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Abstract : In this paper, a modified ratio estimator for estimating population
total in the presence of nonresponse under unequal probability sampling without
replacement are proposed under the conditions of with or without response prob-
ability. The modified estimator is investigated under a reverse framework with a
uniform nonresponse mechanism where the overall sampling fraction is negligible.
Theoretical studies show that the proposed estimator is asymptotically unbiased
and more efficient than the existing one. We compared the efficiency of the pro-
posed estimator with other estimator through a simulation study. The results
showed that for all levels of response probability the proposed estimator had a
smaller relative bias and relative root mean square error than other estimator.
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1 Introduction

The problem of constructing efficient estimators for the population total by using
auxiliary variables has been widely discussed by various authors. Cochran [l
proposed a ratio estimator under simple random sampling without replacement
when the population total of an auxiliary variable is known. Sisodia and Dwivedi
[2], Singh and Kakran [8], Upadhyaya and Singh [@] also suggested ratio-type
estimators for estimating the population total when the population coefficient
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of variation and the kurtosis of the auxiliary variable are known under simple
random sampling without replacement. Later, Bacanli and Kadilar [6] extended
the estimators of Sisodia and Dwivedi [2], Singh and Kakran [3], and Upadhyaya
and Singh [@] to unequal probability sampling without replacement. They also
showed that their proposed estimators are more efficient than the classical ratio
estimator by using mean square error calculations to compare them.

The ratio estimator has a form of nonlinear function, therefore properties such
as mean, variance and mean square error can be obtained by using the Taylor
linearization approach. This method was first discussed by Tepping [6] who ap-
plied it to an investigation into the variance of nonlinear function. Later, the
Taylor linearization approach has been widely discussed by various authors such
as Woodruff [7], Wolter [R], Demnati and Rao [d]. Under the Taylor linearization
approach, a linear approximation of the nonlinear function is obtained by using
Taylor series approximation. Therefore a variance of nonlinear function can be
calculated by deriving the variance of the linear approximation.

In the presence of nonresponse the traditional estimators can not be used
to estimate population total because a selected sample set is divided between
a response and nonresponse set. Therefore Bethlehem [I0] proposed a modified
Horvitz and Thompson [I1]’s estimator which is in a more general form for a
random response approach. Srndal and Lundstrm [I2] proposed an estimator for
estimating the population total under a two-phase framework with an assumption
that the response probability is known under unequal probability sampling without
replacement. This estimator is like Horvitz and Thompson [[1] ’ s estimator
but uses sample units of study variables in response sets instead of sample sets.
Later, Lawson [3] proposed an estimator for estimating population totals under a
reverse framework when the overall sampling fraction is negligible under a uniform
nonresponse mechanism.

This paper aims to estimate a population total by using a ratio estimator
to improve the estimation efficiency under unequal probability sampling without
replacement when nonresponse occurs in the study variable only. We proposed to
modify the Bacanli and Kadilar [5] ’s estimator by using the estimator of Srndal
and Lundstrm [[2]under a reverse framework with an overall negligible sampling
fraction and uniform nonresponse. We discuss notation and framework in section
2. In section 3, we introduce Srndal and Lundstrm [I2]’s estimator and associated
variance under reverse framework. In section 4, the proposed new ratio estimator
and associated variance are discussed. In section 5, we compare the efficiency of
the proposed estimator with Srndal and Lundstrm [[?2]’s estimator. Finally some
conclusions are given in section 6.

2 Notation and framework
Consider a finite population U = { 1,2,...,N}. Let y; be the value of random

variable y for the ith population unit. Assume that a sample s of size n was
selected under unequal probability sampling without replacement. Our aim is
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to estimate the population total of y defined by ¥ = >7, ;4 . Let x be an
auxiliary variable that is highly correlated with the study variable. We assume the
population total X = ZieU x; is known. Let m; and 7;; denote the first and second
order of inclusion probabilities defined by m; = P(i € s) and m;; = P(i A j € s)
respectively. Let us define a random variable I; where I, = 1 if ¢ € s otherwise
I; =0.

Under nonresponse, let r; denote the response indicator variable of y; and
be defined by r; = 1 if y; is observed otherwise r; = 0 . Let R = (r1,72,...,7n)’
denoted be the vector of response indicators. Let p; denote the response probability
as defined by p; = P(r; = 1) . We also assume that (A) Nonresponse mechanism
has uniform nonresponse and (B) that the overall sampling fraction is negligible.

