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1 Introduction

General surveys of group analysis of differential equations have been given
by many authors (see, e.g., [1H3]). Group analysis involves the study of symme-
tries of the equations, which means finding local groups of transformations that
map a solution of the system of equations into a solution of the transformed sys-
tem. Symmetry can make it possible to reduce the number of dependent and
independent variables in the system, and also allows finding new solutions of the
system and studying various parts of its solutions. Also, as originally shown by
Noether (see, e.g., [2], chap.4), an important application of Lie group analysis is
finding invariants for the system of equations. This application of group theory
has been found to be essential in many areas of science and engineering in finding
conservation laws that correspond to the group symmetry and the mathematical
invariants that correspond to them. For example, both finite and Lie groups are
used in classifying fundamental particles in physics, classsifying spectra of atoms
and molecules in chemistry, analyzing electric radiation in electrical engineering
etc.

In contrast to deterministic differential equations, there have been compara-
tively few attempts to apply symmetry techniques to stochastic differential equa-
tions or to find invariants or conservation laws associated with the systems. How-
ever, see |4,/5] for a study of approximate conservation laws for stochastic differ-
ential equations.

In the existing literature two main approaches have been used in applying
group analysis to stochastic differential equations. The first approach (see, e.g., [6/-
9]) is based on fiber-preserving transformations of the form

T; = i(t,z,a), t=H(t,a) (i=1,...,n), (1.1)

where t is the independent variable, x; is a dependent variable and a is a canonical
parameter for a Lie group of transformations. This approach has been applied to
stochastic dynamical systems ( [6}|9]), and to associated Fokker-Planck equations
( [7.)8]). A weakness of this approach is that it is restricted to transformations
in which the transformed independent variable is a function of the independent
variable only.

The second approach ( [4,5,{10-12]) deals with symmetry transformations for a
system of It0 differential equations in which the transformation of the independent
and dependent variables are functions of both independent and dependent vari-
ables. This approach has been applied to scalar second-order stochastic differential
systems ( [11,/12]), to partial differential equations such as the heat equation [12],
to Fokker-Planck equations ( [5,/10]) and to Hamiltonian-Stratonovich dynamical
control systems [5]. In these papers, there have also been attempts to involve
Brownian motion in the transformation, but usually without proof that Brownian
motion is transformed to Brownian motion.

In [13,|14], a new definition of an admitted Lie group of transformations for
stochastic differential equations was given. These transformations included de-
pendent as well as independent variables. In particular, the transformation of the
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Brownian motion included both dependent and independent variables, and a strict
proof was given that the transformed Brownian motion satisfied the properties of
Brownian motion. This theory was then applied in [13+15] to derive Lie groups of
transformations for first-order and some higher order stochastic differential equa-
tions.

In the present paper, the results given in |13}|14] are used to derive Lie groups
for some higher-order stochastic differential equations of physical interest. We
show how to construct determining equations for admitted Lie groups of trans-
formations for second and third-order stochastic differential equations and give
examples of the applications to selected second and third-order equations. Exam-
ples are given of both fiber-preserving and non-fiber-preserving transformations.

2 Transformations of Ito Integrals and Brownian
motion

In this section, we summarize the mathematical tools required for defining the
transformation of Brownian motion [13H16].

Let 2 be a set of elementary events w, F' be a g-algebra of subsets of {2, and
P be a probability (or probability measure) on F. The triple (2, F, P) is called
a probability space. It is assumed that a o-algebra F' is generated by a family of
o-algebras Fi, (t > 0) such that

F,CF,CF Vs<t, s,tel,

where I = [0,7] and T € [0, 00).

The flow of non-decreasing o-algebras F; is also called a filtration and the
o-algebra F' is denoted by F' = (F});>o0. The triple (Q, F = (F});>0,P) is called
a filtrated probability space. Let {X(t) = Xi(¢),..., X, (t)}s>0 be a stochastic
process satisfying the system of n Itd6 equations with r Brownian motion terms
given by (see, e.g., [16])

dXi(t,w) = fi(t7X(t,W)>dt + igik(tX(t,w))dBk(t,w), (Z = 1, ceey n)7 (21)
k=1

with the initial condition X (0) = X. In , the f;(t,x) represent drift vectors,
gix(t,x) represent diffusion matrices and By (k = 1,...,7) are one-dimensional
Brownian motions. To simplify notation, we will use the standard summation
convention in the remainder of this paper that a repeated index denotes summation
over that index.

