.

For example, let f and g be cooperation symbols of type (2,2). Then we have

e 04, 4, is idempotent where ty = €2 and t; = e3[f, €2, €3]

e 04, 4, is not idempotent where ¢ty = €3 and t; = €?[e3, f[e3, €3]].
Remark 3.4. We observe that for oy, 1, € WP(2,2)\P(2,2), t1 € Ey and co(t2) >
1, if o4, ¢+, is idempotent, then inn(te) N Ey # 0. To see this, we suppose that
inn(te) N Ey = 0. This implies that inn(te) N{f,g} # 0. If f € inn(ta), then t1 €
inn(te). If g € inn(t2), then the coterm Gy, 4, is longer that the coterm to. These
contradict that oy, +,. Hence, inn(ta) N By # 0. Dually, for oy, +, € WP(2,2) \
P(2,2), ty € Ey and co(t1) > 1, if o4, 4, is idempotent, then inn(t2) N Ey # 0.

By the above observation, we obtain the following result.

Proposition 3.5. Let 04, +, € WP(2,2) \ P(2,2), t;, € Ea, co(tj,) > 1 where j;
and jo are distinct elements in {1,2}. We have that if oy, 1, is idempotent, then
inn(tj,) N Ey # 0.

In case that t; € Es, to € Eo and co(tz) > 1, we obtain the following proposi-
tions.

Proposition 3.6. Let oy, 1, € WP(2,2) \ P(2,2), t = €2,, m = 1,2, co(t2) > 1,
to = Fs1, 82] with P™(ty) = Fy--- Fy, for some natural number k where F, F; €
{f,gtUE, 1 < i < k and inn(tz) N By = {e?}, j = 1,2. Then the following

statements are equivalent:
(1) 01,4, is idempotent.

(i) In P™(ts), there exists the smallest positive integer | € {1,...,k} such that
F; = g with a subcoterm th, and one of the following conditions hold;

o if inn(t2) N{f, g} #0, then t; = g,
o ifinn(ta) N{f,g} =0, then th = g[s], sh], 1,55 € c (332) such that the

set of cooperation symbols occurring in Pm(sg) is {f} or0.
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Proof. (i) = (ii): Since P™(ty) = Fy---Fy where F; € {f,gt UE, 1 <1 <k
for some natural number k, then there exists ¢ € {1,...,k} such that F, = ¢
since otherwise 6y, 4,[t2] € Ea, which is a contradiction. Let [ € {1,...,k} be
the smallest positive integer such that F; = g with the subcoterm ¢, of t5 where
th = g or th = g[s], sh], si,85 € ch?z). Let inn(t2) N {f,g} # 0. Suppose that

(2)

2 ) L :
5 = g[s}, s5] where s}, s5 € ¢T3 Since o¢, 4, is idempotent, we consider

= 01,1, [t
= Oty,ty [9[8/1, 3/2”
Oty,ty (9)7 &tl,tZ [SI1]7 (}t17t2 [8/2])

t27 a/\-thtz [8,1]5 a—tl ,to [5/2])'

—_~ o~

If f occurs in inn(tz), then we have to replace f in inn(¢) of the coterm ¢ by
fle3,e3]. Thus, S3(ta, 84, 1,[51],01,.0,[5]) # to, which is a contradiction. If g
occurs in inn(ts), then the coterm S3(ta, G4, 1,[81], 61, .1, [55]) must be longer that
the coterm to. These implies that S3(t2, 64, 1,[81] 61,4, [85]) # to, which is a
contradiction. Thus, we obtain t5 = g.

Let inn(t2) N {f,g} = 0. Then we have that t;, = g[s], s5] and s/, s € CTE;)Q).
Suppose that the nonempty set of cooperation symbols occurring in Pm(sg) is not

{f}. Since oy, 1, is idempotent, we consider

to = Gy, 1, [t2]
= Gty,1 (1)
= Gyt [9[51, 55]]
= 53(011.15(9): 61, 1 [81], 61y 1, [85])

= SQQ(t27 &tl,t2 [8/1]7 &t17t2 [8/2])

This implies that the coterm S3(ta, 64, +,[81], G, 1,[55]) must be longer than the
coterm to. This follows that 6y, 4,[t2] # t2, which is a contradiction. Therefore

th = g[sy, sb], si,sh € ch)Q) such that the set of cooperation symbols occurring

in P™(s) is {f} or 0.