3 Srndal and Lundstrm [T2]’s estimator and asso-
ciated variance under reverse framewrok

In the full response, Horvitz and Thompson [[1] proposed an unbiased estima-
tor for estimating population total based on sample element. In the presence of
nonresponse, the Horvitz and Thompson [I1]’s estimator does not work because
some units of the study variable cannot be observed. Therefore Srndal and Lund-
strm [[7] proposed an estimator based on Horvitz and Thompson [[1]’s estimator
under a two-phase framework. In this section, we extended Srndal and Lund-
strm’s [I7] estimator to include a reverse framework and defined in Definition B

Definition 3.1. Assume that (A) holds. Under a reverse framework with unequal
probability sampling without replacement where p is known. The Srndal and
Lundstrm [I2)’s estimator for Y is defined by,

O (1 TiYi
A= Z T (3.1)

e
€S iP

Lemma 3.2. Assume that (A) holds. Under a reverse framework with unequal
probability sampling without replacement where p is unknown. The Srndal and
Lundstrm [I3] ’s estimator for'Y is defined by,

o(2) TiYi
=3 (3.2)

A
T
1€ES iP

-1
where p = (Z;—’)(Zﬂi) .

i€s i€s
Theorem 3.3. Assume that (A) holds. Under a reverse framework with unequal
probability sampling without replacement, the Srndal and Lundstrm [I2]’s estima-
tor is asymptotically unbiased estimators of Y .

Theorem 3.4. Assume that (A) and (B) remain correct. Under a reverse frame-
work with unequal probability sampling without replacement.
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(i) If p is known then the variance of Yr(l) is defined by,

v(y) ~ ZDziy,-Q + Z Z Dijyiy;, (3.3)

ieU €U j#ieU

o P
where Doy = =% and D;; = Ti—TT
TP J T

(ii) If p is unknown then the variance of Vi s given by,
V)~ Y Doy =V + ) DRy = Y)Y + > Y Dijuiy;,
ieU icU i€U jAIEU
(3.4)

where Da;, D;; are defined in (83) and D; = ="+,

U

4 The proposed estimator and associated vari-
ance

4.1 The proposed estimator

In this section, we proposed a new ratio estimator for estimating the population
total when nonresponse occurs only in the study variable. Cochran [l] first pro-
posed a ratio estimator under simple random sampling without replacement when
the population totals of an auxiliary variable is known to increase the efficiency
of the population total estimator. Later Bacanli and Kadilar [5] also discussed a
ratio estimator based on Horvitz and Thompson [[1)’s estimator under unequal
probability sampling without replacement and defined by,
Y Yi
Yr = Yor y _ 2ies I X, (4.1)
Xur Dies 7

where Yyr =3, %7 Xyr = Yics fr— and X =), 2.
From (ET) we see that ), ¥ is a linear combination of study variable and

sampling weight in selected saﬁﬁple. However, if some units of a study variable
in a selected sample cannot be observed then YHT does not work. Therefore in
this section we aim to propose a new ratio estimator for estimating population
total in the presence of nonresponse. Recall from Definition B, we introduced

Srndal and Lundstrm [[Z]s estimator for Y under reverse framework and defined
by A e, L Substitute VY instead of Yz in (ED) we obtained the

1€ES mp
new ratio estimator denoted by }A/I({l) and define in Definition EI.

Definition 4.1. Assuming that assumption (A) is correct under a reverse frame-
work with unequal probability sampling without replacement. If p is known then
the proposed estimator for Y is defined by,

Z TiYi
1€ES WP

Z Zi ’
1€S T,

v = (4.2)
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where X =37, 2;.

Lemma 4.2. Assuming that assumption (A) is correct under a reverse framework
with unequal probability sampling without replacement. If p is unknown then the

proposed estimator for Y is defined by YI;Z) and is given by,
Dies mip ( _ Duics mo Dics w

i = PX = e x (4.3)
r ZiES 72% ZiES 73% ZiES 7%

where X is defined in (E3) and p = (E %) ( > %)71.

€S €S

Proof. Under uniform nonresponse if p is unknown we can estimate p by
-1
p= ( > ﬁ) ( > ﬂi) and substitute p instead of p in (E22). O

Us;

Theorem 4.3. Assuming that assumption (A) is correct under a reverse frame-
work with unequal probability sampling without replacement.  The proposed
estimators are asymptotically unbiased estimators of Y.