As usual [16], the It6 equations are to be interpreted in the sense that

Xitw) = X0w) + [ £l Xs)ds + [ guls, X(s)dBulsw). (22)
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for almost all w € Q and for each ¢ > 0. In (2.2)), the integral fg fi(s, X (s,w))ds

represents a Riemann or Lebesgue integral and fot 9ik (8, X (s,w))dBg(s,w) is an
1t6 integral.

Following the derivations in Oksendal ( [16], chap.8) and Srihirun et al. |13}
14], we introduce transformations of the stochastic integrals in as follows.
Let n(t,z) be a sufficiently many times continuously differentiable function and
{X(t,w)}i>0 be a continuous and adapted stochastic process (see, also [153]).
Since 72(t, z) is continuous, n?(t, X (t,w)) is also an adapted process. We define

B(t,w) = / 7P (s, X (s,w))ds, £ > 0, (2.3)

and for brevity write 5(t) instead of S(¢,w). The function §(t) is called a random
time change with time change rate n*(t, X (¢,w)). Note that §(t) is also an F}
adapted process. Suppose now that n(t,x) # 0 for all (¢,2). Then for each w, the
map t — B(t) is strictly increasing. Next, we define (see, e.g., [14}/16])

a(t,w) = ;Izlf(;{s : B(s,w) > t}, (2.4)

and, for convenience, write «(t) instead of a(t,w). For almost all w, the map
t — «(t) is continuous, and

Bla(t)) =t = a(B(1)). (2.5)
Then, since B(t) is an Fi-adapted process, we have
{w:at) <s}={w:t<B(s)} € Fs, forallt >0 and s > 0. (2.6)

Hence t — «a(t) is an Fs-stopping time for each ¢.
The following theorem [14] (see also [16], chap.8) will be crucial for defining
the transformation of a Brownian motion.

Theorem 2.1. Let n(t, x) be a sufficiently many times continuously differentiable
function and {X(t,w)}i>0 be a continuous and adapted stochastic process that is

a solution of (2.2)). If {B(t)}+>0 is a standard Brownian motion then

a(t)
B(t) = /0 n(s, X(s,w))dB(s), t>0 (2.7)

is a standard Brownian motion (B(t), Fy ), where

Fopy={Ac F:AU{w:a(t) < s} € F;, forall s> 0}.

3 Lie Groups of Transformations for Stochastic
Processes and Stochastic Differential Equations

This section is devoted to reviewing the group analysis method and its appli-
cation to stochastic processes and in summarizing the theory developed in [14}/15]
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for obtaining Lie groups of transformations for stochastic differential equations.
The theory will be used in section [5| to develop Lie groups for some second and
third order stochastic differential equations of physical interest.

Assume that the set of transformations

t=H(t,z,a), T =qp(t,x,a), i=1,...,n, (3.1)

compose a one-parameter Lie group, where H (¢, z, a) and ¢; (¢, x, a) are sufficiently
many times continuously differentiable functions, and a is a canonical parameter
for the group. Let

h(t,.’I}) = 0 H(t,x,a) and gz(tal‘> = %(pi(taxva) (32)

da a=0 a=0

be the coefficients of the infinitesimal generator h(t, z)0:+&;(t, x)0,, of a Lie group.
Then H(t,x,a) and the p;(t, x, a) satisfy the Lie equations (see, e.g., [2,/17]),

OH ¢

%*h(HﬂOlv"'v@n)a da :gi(H7§01""750n)7 (33)

where the initial conditions at a = 0 are that
H(t,z,0) =t, @;(t,x,0)=2a; i=1,2,...,n. (3.4)

In the following, we will use the standard notation Hy(t,z,a) = 2 H(t,z,a) for
partial derivatives. Since Hi(t,x,0) = 1 and Hi(t,x,a) are continuous functions,
we must have Hi(¢,x,a) > 0 in some neighborhood of a = 0. Therefore there

exists a function 7(t, x,a) such that

n(t,z,a) =/ He(t, z,a), n(t,z,0) = /He(t,2,0) =1, (3.5)

which satisfies the conditions in section Then, following the development in
section [2f we let 5(t) = fot n?(s, X (s,w),a)ds and a(t) be the inverse function of
B(t). Since B(a(t)) = ¢ for almost all w, then

0 (a(f), X (a(?),w), a)az(f) =1 and  ag(s) = n~*(a(s), X (a(s),w),a). (3.6)

