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1. INTRODUCTION

Let (2,3, ) be a complete probability space and f a measurable function
defined on 2. The positive part, the negative part and the absolute value of f,
given by f* := fVvO0, f7 = (=f) VO and |f| := fV (—f) respectively, are
fundamental notions in the development of the theory of measurable functions,
constructing the resulting integral fQ f dp and deriving properties of the resulting
LP(u)-spaces.

We consider the situation where F' is a function defined on 2 and with range
contained in a hyperspace of a separable Banach space X. The natural ordering
on hyperspaces of X is set inclusion. This yields a canonical ordering on sets of
set-valued functions, namely the pointwise ordering. As many of the hyperspaces
of X are also join-semilattices with respect to set inclusion, the corresponding set
of set-valued functions is also a join-semilattice.

In the classical theory of scalar-valued martingales, Bochner considered partial
ordering in the theory of martingales in [1]. Krickeberg used the positive part of
a martingale (i.e. the minimal positive martingale above a given martingale) to
obtain his famous decomposition of a submartingale in [10].
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Hiai and Umegaki studied functions which are set-valued and integrably bounded
in [7]. Their work has found wide applications in many different areas of mathe-
matics (cf. [2, 6, 11, 14, 17]). In particular, their approach to conditional expecta-
tions via selections (cf. [3, 7]), lead to many new results on set-valued martingales.
Many of these results were documented by Li and Ogura in [15].

Our aim is to consider lattice properties of set-valued martingales. In particular,
we address the issue of the positive part of a set-valued martingale.

Let (3;) be an increasing sequence of sub-o-fields of ¥. We consider sets of
set-valued integrable (integrably bounded convergent) martingales with respect to
(X;) which are pointwise ordered. These sets are then shown to be join-semilattices
and formulas are derived to explicitly calculate the join of two such martingales.

In §2 we take care of some preliminaries. The remaining part of the paper is
roughly divided into two parts. The first part consists of §3 to §5. In this part
the metric on the hyperspaces plays no role. The second part consists of §6 to §8.
Here the metric on the hyperspaces plays a role. Some of the results in the second
part can be obtained using techniques which do not involve measure theory, as in
[4, 9, 12, 18, 19]. Here we follow the more traditional route of measure theory.

In §3, 84 and §5 we consider reversed integrable martingales which take their
values in the hyperspace of nonempty closed subsets of X and integrable martin-
gales which take their values in the hyperspace of nonempty, convex and closed
subsets of X. We show that the sets of these martingales with respect to (%;)
are join-semilattices. In particular, we derive a formula to calculate the join of
any two such martingales. This also enables us to calculate positive parts of such
martingales.

In §6 to §8 we consider integrably bounded A-convergent martingales which take
their values in the hyperspace of nonempty convex closed subsets of X. We show
that the set of these martingales with respect to (X;) is a join-semilattice. More-
over, this set can be endowed with a canonical metric under which it is complete.
Our order theoretic approach yields, as a bonus, a necessary and sufficient con-
dition for regular integrably bounded A-convergent martingales, which take their
values in the hyperspace of nonempty, convex and closed subsets of X, to be A-
convergent. To achieve our goal, we revisit the embedding theorem of Hérmander
in §6. Here we show that the embedding of the hyperspace of nonempty convex
compact subsets of a Banach space into a space C(€2) of continuous functions on
a compact Hausdorff space (2, is join preserving.

For order properties of the space of integrably bounded D ,-convergent fuzzy
set-valued martingales with respect to (X;), the reader is referred to [13].

Our work is inspired by the fact that Nguyen and Tran used order techniques in
[16] to show that the space of upper semicontinuous functions on a locally compact
topological space is metrizable (cf. also [20]).