Proof. (i) Assuming that p is known the new ratio estimator for estimating
population total is defined in (E=2). Under a reverse framework the expec-

tation of Y}g) is obtained by,
EWM) = ErEs(VV|R). (4.4)

From (B2) and (E2) we see that }A/I(%l) has a form of nonlinear function.
Therefore the linear function of ngzl) can be obtained by using the Taylor

linearization approach denoted by Ylg’ll)zn and defined by,
N ~ Ty
Vi =Y + (1 = T) - 2(Ty — Th), (4.5)

where Ty = Y, D8 ) = Y. B Ty = 3. 2 Ty = X. Substitute

1€5 mp’ €U p i€s ;)

(E3) in (E4) we have,

N N T -
EWM) ~ EgEs [Y + (T =Ty - 3 (T - Tg)’R} —v.

Therefore, YI(;) is an asymptotically unbiased estimator of Y .

(ii) If p is unknown the proof is similar to (i).
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4.2 The variance of the proposed estimator

In the presence of nonresponse, under a reverse framework with uniform non-
response and an overall negligible sampling fraction Lawson and Ponkaew [I3]
discussed a method for investigated variance in estimation outcomes defined in
Definition £,

Definition 4.4. Under a reverse framework with an overall negligible sampling
fraction let Y be the estimator of Y . The variance of Y is approximated by
V(Y) ERVS(Y|R).

Next, we investigate variance of the proposed estimator. Recall from (E2) if
p is known we have,

(= EZG?X = RX, (4.6)
1€ES Ty

1E€ES ;P 1€ES

R -1
where R = (Z w) (Z ﬁ) . Recall from Definition B4 and (E8) the
variance of f/}g) is approximately,

V(YY) ~ ErVs YV IR]. (4.7)

Similar to Theorem E=3 under Taylors linearization approach the linear func-
tion of YIS) is defined in (A73) and we can rewrite Ylgl)

Lin 35,
Ylgl).n ~ Constant + ; %, (4.8)
where z1; = =% — ;R and R, = Lieg’( )
Substitute }A/zgl)m instead f’]gl) in (E20) we have,
V) & Eavs[Y 2R, (4.9)

i€s
where zy; is defined in (ER).

Recall from (E33) if p is unknown we have,

Zzes TP X = EZES i Ezes i X’ (410)

o(2)
Vi’ = Yook o PP S
1€S T, 1€S T, 1€S T,

where X is defined in (B32) and p = (E %) ( > %)71.

1€ESs €S
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Recall from definition B4 and (E10) the variance of Y]-%Q) is approximately,
VI'®) ~ BpVs [V ‘R]. (4.11)

Similar to equation (E=7) under Taylor linearization approach the linear func-

tion of }71(22) is denoted by Y}?l)m and defined by,
o (2 22
}%l)in ~ Constant + Z ?, (412)
ies '

(s — Vi) — %2 (2; — X) and Vi = ier ™,

N
where z9; = —<>—
2 > ZieUTi

ieu Ti

Substitute Ylgl)m instead of }Af]g) in (E11) we have,

V)~ ErVs[ Y 2

: A
1€S8

R], (4.13)

where zg; defined in (E132).
From (4.9) and (4.13) the general form of variance of the proposed ratio esti-
mator may be written as,

V™)~ Ervs[Y i’r"
i€s v

where m = 1,2, zy; is defined in (B8) and z; id defined in (E132).

R], (4.14)

Theorem 4.5. Assuming that assumption (A) and (B) are correct under a re-
verse framework with unequal probability sampling without replacement.

(i) The variance of the proposed estimators can be derived from,
€U €U j#ieU
where m = 1,2, z1; is defined in (G=8) and zo; id defined in (=13).
(ii) If p is known then the variance of the proposed estimator is given by,

VIO R Y D+ Y Y D = YD~ Rees, (41

€U €U j#ieU €U

where D; = =% Dy, =1

—mi )., T =TT . — Ry
0 , Dy = p— and e; = y; — Rx;.

(iil) If p is unknown then the variance of the proposed estimator is given by,

)Y Duilyi =YV Y Dty Y Dieies. (417

iU iU i€U j#ieU
where Do, D;; and e; are defined in (f-18) and T = [(yz - Y) + (yi —
in)} (z; — X)R.
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Proof. The proof of Theorem B3 is given in Appendix. O

5 Efficiency comparison

5.1 Theoretical analysis

In this section we compare the efficiency of the proposed estimator with Srndal
and Lundstrm [[2]’s estimator by comparing variance as discussed in Theorem 5.1.