We now consider the application of Lie group theory to stochastic processes.
Let X (t,w) be a continuous and adapted stochastic process. A Lie group for
X (t,w) will be defined by a transformation of the form of (3.1). That is,

X(t,w) =pla(t), X(a(t),w),a), (3.7)

and «a(t) is the inverse function of B(t). This gives an action of a Lie group (3.1))
on stochastic processes. Then, replacing £ by 3(t) and a(%) by ¢ in (3.7)), we obtain

X(B(t),w) = @(t, X (t,w),a).
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. Then, using ({3.2)

0
It is useful to introduce a function 7(¢,z) = 8—n(t,x, a)
a

a=0
and (3.5)), we have
1 ) 10 1
t = — t = ——H,;(t = —h(t . .
T( 7‘r) 277(t,33,0) 8&77 ( ,x,a) o 2 da t( ,x7a) o 2 t( 7x) (3 8)

The functions 7(¢,z) in (3.8)) and &;(¢,z) in (3.2)) can be used to define a Lie
group of transformations for stochastic processes with the infinitesimal generator

h(t, 2)8; + & (t, 2)0s, . (3.9)

The functions H (¢, z,a) and ¢;(t, x, a) for a stochastic differential equation can be
obtained from the infinitesimal generator formula by using the Lie equations ((3.3|)
with the initial conditions (|3.4)).

4 Admitted Groups and Determinining Equations
for Stochastic Differential Equations

We now summarize the method of Srihirun [13H15] for deriving Lie groups for
systems of stochastic differential equations.

Definition 4.1. ( [13l|14]) A Lie group of transformations (3.1) is called
admitted by a system of n stochastic differential equations (2.1) if for any solution
X (t,w) of (2.1 the functions & (¢,x) (i = 1,...,n) and 7(¢, x) satisfy the following
determining equations:

1

fi,t(ty X(t, W)) + fjgi,j (t, X(t,w)) + D)

9ikgie&i i (t, X (t,w))
t
= 2ot X (00) [ 7l X (ss))ds = (8 X (1) = 2ot X (1) = 0

t
Gy (6 X (6,0)) — 2gu00(t, X (1,0)) / 75, X (5,))ds
0
— ginT(t, X (t,w)) — gir, ;& (t, X (t,w)) =0, (i=1,..,nk=1,..,r), (41)
where, for example, the notation used for partial derivatives is

0&; 0&; 9%¢;

it = oy &= Ay gl = : 4.2
St = 59 = gx,0 59T X0, (4.2)

and a repeated index again means summation over the index.

The determining equations (4.1) are constructed so that the Lie group of

transformations (3.1 transforms any solution of equations (2.1) or (2.2)) into a
solution of the same equations.
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The symmetry of the stochastic differential equation can be checked by ap-
plying the time change formula for Riemann integrals (see, e.g., [18]) to the Ito
integral. According to the time change formula, if ¢ is a continuously differentiable
function on a closed and bounded interval [a,b] with ¢'(z) # 0 for all z € [a, b],
and if [¢,d] = ¢([a,b]) and f is integrable on [¢, d], then

d b
/f@ﬁ:/fw@MM@W% (4.3)

The time change formula for It6 integrals given in [19] is a non-anticipating func-
tion e with

t t
P(/ e*ds —|—/ n*ds < oo, t > 0) =1, (4.4)
0 0

which satisfies the formula

alt) t 1 _
/0 e(s,w)dB(s) :/0 e(a(s)’w)n(a(s),X(a(s),w),a)dB(S)'

We note that the determining equations in can easily be adapted for a
second or third order equation in explicit form by the standard process of convert-
ing the higher-order equation to a system of first-order equations. For example,
consider the third-order It6 equation

(0 = £(6.X(0. X0, X0) + gt X0, X0, XD 20 (45)

where f and g are given functions and B is a Brownian motion. Equation (4.5
can be rewritten as the system of first-order It integral equations

X(t,w) = X(0,w) +/O Y(s,w)ds, Y(t,w)=Y(0,w) Jr/o Z(s,w)ds,
Z(t,w) = Z(0,w) —l—/o f(s, X (s,w),Y(s,w))ds
—|—/O 9(s, X (s,w),Y(s,w))dB(s).