2. PRELIMINARIES

Let X be a Banach space and (2, 2, 1) a complete probability space. We denote
by L*(p, X) denote the space of (classes of a.e. equal) Bochner integrable functions
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[ :Q — X. The Bochner norm on L*(u, X) is given by || f|l1 = [, [|f ()|l xdp (cf.
[5])-

If 3 is a sub o-field of ¥, the conditional expectation of f € L'(u, X) relative
to X1, denoted by E(f|%1), is a ¥1-measurable element of L (1, X) which is given
by

/E(f|21)du :/ fdu forall A€ ¥,
A A
(cf. [5]).

There are two natural operations on
Po(X) :={AC X : Ais nonempty},
namely addition and scalar multiplication, defined by
A+C:={a+b:acAbeC}and A :={ha:ac A},

for all A,C € Pyp(X) and A € R. It is not always possible to find an additive
inverse for a subset A of X. Thus, the set Py(X) does not, in general, form a
vector space with respect to the above defined addition and scalar multiplication.
Let
f(X) ={A € Py(X) : A is norm closed}
and define & by
A®dC=A+C forall A C € f(X),

where the closure is taken with respect to the norm on X. Then f(X) is closed
under @.

Recall that a partially ordered set (P, <) is called a join-semilattice if the least
upper bound of x and y, denoted x V y, exists for all x,y € P.

The partially ordered set (f(X), C) is a join-semilattice with join V given by

AVC=AUC for all A,C € {(X).

3. THE SPACE L[3, {(X)]

Throughout the remainder of the paper, X is a separable Banach space and
(Q,%, 1) is a complete probability space.
A function F: Q — {(X) is X-measurable provided that there exists a sequence
(fi) such that each function f;: Q@ — X is
(M1) p-measurable; i.e., each f; is of the form 2?7:1 Tj Xa, Where A; € ¥ and
zj € X (cf. [5, p.41]),
(M2) a selection of F;ie. fi(w) € F(w) a.e. for all w € Q and i € N, and
(M3) F(w) ={fi(w) : i € N} for all w € Q, where the closure is the norm closure
in X
(cf. [7, 15]). Let
M[Z, {(X)] :={F : Q — {(X) : F is E-measurable}.
If Fi,Fo € M[E,{(X)] and A € Ry, define F} @ Fy, AF} and ¢6F7y, respectively, by

(F1® ) (w) = Fi(w) ® Fa(w),
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(A1) (w) = A(F1(w)) and (coFy)(w) = co(Fi(w))
for all w € Q. (Here €o(F;(w)) denotes the norm closure in X of the convex hull
co(Fy(w)) of F(w)).
For all F1, Fy € M[E, {(X)], define

Fy < Fy <= Fi(w) C Fy(w) a.e. for all w € Q.

Theorem 3.1. (cf. [7, 15]) The space M[E,£(X)] has the following properties:

(a) If Fy € M[3,{(X)], then CoFy € M[3, {(X)].
(b) (M[X,{(X)], <) is a partially ordered set.

(¢) If (F;) € M[X,£(X)] and F is defined by F(w) = J;2, Fi(w) for allw €
Q, then F € M[X, {(X)].

As a special case of Theorem 3.1(c), it follows that if F' and G are X-measurable,
then the join F'VG of F and G, given by (F'VG)(w) = F(w)UG(w) for all w € Q,
is ¥-measurable. Thus, (M[X, {(X)], V) is a join semi-lattice.

If F € M[X,f(X)], then F is called integrable provided that SL # (), where

Sk:={feL'(un,X): f(w) € F(w) a.e.}.
Let
L[, {(X)] ;= {F € M[X,{(X)] : S} # 0}.
Let Xy be a sub-o-field of . If F : Q — {(X) is Xg-measurable, let
SL(S0) = {f € LM (S0, X) : [(w) € F(w) a.c}.

Hiai and Umegaki proved in [7] that, if F' € L[X, {(X)], then there exists a unique
G € L][X0,f(X)] such that

S6(20) = {E(f[Z0) : f € Sk},

where the closure is taken in L'(X, u, X), and E(f|2o) denotes the conditional
expectation of f: 2 — X with respect to X.

As is customary, we denote G by E[F|Xo] and call E[F|%g] the conditional
expectation of F: Q — f(X) relative to X (cf. [7, 15]).