(ii) = (i): Without loss of generality, we assume that m,j = 1. Then, in
P1(t;), there exists the smallest positive integer [ € {1,...,k} such that F; = ¢
with a subcoterm ¢}. Assume that inn(t2) N {f, g} # 0. Then t}, = g. This clearly
implies that &, ¢,[t2] = t2. Assume that inn(t2) N {f, g} = 0. Then t;) = g[s], 5],
sh,sh € ch?Q) such that the set of cooperation symbols occurring in P1(s}) is {f}
or (). Since inn(ty) N By = {e?}, we obtain that 64, 4,[t2] = t2. Therefore, oy, ¢, is
idempotent. O

For example, let f and g be cooperation symbols of type (2,2). Then we have

® 01,1, is idempotent where ¢1 = ef and t> = e3[ef, flglef, e1], glef, f[ef, d]]]]-
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e 04, 1, is not idempotent where ¢; = €3 and to = gle3, gle3, €3]]

Similarly, we can prove the following proposition.
Proposition 3.7. Let o1, 1, € WP(2,2) \ P(2,2), ty = €2,, m = 1,2, co(t;) > 1,
t1 = Fls1, 82] with P™(t1) = Fy --- Fy for some natural number k where F, F; €

{f,gt UE, 1 < i <k and inn(t;) N Ey = {ejz»}, j = 1,2. Then the following
statements are equivalent:

(i) 01,4, is idempotent.

(i) In P™(t1), there exists the smallest positive integer l € {1,...,k} such that
F, = f with a subcoterm t|, and one of the following conditions hold;

Zf Znn(tl) N {fag} 7é wf then t] = f;

if inn(t) N{f,g} = 0, then t} = f[s},s5], s, sh € 01{(2 o) such that

the set of cooperation symbols occurring in P™(s}) is {g} or 0.

For example, let f and g be cooperation symbols of type (2,2). Then we have
e 01, 1, is idempotent where to = e} and t; = g[f[e3, €3], f[e3, €3]].
e 0y, 1, is not idempotent where t2 = €3 and t; = f[g, gle?, e3]].

Next, we give a characterization that a weak projection cohypersubstitution
Oy 1, 18 idempotent where inn(t;) = Ea, i = 1,2.

Proposition 3.8. Let 04,4, € WP(2,2) \ P(2,2), t1 = €2, co(ta) > 1, to =
F[s1, 82] with PL(ty) = Fy - - - F}, for some natural number k where F, F; € {f,g}U
E, 1<i<k and inn(te) = Ey. Then the following statements are equivalent:

(1) 04,4, is idempotent.

(ii) In P(ty), there exists the smallest positive integer | € {1,...,k} such that
F}; = g with a subcoterm th, of ta, and one of the following conditions holds;

° =9,
o if t, = g[s},sh] where s}, € CTE2)2 then the following conditions
hold;

— the set of cooperation symbols occurring in P1(s}) is {f} or 0,
and M*(s}) = e? or M'(s}) = f,

— the set of cooperation symbols occurring in P*(sh) is {f} or () and
M'(s5) = €5.

Proof. (i) = (ii): Since Pl(t3) = Fy---F) where F} € {f,gJUE, 1 <1 <k
for some natural number k, then there exists ¢ € {1,...,k} such that F, = ¢
since otherwise 6y, 4,[t2] € Eo, which is a contradiction. Let [ € {1,...,k} be
the smallest positive integer such that F; = g with the subcoterm t} of ¢to where

th =g orth = g[s],sh], s, € CTg2)2) Assume that t5 # g. Then t§ = g[s], sb],
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s, sh € ch

in P1(s}) is not {f}. Since oy, 4, is idempotent,

)2). Suppose that the nonempty set of cooperation symbols occurring

to = Gy 1, [t2]
= Gty,1[t2)]
= G1,.1,[9[51, 55]]
= S5(011.15(9): 61, 1 [81], 61, 1, [55])

= 522 (t27 6t1,t2 [8/1]7 &tl’t2 [3/2])

This implies that the coterm S3(ta, 8¢, 1,[81], 6+, ,[55]) must be longer that the
coterm ty. This follows that 64, 1, [t2] # t2, which is a contradiction. Hence, the set

of cooperation symbols occurring in P*(s}) is {f} or (. Suppose that M!(s}) = e3.

Then we have to replace €2 in inn(tz) of the coterm ¢, by e3. This implies that
ty # G4, t,[te], which is a contradiction. Suppose that M!(s}) = g. Then the
coterm S5 (t2, 64, 1,[81], Oty 1, [$5]) must be longer that the coterm ¢5. This implies
that ty # 64, +,[t2], which is a contradiction. If M!(s}) = e? or M'(s}) = f, then
we replace €2 in inn(,) of the coterm t5 by 2. Hence, M*(s}) = e? or M1(s}) = f.
Similarly, we can show that the set of cooperation symbols occurring in P!(s}) is
{f} or 0. Suppose that M!(sh) = €2 or M*(sh) = f. Then we have to replace
e3 in inn(ts) of the coterm to by e?. This implies that to # 64, 1,[t2]. Suppose
that M (sh) = g. Then the coterm S5 (t2, 6+, +,[81], Oty 1, [5]) must be longer that
coterm to. Hence, for any cases we obtain M1 (s}) = 2.