(4.6)

Comparing this system of first-order equations with (2.1)) and (2.2]), we have n = 3,
r=1and
fl(thvy,Z):K f2(taX7Y7Z):Z7 f3(t7X7YvZ):f(th7Y)v
911(t7X7Y7 Z) = 921(t7X7Y7 Z) = 07 g31(t7X7Y7 Z) = g(tava) (47)

The determining equations for the functions &;(t,x,y,z), i = 1,2,3, and
7(t,%,y,z) can then be obtained from the determining equations (4.1)).
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5 Results and Examples

In this section, we present some examples of group analysis of second and
third-order stochastic differential equations of physical interest.

5.1 Second-Order Stochastic Differential Equations

Example 5.1. (Stochastic Mathieu Equation). Consider the stochastic gener-
alization of the Mathieu equation given in (5.1). This generalization has been
studied by [20] and plays an important role in the study of stability of excited
oscillators. JB(1)

X(t)+eBX(t) + X(t) = —eX ()=~
where € and 3 are constants and 0 < ¢ < 1. The corresponding It integral
equations are:

(5.1)

t
X(t,w) = X(0,w) —l—/ Y (s,w)ds, (5.2)
0
t ¢
V(o) = Y(0,w) —/ (X (s,w) + £BY (5, w))ds —g/ X(s,w)dB(s). (5.3)
0 0
For (5.2) and (5.3]), the functions corresponding to f; and g;r (i = 1,2, k = 1)
in (2.1) and (2.2) are:
fl(thaY):Yv f2(taX7Y) :_X_gﬁ}/a
gll(t,X, Y) = 0, ggl(t,X,Y) = —eX. (54)

The determining equations for this system can then be obtained from (4.1).
We obtain

1
fl,t + yélﬂc - (J) + Eﬁy)gl,y + 55237251,1111 - 52 - 23/7 = 07

1
§2.0 +ylax — (T +eBY)ay + 552332524/@/ + &1 + B8 + 2(z +eBy)T =0,
1
§1y =0, &Sopy—7— ;51 =0. (5.5)

We have used the Maple program to find the solution of the determining equa-
tions (5.5) and obtained the following solution:

&= Ciz, & =Cy, 7=0. (5.6)

From (B.8), hi(t,z) = 27(t,z) = 0, and therefore we can choose h(t,z) = 0.

A basis of admitted generators &1, &> corresponding to can be obtained by

setting Cy = 1. Then, using , we obtain an infinitesimal generator for the Lie
group as:

h(t,z,y)0 + &i(t, 2, )0z + &2(t, 2, y)0y = 205 + yOy. (5.7)
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On integrating the Lie equations and for the admitted generator in ,
we obtain the following Lie group of transformations.
E= H(t,a(t), y(t),a) =,
T(B(t) = pi(t, x(t),y(t), a) = z(t)e?,
Y(B(t) = pa(t, x(t), y(t),a) = y(t)e,  n(t,x(t),a) =1,

Bt) = /0 (s, z(s),y(s),a)ds =t =1, a)=a(Bt) =t. (5.8)

We now show that solutions of the transformed It6 equations of (5.2)) and (5.3)
have the same solutions as the original equations.

Assume that X(f) = X(B(t)) and Y (t) = Y(B(t)) are solutions of the trans-
formed It6 equations of (5.2]) and (5.3)), i.e.,

X(tw) = Y(O,w)+/0 Y (3,w)ds, (5.9)

b<
=
£

I

Y(0,0) - /0 (eAY(5,w) + X(5.w))ds
—€ tY(E,w)dE(g). (5.10)

Using the transformations in (5.8]), we can transform equation (5.9)) into
t
e’ X(t,w) =e*X(0,w) + e“/ Y (s,w)ds, (5.11)
0
and therefore (5.2)) is satisfied.

From Theorem and the transformation (5.8]) the Brownian motion B(t) is
transformed to the Brownian motion

_ a(t) t
B(t):/O n(s,X(s,w),a)dB(s):/O 1dB(s), (5.12)

and hence dB(f) = dB(t). Therefore the transformations of the terms in (5.10))

are:

Y (t,w) = Y(t,w)e?, Y(0,w) =Y (0,w)e”

/0 (eBY (s,w)e® + X (s,w)e*)ds,

ﬁ
o
sy

<
@
£
+
>
ol
E
=
[V

Il

75/0 X(3,w)dB(3) = 75/0 X (s,w)e*dB(s). (5.13)

The transformation of (5.10) is then

e’Y (t,w) =e*Y(0,w) — e“/o (eBY (s,w) + X (s,w))ds — 6“5/0 X (s,w)dB(s),
(5.14)
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and therefore (|5.3) is satisfied.
To complete the proof, we note that the transformed It6 equations are equiv-
alent to the transformed stochastic differential equation
. = — - dB(t
X(t)+eBX(t)+X(t) = —z-:X(t)%7
and therefore the Lie group of transformations (5.8) transforms any solution of
(5.1) into a solution of the same equation.