Theorem 3.2. (cf. [7, 15]) Let ¢ be a sub-o-field of . If F € L|X,{(X)], then
the conditional expectation E[F|Xo] € L[Xg,{(X)] of F with respect to Xy has the
following properties:

(E1) If F € L[S, £(X)], then E[EoF|So] = COE[F|S0).

(E2) If Fy, Fy € LIE,(X)], then Fy < Fy implies E[F1|Xo] < E[F2|Z0].

(E3) If (F;) C L[X,{(X)] is an increasing sequence, i.e., Fi(w) C Fi11(w) a.e.

for alli € N, and F(w) := ;2 Fi(w) for allw € Q, then

E[F|S0)(w) = | J EIF[S0)(w) a.e..

i=1
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4. REVERSED MARTINGALES IN L[X, {(X)]

Definition 4.1. Let (X;);c—n be a sequence of sub-o-fields of ¥ such that ;1 C
Y for alli € —=N. Then (F;,%;)ic—n is called a reversed martingale (respectively,
reversed submartingale, reversed supermartingale) provided that F; € L[Z;, {(X)]
and Fi_l(w) = E[FZ|EZ_1KW) (respectively, Fi_l(w) Q 5[F2|El_1](w), Fi_l(w) :_)
E[Fi1Zi—1](w)) a.e. w € Q and for all i € —N.

If (F;,%;)ic—n is a reversed martingale, then E[F_;|%;] = F; for all ¢ € —N.
Hence (F“ Zi)iE—N is of the form (S[F_1|Zl], Zi)iE—N-

Denote by Myey (L2, £(X)], 2;) the set of all reversed martingales (F;, ¥;)ic—N.
For all (Fz, Ei)ie—Na (Gl, Ei)iE—N S Mrev(ﬁ[E, f(X)], Ez), define

(Fi, %i)ie—n < (Gi, 5i)ie—n <= F; < G; for each i € —N.
Our aim is to show that M., (L2, {(X)], X;) is a join-semilattice.

Lemma 4.2. If (F;,%;)ic—n and (G, X;)ie—n are reversed submartingales, then
(E[F-1 Vv G_1]%]), %) is the minimal reversed martingale with

F; < g[F_l VG_q |Zl] and G; < 5[F_1 VG_4 |El] fO’f’ all i € —N.

i€—N

Proof. As (F;,%;)ie—n and (G_;,X_;);c_n are reversed submartingales, it follows
from (E2) that

F; < 5[F_1|21] < E[F_l vVG_g |EJ and G; < S[G_1|EZ] < 5[F_1 vV G_q |Ez]

for all + € —N.

To prove the minimality, let (H;, ¥;);e—n be a reversed martingale with F; < H;
and G; < H,; for all i € —N. Then, F; V G; < H; for all i € —N. In particular,
F_1VvVG_; < H_y; thus, by (E2), we get that E[F_1 VG_1|%;] < E[H_1|%;] = H;
for all i € —N. This completes the proof. O

The following is the main result of this section.

Theorem 4.3. The space Moy (L[X,{(X)], ;) has the following properties:
(a) Miey(L[E,£(X)], %) is a join-semilattice; i.e., if (Fi, X;)ic—n and (G, 3i)ie—n
are reversed martingales, then

(Fi, Zi)ie-n V (Giy Zi)ie—n = (E[(F-1 V G1)|Z], 54)

In particular,

(Fi, £0)je_y = (E[F1 T2, i)ie—n.

(b) Myev(L[X,1(X)],3;) is order closed; i.e., if (Fi(a),Zi)ie_N is an increas-
ing sequence (in «, with o € N,) of reversed martingales, then (G, 3;)ic—n,
where G, for all i € —N, is defined by

oo
Gi(w) = U Fi(a)(w) for allw € Q,

a=1
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is the minimal reversed martingale such that Ff* < G; for all « € N
and i € =N. If, in addition, {0} C Fi(a) for all a,€ N and i € —N, then
{0} C G, for alli € —N.