(ii) = (i): In P(t3), there exists the smallest positive integer [ € {1,...,k}
such that F; = g with a subcoterm t5. It is clear that if t5 = g, then &y, 4,[t2] =
Gyt [t5] = Gty .1, [g] = ta. Now, if t5 # g we consider

t1,t2 [tl2]

&tl»tQ [g[s/la 5/2]}

522 (O-tlat2 (9)7 &tl,tz [8/1]7 &t17t2 [8/2])
2

SZ (t27 a't1,t2 [sll]v 6t1,t2 [8/2])

Q>

&tlth [tQ] =

If Mi(s}) = €2 and M'(sh) = e3, then we have to replace €2, €3, f and g in
inn(t2) by €%, €3, f and g, respectively. So, Gy, 4, [t2] = to. If M(s}) = f and
M?*(sh) = €2, then we have to replace e?, €2, f and g in inn(tz) by €2, €2, f and
g, respectively. So, 4, 1,[t2] = to. Therefore, oy, 4, is idempotent. O

For example, let f and g be cooperation symbols of type (2,2). Then we have
® Oty is ideInpOtent where {1 = e% and ty = 6% [f[g[f> €%],g[f[€%, 6%], f]]a 9[97 f]]
® 04,1, is not idempotent where t; = €2 and to = f[g[e3, €3], fle3, €3]]

Similarly, we can prove the following propositions.
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Proposition 3.9. Let 01,4, € WP(2,2) \ P(2,2), t1 = €3, co(ta) > 1, to =
F[s1, s3] with P?(ty) = Fy - - - Fy, for some natural number k where F, F; € {f,g}U
E, 1<i<k and inn(te) = Ey. Then the following statements are equivalent:

(1) 01,4, is idempotent.

(ii) In P?(ty), there exists the smallest positive integer | € {1,...,k} such that
F; = g with a subcoterm t,, and one of the following conditions hold;

o ty=g,

if th = g[sh, s5] where s}, s5 € ch?z), then the following conditions
hold;

— the set of cooperation symbols occurring in P?(s}) is {f} or 0,
and M?(s}) = €2,
— the set of cooperation symbols occurring in P%(sh) is {f} or 0 and
M2(s}) = e§ or M2(s}) = g.
For example, let f and g be cooperation symbols of type (2,2). Then we have

e 04, 1, is idempotent where t; = €3 and to = g[f]g, €3], fle3, fle?, e3]]].

® 04,1, is not idempotent where t; = €3 and to = e}[flg, fle3, €3]]].

Proposition 3.10. Let o4, 1, € WP(2,2) \ P(2,2), to = €%, co(tz) > 1, t; =
F[s1, s3] with PL(t1) = Fy - - - F}, for some natural number k where F, F; € {f,g}U
E, 1<i<k and inn(ty) = Ey. Then the following statements are equivalent:

(1) 01,4, is idempotent.

(ii) In P(t1), there exists the smallest positive integer | € {1,...,k} such that
Fy = f with a subcoterm t|, and one of the following conditions hold;

o i1 =/,
o ift) = f[s,sh] where s},sh € ch?Q), then the following conditions
hold;

— the set of cooperation symbols occurring in P(s}) is {g} or 0,
and M*(s}) = e? or M'(s}) = f,
— the set of cooperation symbols occurring in P1(sh) is {g} or () and
M (s}) = €3.
For example, let f and g be cooperation symbols of type (2,2). Then we have

e 04, 1, is idempotent where to = e} and t1 = g[g[f, €3], fle3, g]].

e 0y, ¢, is not idempotent where t2 = €2 and t; = g[f[e3, €3], g[e?, €3]]
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Proposition 3.11. Let o4, 1, € WP(2,2) \ P(2,2), to = €3, co(tz) > 1, t; =
Fs1, 2] with P?(t,) = Fy - - - F}, for some natural number k where F, F; € {f,g}U
E,1<i<kandinn(ty) = Ey. Then the following statements are equivalent:

(i) o1, .1, is idempotent.
(ii) In P?(t,), there exists the smallest positive integer | € {1,...,k} such that
F, = f with a subcoterm t}, and one of the following conditions hold;
.« 8= f,
o if th = f[sh,sh] where s}, s5 € ch?m, then the following conditions
hold;
— the set of cooperation symbols occurring in P%(sy) is {g} or 0,
and M?(s}) = €3,
— the set of cooperation symbols occurring in P?(sh) is {g} or () and
M?(sh) = €3 or M?(sh) = f.
For example, let f and g be cooperation symbols of type (2,2). Then we have

e 04,1, is idempotent where ¢ty = €3 and
tr = etlglflet, i), flet, e3ll, flgled, ed), flet, e3]].

® 04,4, is not idempotent where ¢, = €3 and
tr = eilglflet, ei], fle3, e3ll, flgled, ed), flet, e3]]].
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