Example 5.2. Consider the stochastic Liénard equation in (5.15) ( [21], p.158).
This equation is a model for random vibrations in a spring-mass system. We let
X (t) be the displacement of the mass from its equilibrium position, Y () = X =

X(t) be the velocity, m be the mass, b be a damping factor, k a spring constant
and v and A be constants associated with the stochastic disturbance.

. . dB(t
mX(t) +bX () + kX () = 272)\%. (5.15)
The corresponding It6 integral equations are:
t
X(tw) = X(0,w) +/ ¥ (s, w)ds, (5.16)
0
bk b NN
Y(t,w) = Y(0,w)-— /0 (EX(S’W) + EY(s,w))ds + T/o dB(s).
(5.17)
For (5.16) and (5.17)), the functions corresponding to f; and g, (1 = 1,2, k= 1)
in (2.1)) and (2.2)) are:
k b
fl(t7X7Y):K f2(taX7Y):_7X_7K
m m
292\
gll(t7Xa Y) = 0; g21 (taX7Y> = 77’2/ . (518)

The system of determining equations (4.1]) thus becomes

Eoob V2

St +y&ie — (Ez + Ey)gl,y to3 Sy — &2 — 2yt = 0,
k b 2\ k b

52,1& + y§2,z - (*1’ + *y)gly + 2 P} g?,yy + *51 + *52
m~ m m m m

k b
+2(—z+ —y)T =0,
m m
gl,y = 0, 5273/ —7 = 0. (519)

We have used the Maple program to find the solutions of the determining
equations (|5.19) and obtained the following solutions:

& = Clerlt + C26T2t, & = Cyrie™t + CQ?"QGth, T =0, (5.20)
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1 bt (b2 —dkm) 3 )

—b—(b%2—-4 % .
where ry = 5 and ro = %(M). Since 7 = 0 for these so-

lutions, we can choose h(t,z) = 0. A basis of thz;admitted generators correspond-
ing to can be obtained by setting (Cy,Cs) = (1,0) and (Cy,Cs) = (0,1).
Then, on substituting for h, &1, &> into , we obtain the following two admitted
generators.

"0, +r1e0,, €0, + 1r2e”'0,. (5.21)

On integrating the Lie equations (3.3)) and (3.4) for the first admitted generator
in (5.21)), we obtain the following Lie group of transformations.

t=H(t,xz(t),y(t),a) =1,

T(B(t) = pi(t, x(t),y(t),a) = z(t) + ae™’,
Y(B(1) = pa(t, x(t), y(t),a) = y(t) + are™’,
n(t x(t),y(t),a) =1,

B(t) = / 72 (s,5(5),y(s), a)ds =t =%, a(f) = a(B#) =1, (5.22)

and, from Theorem dB(t) = dB(t). The equations for the second admitted
generator in ([5.21)) are similar, but with r; replaced by .
The proof that the Lie group transformations in (5.22)) transforms solutions

of (5.15) into solutions of the same equation is similar to the proof given in Ex-
ample and therefore we will not give the details here (for details, see [22]).

Examples[5.1]and [5.2]are both fiber-preserving transformations since the trans-
formation of ¢ is not a function of the independent variables. The following example
shows the application of the theory to a non-fiber-preserving transformation.

Example 5.3. (Non-Fiber-Preserving Transformation). Consider the equation

23],

X(t) = F(a) — nG2(2)X (1) + EG(:C)%. (5.23)

This second-order stochastic differential equation (5.23)) describes the posi-

tion of a particle subject to a deterministic forcing term F(z), a damping term
. aB

—pG? ()X (t) and a random forcing term EG(I’)E. In (5.23), —uG?(x) is the
coefficient of the damping term and eG(x) is the amplitude of the random forcing
term.

We consider the special case F(z) = X?2(t) and G(z) = X(t). Then equa-
tion ([5.23) becomes

. dB(t)

X(t) = X2(t) — pX2(t) X (t) + eX ()= (5.24)

The corresponding It6 integral equations for the system of first-order equations
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are then
X(t,w) = / Y (s,w) (5.25)
Y(tw) = Y(O,w)—i—/o (X2(s,w) — pX2(s,0)Y (5,0)) ds—i—e/ X (s,w)dB(s).