Proof. (a) This follows directly from Lemma 4.2, as reversed martingales are
also reversed submartingales.

(b) Let (Fi(a),Ei)ie,N be an increasing sequence (in a € N) of reversed mar-
tingales. It is readily verified, by using Theorem 3.1 (¢), that G; € L[E;,{(X)] for
all i € —N. For m,n € —N and m > i, we get

ElGmIZw) = | EF8)w) = | V@) = Gi(w) ac.
a=1 a=1

for all w € Q. This shows that (G;,%;)ic—n is a reversed martingale. The min-

imality of (G;,%;);c—n follows easily from the definition of G;. If, in addition,

{0} C Fi(a)(w) for all &« € N and i € —N, then {0} C G;(w) for all w € Q. O

5. MARTINGALES IN L[X, {(X)]

In the preceding paragraph, we dealt with —N as our index set. Here we deal
with N as index set.

Definition 5.1. Let (F;)ien € L[E,{(X)] and (X;)ien an increasing sequence of
sub-c-fields of ©. Then (F;, %;)ien 18 called a martingale (respectively, submartin-
gale) in L3, {(X)] provided that F; € L[S;,{(X)] and F;(w) = (C) E[Fj41|Z:i](w)
a.e. for all i € N.

Lemma 5.2. Let (3;) be an increasing sequence of sub-o-fields of ¥. If (F;,%;)
and (G;,%;) are martingales, then (F; V G;,%;) s a submartingale, where

(F1V Gi)(w) = F(w) UG;(w)
a.e. for all w € Q.

Proof. If F; and G; are ¥X;-measurable, then F; V G; is also ¥;-measurable.
Also, if F; and G; are integrable, then F; V G; is also integrable. Furthermore,

EFip1 VG |B](w) 2 E[Fin|X](w) UGt |E](w)

Fi(w) U Gi(w)

(F; vV G;)(w) ae.

for all i € N. Thus, E[F;41 V Giy1 5] > F; V Gixq for all i € N. a

Let
cf(X) ={A €f(X): Ais convex}.
Then (cf(X), C) is a join-semilattice; the join V is given by
AV C=c(AUC) for all A,C € cf(X),
where ©6(A U C) denotes the norm closure in X of the closed convex hull of AUC.
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Define
L[E,cf(X)] ={F € LIE,{(X)]: F(w) € cf(X) a.e.}.

Theorem 5.3. If F € L[X,cf(X)], the the conditional expectation E[F|Lo]| €
L[X0,cf(X)] of F has the following additional properties:

(E4) If F € L[S0, cf(X)], then E[F|So] = F.
(E5) If X1 and X9 are sub-o-fields of ¥ such that ¥4 C ¥y C ¥ and F €
LI, cf(X)], then E[E[F|X2] | 1] = E[F|X4].

Lemma 5.4. Let (3;) be an increasing sequence of sub-o-fields of . If (F;,%;)
and (G;,%;) are martingales with values in cf(X), then (F; V G;,%;) is a sub-
martingale with values in cf(X), where (F; V G;)(w) = ¢o(F;(w) U G;(w)) a.e. for
allw e Q.

Proof. Let U; be defined by U;(w) = Fij(w) U Gi(w). If F; and G; are
Y;-measurable, then Uj; is also ¥;-measurable, and so coU; = F; V G; is also X;-
measurable. Also, if F; and G; are integrable, then U; is also integrable, and so
coU; = F; V G; is also integrable.

It follows from Lemma 5.2 that £[U;4+1]%;] > U; for all ¢« € N. Thus, for all
1 € N and for all w € §,

E[(Fi1 V Gir1) |5](w) = E[eoUi|Xi](w)
0 E[Uiy1]%:](w)
coU;(w)

= (FVG;)(w) ae.,

U

from which we get that E[(Fiy1 V Git1) |Z:] > (F; V G;) for all i € N. O
Our first aim is to derive an analogue of (E3) for (F;) C L[X, cf(X)].
Lemma 5.5. Let Y be a Banach space and A CY. Then to(A) = coA.