Theorem 5.1. Assuming that assumption (A) and (B) are correct under a re-
verse framework with unequal probability sampling without replacement. Let Th;; =

yixj +yjx; —xxjR and Ty = |(yi —Y) + (i — Ray) | (v — X) + 2(ys — Y)Y.

(i) Assume that p is known. V(Y3") < V(YY) if and only if ey ¥jer DigTrig >
0.

(ii) Assume that p is unknown. V(Yéz)) < V(}A/T(Q)) if and only if ",y DiTy; +
Yiev Zj;éieU D;Tyi; >0

Proof. (i) Let Thi; = yixj + yjz; — z;2; R and assume that p is known.
V(vR)) < v(TY)

i€s ieU jAieU ieU
<X 0w+ Y 3 Do
ieU i€l jAieU
i€s
- Z Z Dij(yizj + yjz — iz R)R <0
i€U j£ieU
Aad Z Z Dij(yizj + yjri — ziz;R)R < 0
i€U jeU
= Z Z Dij(yixvj + y;vi — vio; R)R > 0
ieU jeU
< Z Z Dij(yixj + yjzi — vix;R) >0
ieU jeU
< Z Z DijTlij > 0. (51)
i€U jeU
Therefore when the condition (B) is satisfied, the proposed estimator is

more efficient than Srndal and Lundstrm [I2]s estimator.

(ii) The proof of (ii) is similar to the proof (i).
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5.2 Simulation study

In this subsection, the efficiency of the proposed estimator is compared with the
Srndal and Lundstrm [I2]s estimator by using their simulated relative biases (RB)
and relative root mean square errors (RRMSE) and defined by,

1 g (m)
. 7l Yy Y
RB(Y(™) = %7 (5.2)
1 & g (m)
¢BZOM —Y)?
RRMSE(Ym) =1 =1 (5.3)

Y )

where V(™) = ¥,™) or Yém). V™ is the Srndal and Lundstrm [I7]s estimator

and )A/r([z]L ) is the value of Srndal and Lundstrm [[2]s estimator in iteration b, for

m = 1,2. )A’lgm) is the proposed estimator and Y};EL]) is the value of proposed
estimator in iteration b, for m = 1,2. We use the Midzuno [I5] scheme for selecting
a sample s of size n from population U of size V. Under this scheme, the first and
second order inclusion probabilities are given as follows,

_kN-n n-1

ki+ij—TlTL—1 n—1n-—2
= , 5.5
Tij K N-IN—1 N-1IN-2 (5.5)

where K = 3", _;; k;i. The real population data of size N = 299 namely agstrat.dat
was used in the simulation study (see, Lohr [I6]). We used three variables from this
data: the number of acres devoted to farms during 1992 (ACRES92), number of
acres devoted to farms during 1982 (ACRES82) and number of farms (FARMS92).
Let y = ACRES92, x =ACRES82, and k = FARMS92. The simulation steps
to compare the efficiency of the Srndal and Lundstrm [I2]s estimator with the
proposed estimator are as follows.
Stepl. Select a sample of 5 % from population U size N = 299.
Step 2. Generate a response indicator from the uniform nonresponse mechanism
with different levels of response probability.
Step 3. Compute ?,-(m) and Yl;(cm) , where m =1,2 .
Step 4. Repeat steps (1) to (3) 10,000 times.
Step 5. Compute RB(Y (™) and RRMSE(Y (™) | where V(™ = ¥,(™ or }A/}gm)
and m=1,2.

Table 1 gives the empirical RB of the proposed estimator and Srndal and
Lundstrm [[2]s estimator for different response probability. The results show that
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for all levels of response probability the proposed estimator has a smaller value of
RB than Srndal and Lundstrm [I2]s estimator. Moreover, the RB of the proposed
estimator and Srndal and Lundstrm [T2]s estimator are very close to zero except
where in the case that response probability is known and is less than 0.5. In
addition, we present the simulated values of RRMSFE in table 2. The results
show that the proposed estimator has a smaller value of RRMSFE than Srndal
and Lundstrm [I2]s estimator for all levels of response probability.