(5.26)

For (5.25) and ([5.26)), the functions corresponding to f; and g (1 = 1,2, k= 1)
in (2.1) and (2.2]) are:
fl(taX7Y):K fg(t,X,Y):XQ—,LLXQY,

gll(ta Xv Y) = 07 921(t,X, Y) =eX. (527)

The system of determining equations (4.1)) therefore becomes

1
§10+ Yra + (07 — paPy)ry + 5°0%61 yy — S — 2yT = 0,

2
1
o0 + ybow + (27 — pa’y)éay + 552$2§2,yy
— (2¢ — 2uxy)6y + pa’ly — 2(z® — pa’y)T =0,
§17y = 0, l‘fgy — XT — fl =0. (528)

We have used the Maple program to find the solution of the determining equa-
tions (5.28) and obtained the following solution:

Ol Cl
51: (E2’ 5220, T:_CE?’. (529)
C 2C1t
For this solution h:(t,z) = 27(t,x) = —2—; and therefore h(t,z) = — x; . Then,

x
on substituting for h, &1, & into (3.9) and choosing Cy = 1, we obtain the following

admitted generator
2t 1

—Eh T

Oy
To find the Lie group of transformations corresponding to this generator, we sub-
stitute the generator into the Lie equations (3.3 and ( to obtain
OH —-2H 0 1 0
| 9"2—0 (530
Oa 3 da @i’ Oa

with the initial conditions at a =0of H =¢t, @1 =2, w2 =y.
Then, solving (5.30)), we obtain the Lie group of transformations:

T=H(tz(t),yt),a) = t(1 + 3azx(t) )3,

Z(B(1)) = @1t 2(1),y(t),a) = (2(t)” + 30)3,
Y(B(t) = pa(t, x(t), y(t), a) = y(t),
n(t,x(t),y(t), @) = (1+ 3az=")75,

mwzlvﬂaﬂ@w@x@m,aww>:at2a (5.31)
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We now show that the Lie group of transformations ([5.31]) transforms a solu-
tion of the Itd equations (5.25) and ([5.26)) into a solution of the same equations.
For ease of writing, we define a time variable T'= §8(t). Then, we have o(T) =t
and

dT = @dt = n?(t, (), y(t), a)dt = (1 + 3ax(t) %)~ 3dt. (5.32)

From Theorem the transformation for the Brownian motion is

B(T)

_ a(B(t))
B(B(t)) = /0 n(s,z(s), y(s), w)dB(s, z(s), y(s),w)

/t(l +3aX 3(s,w)) " 3dB(s), (5.33)
0

and therefore dB(T) = (1 + 3aX ~3(t,w)) " 3dB(t).
Applying Ito’s formula to the function ¢1 (¢, z,y,a) = (23 + 3a)3 and using

the transformations (5.31)) and (5.32)), we have

X(T,w) = @i(t, X(t,w),Y(tw),a)
- 901(0,X(0,w),Y(0,w),a)+/0 Y (5,w) X (s, w)(X3(s,w) + 3a) "5 ds
= X(0w) +/tY(s,w)(1 +3aX3(s,w)) 3 ds
TO
= Y(0)+/ Y (3, w)ds, (5.34)
0

and therefore equation (5.25|) transforms correctly.
Applying Itd’s formula to the function ¢y (¢, X (t,w), Y (t,w), a), we have

Y(T,w) = @ot,X(t,w),Y(t,w),a)

©2(0, X(0,w),Y(0,w), a) —|—/0 (X2(s,w) — uX?(s,w)Y (s,w))ds
+/0 eX(s,w)dB(s). (5.35)

Using the transformations in equations (5.31) and (5.32), we have Y (T,w) =
Y (t,w) and

XAUT,w)dT = (X (t,w)? + 3a)F (1 + 3aX (t,w)®)"Fdt = X(t,w)?dt.  (5.36)
Also, from (5.33)), we have

X(T)dB(T) = (X(t)® + 3a)5 (1 + 3aX 3(t))"3dB(t) = X(t)dB(t).  (5.37)
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Then substituting the above equations into (5.35)), we have

T T
Y (T,w) =Y (0,w) —|—/O (Yz(E, w) — uyz(g,w)?(a w))d§—|—/0 eX(3,w)dB(3),

(5.38)

and therefore (5.26]) transforms correctly.