Proof. The easy proof is left to the reader. m]

Theorem 5.6. If (F;) C L[X,{(X)] is an increasing sequence, i.e., F;(w)
Fiy1(w) ae. for alli € N, and F(w) :=co(U;2, Fi(w)) for all w € Q, then

N

o0

E[F[S0)(w) = @ (| E[F:[S0](w)) ae.

i=1

Proof. Tt follows from Theorem 3.1 (e), Lemma 5.5 and Theorem 3.1 (c) that
co(U;2, E[F|Z0](w)) is S-measurable.

Define V: @ — £(X) by V(w) = U;2, Fi(w) for all w € Q. By Lemma 5.5, we
have F(w) = toV(w) for all w € Q. By properties (E1) and (E3), and another
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application of Lemma 5.5, we get

EF|So](w) = @E&[VI[E0](w)
= @ (|JE&F: %))
= @(UE[FAEO](w))ae
This completes the proof. O

Let

ML (X)), 3:) = {(F;, Z4) « (F3, %) is a martingale in £[X, f(X)]}.
For all (F;,%;, (G, 2;) € M(L[Z,{(X)], %;), define

(Fi,%;) < (G4, %;) <= Fi(w) C Gi(w) ae. forallw e Q, i € N.

Then M(L[E, {(X)],%;) is a partially ordered set, as is easily verified.
The following is our first main result. The proof uses property (E3), which
restricts us to nonempty convex closed subsets of X:

Theorem 5.7. Let (X;) be an increasing sequence of sub-o-fields of . Then
(a) M(L[Q,cf(X)],X;) is a join-semilattice; i.e., if (F;,%;) and (G;,%;) are

martingales with values in cf(X), then (F;,3;) V (Gi, 2;) is a martingale
with values in cf(X). In particular, (F;, ;) V (G, %) = (Si, %), where

Si(w) =to U E[Fm V Gm’Ei] (w) | forallw e Q.

m>1i

In particular, if (F;,%;) is a martingale with values in cf(X), then (F;, 3;)T :
(P;,%;), where

P;(w) =70 U E[F|S:] (W) | forallw e Q,
m2>i
is the minimal martingale with values in cf(X) such that F; < P; and
{0} < P, for alli € N.
M(L[E,{(X)],%;) is order closed; i.e., if (Fi(a)75i)3°:1 is an increasing
sequence (in o) of martingales with values in cf(X), then (G;,%;), where
each G;: Q — cf(X) is defined by

G;(w) =70 (U Fi(a)(w)> for all w € Q,
a=1

is the minimal cf(X)-valued martingale such that Fi(a) < G; for all a. If,
in addition, {0} C Fi(a) for all o, i, then {0} C G;.
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Proof. (a) Fix ¢ € N and consider the set {E[F,, V G, |2;] : m > i}. This set
is increasing, since
E[FmV Gl = E€[E[Fmn+1Sm]V E[Gm+1]Em]| ]
= E[Fmt1V GnylXi]

A

for each m > i (where the inequality in step two is obtained by using property
(E2). Define S; by

Siw)=a0 | | &[Fm VGm|Si](w) | forall we Q.

m>i

We claim that (S;,%;) is a martingale. It is readily verified that S; € L[%;, {(X)]
for all ¢ € N. Furthermore, by property (E5),

ESi|ER(w) = CO<U'5[5[Fvamyzi} zk} (w))

-~ ® ( U 1R v Gmm](w))

m>k
= Sk(w)a

a.e. for all w € Q and for any k& <. This proves that (S;,%;) is a martingale.
To conclude that (S;,%;) = (F;, L) V(Gi, 24), let (Z;, ;) be a martingale, with
(Z»L) - £[Q,Cf(X)], such that (ZZ-,ZZ») > (F“El) and (Z“Zz) > (Gi,Zi). Then

Zi(w) D o(F;(w) UG;(w)) ae.
for all w € Q and for all 7 € N. Thus, it follows from
Zi(w) = EZm|Ei](w) D E[Fn V Gn|Xi](w) ae.
for each m > i, that Z; > S; for each i € N; i.e., (Z;,%;) > (S, %5:).