Table 1: The simulated RB of the Srndal and Lundstrm [I2]s estimator
and proposed estimator
D Simulated relative biases

p is known p is unknown
RB(Y) | RB(VE)) | RB(YV) | RB(YVE)
0.3 | 0.3412 0.3360 0.0087 0.0056
04| 0.1141 0.1161 -0.0037 -0.0013
0.5 | 0.0086 0.0010 0.0051 -0.0020
0.6 | 0.0094 0.0041 0.0040 -0.0010
0.7 | -0.0017 -0.0013 -0.0021 -0.0015
0.8 | 0.0040 -0.0011 0.0055 0.0002
0.9 | -0.0027 -0.0005 -0.0031 -0.0007

Table 2: The simulated RRM SE of the Srndal and Lundstrm [IZ]s esti-
mator and proposed estimator

P Simulated relative root mean square errors
p is known p is unknown
RRMSEY") | RRMSE(YY) | RRMSE(YV,?) | RRMSEYY)

0.3 0.7461 0.6011 0.4708 0.3401
0.4 0.5415 0.4177 0.4308 0.3083
0.5 0.4901 0.3653 0.4266 0.2904
0.6 0.4278 0.2916 0.3830 0.2290
0.7 0.3807 0.2398 0.3479 0.1877
0.8 0.3478 0.1869 0.3260 0.1448
0.9 0.3111 0.1243 0.3005 0.0983
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6 Conclusions

In this paper we proposed a new ratio estimator for estimating population total
using Srndal and Lundstrm [[7]s estimator modified with Bacanli and Kadilar [G]s
estimator with uniform nonresponse under unequal probability sampling without
replacement. We investigated the variance of the proposed estimator under a re-
verse framework with an overall negligible sampling fraction. In theoretical analy-
sis under some conditions we showed that the proposed estimator is more efficient
than Srndal and Lundstrm [I2]s estimator. The simulation study shows that the
proposed estimator had RB and RRM SE lower than Srndal and Lundstrm [IZ]s
estimator for all levels of response probability.
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APPENDIX:PROOF OF THEORME 4.5.
Assuming that (A) and (B) hold true.

Proof. (i) From (ETd) we have,

O-(m Zmi
VYY)~ ErVs[ > = |R], (A1)

i€s ¢
where z1; = "% _ . R R *Mandz .7Lr,( Ve )_YTR(I._X)
11 — P Llr , r — X QZ—ZieU”zyz R 7 .
First of all we consider Vs [Zieg Zmi R} in (A1) since >, <7 has the form of

Horvitz and Thompson [[[)’s estimator therefore,
Zmi
PSR SIS S i YRS
i€s ieU i€V j#ieU

Substituting (A2) into (Al) one has,

V( Y( ) ER[ZD zml+z Z D”z,mzmj]

ieU €U j#1eU
= DiBr(zmi) + Y > DijEr(zmi) Er(zm;)-
=% icU j#icU

Therefore,

V) &Y DiEr(z2) + Y. Y. DijEr(zmi)En(zm;), (A3)

ieU i€U j#ieU

TiYq S
Yi . R, R, = Zle% and z9; = N Ti(yi—YR)—%(wi—X).

2ieuTi

where z1; = &
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(ii) From (A3) if m =1 we have,

VIV 2 Y DiBr(z1) + Y. > DijEr(21:)Er(21;)- (Ad)

ieU i€U j#ieU

Next, we investigate Er(z1;) and Egr(z%) . Recall from (A3) we have z1; =

% — x; R, therefore,
Er(z1:) = Er [szyz - xiRr:| =y, — Rz; = e, (Ab)
o , _ ZieuVi
where €; = y; — Rx; and R = & s
1€ €
Then,
2 .
2= T Zryiifte o2 po (A6)

P’ p
From (A6) the expectation of z3; is obtained by,

2

)2 g :
i 2riyivife + :vaf} ~ z—; — (2y; — Rz;)Rx;. (A7)

p? P
Substitute (A5) and (A7) in (A4) we have,
V(YY) ~ ZDQ»;@/? + Z Z Dijeie; — Z Di(2y; — Rxz;) Rai, (AT)

i€s i€U j#ieU €U

Er(2%) = ER[

1—7s 1—m, TG — TG T
where D; = ="t | Dy; = —"% and D;; = L1,
e TP T

(iii) The proof of (iii) is similar to (ii).
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