The transformed It6 equations (5.34]) and (5.38]) are equivalent to the trans-
formed differential equation

— - — dB

(B(t),w) = pX"(B(t), w) X (B(t),w) +€X(5(t),W)m- (5.39)

Therefore, the transformations (5.31) transform any solution of (5.24]) into a
solution of the same equation.

X(B(t),w) =X

5.2 Third-Order Stochastic Differential Equations

We consider a non-autonomous oscillating problem which can be modeled by
the following third-order stochastic differential equation [24].

X(t) +yX(t) + 02X (t) + b2 X (t) =

&% foluot, X (1), X (8), X () + f(ot, X (), X (), X (¢), ) dflf),

(5.40)

where v, b, ko, &, (¢ #0) and o are constants. We will consider two examples of
this model.

Example 5.4. As the first example of ([5.40), we assume that v = b = 0 and
fo =0, f- = exz®. The third order equation is then:

X)) = EXQd%Et). (5.41)

The corresponding 1t6 integral equations for (5.41)) are:

X(tw) = X(O,w)+/t Y (s, w)ds, (5.42)
0

Y(t,w) = Y(07w)+/t Z(s,w)ds, (5.43)
0

Z(t,w) = Z(O,w)+5/tX2(s,w)dB(s). (5.44)
0

Comparing (|5.44)) with (2.1) and (2.2]), we have n =3, r =1 and

fl(taX7}/7Z):Y7 f2(t7X7KZ):Z7 f3(t7XaKZ):O7
g1, X, Y, Z) = g1(t,X,Y,Z) = 0, g31(t,X,Y,Z) =eX?. (5.45)
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The system of determining equations (4.1)) thus becomes

1
S+ Y&+ 281,y + §€2$4§1,zz —& =2yt = 0,
1
o0 + Y82 + 260,y + §€2$4§2,zz — & — 221 = 0,
1
53,t + y€3,x + 253,3; + 552:17453,22 = 07
5172 =0, fZ,z =0, 1‘6373; + 1‘637,2 — T — 2§1 = 0. (546)

We have used the Maple program to find the solution of the determining equa-
tions (5.46) and obtained the following solution:

51 = 5011), fg = 701y, 53 = 9012, T = —Cl. (547)

For this solution, h(t,z,y,z) = —2 f(f Cy1ds = —2C4t. Then, substituting (5.47)
into (3.9) and choosing C7 = 1, we obtain the following admitted generator.

— 2t0; + 520y, + Ty0y + 920..

The Lie group of transformations corresponding to this generator are the solutions
of the Lie equations

OH 0p1 o Jps
da ) da P1, da Y2, da ©3,

with the initial conditions at a =0 of H =1t, o1 =, p2 =y, w3 = 2.
The transformations which correspond to this generator are then

t=te 2 T(t) = z(t)e®, G(t) = y(t)e™, Z(t) = z(t)e,

n(t,z,a) =e™, Bt =/ n*(s,z,a)ds = te 2" =1,
0
alt) =a(B(t)=t, t>0. (5.48)

We now show that if the equations for the transformed variables of the form of
the It6 equations (5.42), (5.43)) and are satisfied, then the equations ,
(5.43) and (5.44) are also satisfied. Then, since the transformation is invertible,
solutions of the transformed equations will be transformations of the solutions of
the original It6 equations.

Assume that X (%), Y () and Z(%) are solutions of the Itd equations ,

(5.43)) and (5.44]) for the transformed variables, i.e.,

XEw) = X(0,w)+ /t Y (3, w)ds, (5.49)
0

YEw) = Y(O,w)—i—/t Z(5,w)d5, (5.50)
0

Z(Ftw) = Z(O,w)+s/tX2(s,w)dB(s), (5.51)
0
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and from Theorem 2.1

. a(t) t o
B(f):/o efadB(s):/O e *dB(s), ie. dB(t)=e “dB(t). (5.52)

Then, using the transformations in (5.48]), we obtain

t
X(t,w)e’® = X(O,w)e5“—|—/ Y (s,w)e e 2ds, (5.53)
0
t
Y(t,w)e™ = Y(O,w)e7“+/ Z(s,w)ed e s, (5.54)
0
t
Z(t,w)e? = Z(O,w)ega—i—a/ X2(s,w)et%edB(s). (5.55)
0

Therefore, the It6 equations (5.49)), (5.50) and (5.51) for the transformed variables
X,Y and Z transform into the original It6 equations (5.42)), (5.43) and (5.44) for
the original variables X, Y, Z.
To complete the proof, we note that the transformed Itd equations (5.49)),
(5.50) and (5.51)) are equivalent to the transformed stochastic differential equation
= —2dB(t
X = gxz%, (5.56)
and therefore the Lie group of transformations ([5.48) transforms any solution of
(5.41) into a solution of the same equation.