(b) Let (Fi(a), ¥;) be an increasing sequence (in («)) of martingales with values
in cf(X). For each i € N, define G;: Q@ — cf(X) by

G;(w) =7co (U Fi(a)(w)> for all w € Q.
a=1
Then G; € L[E;,{(X)] for all ¢ € N, and for m > i we get
E[Gm|Si](w) = @ (U 6[F£?>|Ei]<w>>
a=1

= @ ( - F}“(w))

= Gi(w)
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a.e. for all w € Q. Thus, £[G,,|X;] = G; for all m > i. This shows that (G;,%;)

is a martingale with values in c¢f(X). Moreover, if {0} C Fi(a) for all «, 4, then
{0} C Gj(w) for all w € Q. In this case, (G;,%;) is a positive martingale with
values in cf(X). a

6. THE SPACE L[, cf (X)]

If A€ Py(X) and x € X, the distance between = and A is defined by
d(z, A) = inf{||lz —y||x : y € A}
Let
bf(X) = {4 € {(X) : A is bounded}.
Define dy for all A, B € bf(X) by

di (A, B) = supd(a, B) V supd(b, A).
acA beB

Then dg is a metric on bf (X)), which is called the Hausdorff metric, and (bf(X), dg)
is a complete metric space. In the special case where B = {0}, let

Al = dir (A, {0});
in general || - ||z is not a norm. Let
cbf(X) = {A € bf(X) : A is convex}.

Then cbf(X) is a closed subspace of cbf(X) (cf. [15]).

If F: Q — f(X) is measurable, then F' is called integrably bounded provided
that there exists p € L'(u) such that ||z]|x < p(w) for all z € F(w) and for all
w € Q. In this case, F(w) € bf(X) a.e. for all w € Q and

|1 F(w)||lg =sup{|jz|lx : ¢ € F(w)} < p(w) for all w € Q.

We denote by £1[%, f(X)] the set of all (equivalence classes of a.e. equal) mea-
surable F': Q — f(X) which are integrably bounded. For all Fy, Fy € L£[%, f(X)]
define

A(Fl,Fg):/QdH(Fl(wLFg(w))d,u

Then (L[, f(X)], A) is a complete metric space (cf. [15]).
We recall from [15] that, if we define < for each F, G € L[, f(X)] by

F <G <= F(w) C G(w) a.e. for all w € €,
then (L1[%, f(X)], <) is a partially ordered set. Moreover, it is readily verified that
(L%, f(X)], <) is a join-semilattice; the join AV C of A,C € L[, f(X)] is given
by

(AV(O)(w) = A(w) UC(w) a.e. for all w € Q.
Let

LY, cf(X)] = {F € L%, f(X)] : F(w) € cf(X) ae.}.

It is readily seen that L£1[%,cf(X)] is a partially ordered set with respect to
the ordering induced by the ordering on L£![X, f(X)]. The partially ordered set
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L[S, cf(X)] is also a join-semilattice; the join AV C of A,C € L[, cf(X)] is
given by

(AV ) (w) =c0 (Aw) UC(w)) a.e. for all w € Q.
Furthermore, £![3, cf(X)] is a closed subspace of L[S, f(X)] (cf. [15]).

We need compabability properties between the ordering < and the metric A
on L3, cf(X)]. For this purpose, we first revisit Hormaner’s embedding theorem
for c¢bf(X) (cf. [8, 15]).

Suppose M be a metric space and let

Cyo(M):={f: Q2 — R: f is continuous and bounded}.
Endow the latter with pointwise addition and scalar multiplication and norm given
by
[flloo := supf[f(s)[ : t € M},
Then C,(M) is a Banach space.

Let X* denote the continuous dual of X. For every bounded subset C' of X
and each z* € X*| let

s(z*,C) :=sup{z*(x) : x € C}.
Theorem 6.1. (Hormander) There exist a metric space S and a map J: cbf(X) —
Cy(S) such that
(a) J(aA+ pC) =aJ(A)+ BJ(C) for all A,C € cbf(X) and o, 8 € Ry,
(b) du(A,C) =||J(A) — J(C)||so for all A,C € cbf(X).

It is shown in [15] that S = {a* € X* : ||x*|| = 1}, endowed with the topology
of bounded convergence, and J, defined by J(A) = s(-,A) for all A € cbf(X),
satisfy the required properties.

If M is a metric space, there is a canonical ordering on Cj(M), namely the
pointwise ordering. If we endow Cy (M) with the pointwise ordering, then Cy (M)
is a partially ordered set and also a join-semilattice. The join fVg of f,g € Cy,(M)
is given by

(f Vv g)(s) =max{f(s),g(s)} for all s € M.
It is well known that Cy(M) is a vector lattice and

If1Var—faV g2llee < IIf1 = falloo + [lg1 — 92ll00

for all f1, f2, 91,92 € Co(M) (cf. [21]).
We claim that the map J in Theorem 6.1 is join preserving. The following is
used to prove our claim.

Lemma 6.2. For all nonempty bounded subsets A and C of X and for all x* € X*,
s (z*,e0(AUC)) = max{s(z*, A),s(z*,C)}.
Proof. Direct verification yields that
s(z*, AU C) = max{s(z*, A), s(z*,C)}
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for all nonempty bounded subsets A and C of X and for all z* € X*. It is also
readily verified that for any nonempty bounded subset A of X and for all z* € X*,

s(z*,c0A) = s(z*, A).

To complete the proof, let A and B be nonempty bounded subsets of X and
x* € X*. Then, by the preceding parts of the proof,

s(z*,e0(AUC)) = s(z*, AU C) = max{s(z*, 4), s(z*, C)}.

As a consequence, we can make the following addition to Theorem 6.1:
(c) J(co(AUC)) = max{J(A), J(C)} for all A,C € ck(X).

We are now in a position to derive compabability properties between the order-
ing < and the metric A on £33, cf(X)].

Theorem 6.3. Let {F;,G;,F,G:i€ N} C LYY, cbf(X)]. Iflim; o A(F;, F) =
0 and lim; o, A(G;,G) =0, then
(b) F < @G, provided that F; < G; for all i € N.

Proof. (a) Let S be a metric space and J: c¢bf(X) — C(S) be as in Theorem
6.1. Let w € Q. As mentioned above,

17 (Fi(w)) Vj(Gi(w)) = J (F(w)) VJj(Gw))
< i (Fi(w)) =i (Fw)lle + 117 (Gi(w)) = (G(w)l o -
from which we get that
At (65 (Fy(w) U Go(w)), 5(F (@) U G(w))
< du(Fi(w), F(w)) + du(Gi(w), G(w)).
It follows from the definition of A that
A((F; v Gy, (FVQ) <A(F,F)+ AG;, G).

Hence, lim; oo A ((F; V G;), (FVG)) =0.
(b) Since 0 = lim; .. A(G, G;) and F; < G, for all i € N| it follows from

0= lim A(FVG),(F;VG,;)=1lm A(FVGQG),G,),
that G = FV G. Hence, F' < G. O

7. MARTINGALES IN £1[% cf(X)]

Theorem 7.1. (cf. [7, 15]) Let %y be a sub-o-field of B. If F € LY, cf(X)],
then the conditional expectation E[F|So] € L [Xo,cf(X)] of F with respect to
has the following property:

(EG) If Fl, F2 S ,Cl [2, Cf(X)], then A(S[Fl |20], g[FQ‘EO]) S A(Fl, FQ)
We recall the following terminology from [15]:
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Definition 7.2. (cf. [15]) Let (3;) be a increasing sequence of sub o-fields of 3.
Then (F;,%;) is called a set-valued martingale (a set-valued submartingale) in
L3, cf(X)], provided that F; € LY[Y;, cf(X)], and F; = (C)E[Fi11|%:] for all
1€ N.