Example 5.5. As a second example of (5.40), we assume that ko = 1, fo =
1, fe = ¢ and then equation (5.40]) becomes

X (1) + X (1) + b X (@) + b X (1) =<+ edif)

For (5.57), the functions corresponding to (4.6) are f = & — vz — by — vb%x and
g = €. The equivalent system of first-order It integral equations is then:

(5.57)

t
X(tw) = X(0,w) +/ Y (s,w)ds, (5.58)
0
t
Y(t,w) = Y(0,w) +/ Z(s,w)ds, (5.59)
0
t
Z(w) = Z(0,w)— / (V02X (5,w) + B2V (5,0) + 1Z (s, ) — £)ds
0
t
+ 5/ dB(s). (5.60)
0
Comparing (5.60) with (2.1) and (2.2)), we have n =3, r =1 and
fl(taX7KZ) = Y7 f2(t7X7KZ) = Za
(6, X,Y,Z) = —b?X —0Y —yZ +e,

gll(tavaaZ) = g21(t7X7Y,Z) = Oa 931(taXaKZ):€' (561)
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The system of determining equations (4.1)) thus becomes

1

gl,t + ygl,rc + Zfl,y + (5 2 be - ’Ybe)gl,z + 552€1,zz - 52 - 2yT = 07
1

boi Ym0y + (6 =72 = VY = W0)a + S0 e — &3 — 227 = 0,
1

&0+ Ylse + 283y + (e — vz — by — P2)&s . + 55253,zz + %8

+0%€a + 7€ — 2(e — vz — bPy — ya)T = 0,

El,z = 07 52,2 = 07 f3,y - §3,Z —7=0. (562)

We have used the Maple program to find the solutions of the determining equa-
tions (5.62)) and obtained the following solutions:

& = Cysin(bt) + Cocos(bt) + Cze
& = Cibcos(bt) — Cobsin(bt) — Czye
& = —O1b?sin(bt) — Cab® cos(bt) + Cyy?e ™, 7 =0. (5.63)

Three sets of admitted generators corresponding to (5.63) can be obtained by
choosing (01, 02, Cg) = (1, 0, 0)7 (01, CQ, Cg) = (0, 1, 0)7 (01, CQ, Cg) = (0, 0, 1).

The sets are:

1) sin(bt)0, + beos(bt)d, — b*sin(bt),,
2) cos(bt)d, — bsin(bt)d, — b* cos(bt).,
3) e 9, — ye ', + 42, (5.64)

Then, integrating the Lie equations (3.3]) and (3.4]) for the three sets of generators,
we obtain the following Lie groups of transformations for the three generators.

1) t=t, T(t) = x(t) + asin(bt), y(t) = y(t) + abcos(bt),
Z(t) = 2(t) — ab®sin(bt), n(t,z,a) =1,

= [ P*(s,z,a)ds=t=1, af)=a(Blt) =t t>0. (565)
0
2) =t, T(t) = x(t) + acos(bt), y(t) = y(t) — absin(bt)
é(f) = 2(t) — ab®cos(bt), n(t,z,a) =1
B(t) = ; n°(s,z,a)ds=t=1t, aft)=a(B)) =t t>0. (5.66)

Z(1) = 2(t) + av’e™, p(t,x,a) =1,
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The proofs that the transformations for the three generators transform ({5.57)
into a solution of the same equation is similar to the method in Example and
will be omitted (for details, see [22]).

6 Conclusion

The definition of an admitted Lie group of transformations for stochastic differ-
ential equations has been applied to second and third-order stochastic differential
equations. A correct approach for generalization of group analysis to higher order
stochastic differential equations has been developed and applied to derive gener-
ators for Lie groups for symmetry transformation of some second and third-order
stochastic differential equations of physical interest. The theory has been applied
to derive generators for three examples of second-order equations and two exam-
ples of third order equations. Examples have been given for both fiber-preserving
and non-fiber-preserving transformations. Proofs have been given to show that for
two fiber-preserving transformations and one non-fiber-preserving transformation,
the transformations transform a solution of a higher-order stochastic differential
equation into a solution of the same equation.
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