Definition 7.3. If (F;, ;) in a set-valued martingale in L[S, cf(X)] and if there

ezists F € LYY, cf(X)] such that F; = E[F|%;] for alli € N, then (F;,%;) is called
a regular martingale.

In general, regular set-valued martingales are not A-convergent (cf. [7] or [15,
p-133]). The following two results, which clarify this issue, can also be derived for
abstract metric space martingales without the use of measure theory, as in [12,
Theorems 5.3 and 5.4].

Lemma 7.4. Let F € LYY, cf(X)]. Then lim;_o AE[F|%], F) =0 if and only
if F e U2, LY, cf(X)], where the closure is taken with respect to A.

Proof. Suppose lim; o, A(E[F|%;], F) = 0. Since E[F|%;] € L[, cf(X)], for
each i € N, we have F € |J;2, £L1[E;, cf(X)]. To prove the converse, suppose that
F e U;2, L1, cf(X)]. Then there exists a sequence (F,) C o, L[, cf(X)]
such that lim; o, A(F;, F) = 0. Thus, for each € > 0, there exists n € N so that
A(F,, F) < g/2. Since L3, cf(X)] C LYZ;11,cf(X)] for all i € N, there exists
an I,, € N such that i > I,, implies F,, € £[Z;, cf(X)] and

ARSI F) < A(EFIS], Fn) + A(Fy, F)
< A(EF|%], EF. %)) + A(F,, F)
< A(F F,) + A(F,, F)
< g,
which completes the proof. m]

The following is a necessary and sufficient condition for a regular set-valued
martingale to be convergent:

Theorem 7.5. Let (F;,%;) be a martingale in LYY, cf(X)]. Then (F;) is A-
convergent if and only there exists F € | J;=, L[, cf(X)] such that F; = E[F|L;]
for all i € N.

Proof. Suppose F € LY, cf(X)] and lim; o A(F;, F) = 0. Since (F};,X) is
a martingale in £1[%, cf(X)] and (E6) holds, it follows that

A(Fr E[FIS]) = AEIRIZ, EIFIS) < A(F, F)

for all k& < i. This, together with lim; ., A(F;, F') = 0, yields ng € N such that
F; = E[F|%;] for all i > ng. But, for ¢ < ng, we have from (E6)

AE[F[3:], Fi) = AE[E[F[Eno] [5] E[Fny [%i) < A(E[F[En], Fap) <&

Thus, F; = E[F|X,] for all i € N. Since E[F|%;] € L[, cf(X)] for all i € N and
lim; 0o A(F;, F) = 0, we get that F € (=, £1[Z;, cf(X)].
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Conversely, by the assumption and Lemma 7.4, we have

which completes the proof. |

Reversed martingales in the present setting are simple objects, as the following
result shows:

Theorem 7.6. Let (F;,Y;)ic_n be a set-valued in reversed martingale in L'[3, cf (X)].
Then the following statements are equivalent:

(a) (F})ie—n is A-convergent.

(b) There exists F € (\;c_nL[Zi, cf(X)] such that F; = E[F|S;] for all i €
—N.

(c) There exists F € L3, cf(X)] such that F; = F for all i € —N.

Proof. (a)=-(b) As in the proof of Theorem 7.5, it follows that F; =
E[F|%;] for all i € —N. Since E[F|%;] € L[S, cf(X)] foralli € —Nand lim;_, o, A(F;, F) =
0, we get that F € (,c_yL'[Es, cf(X)]. The implications (b)=-(c)=(a) are triv-
ial. ]

8. THE SPACE Ma (LY[E, cf(X)], %))

Suppose that (X;) is an increasing sequence of sub-o-fields of X. Denote by
MAa(LHE, cf(X)],3;) the set of all set-valued martingales (F;, ;) in £1[X, cf (X)]
for which (F;) is A-convergent.

Define A by

Am ((Fi, %), (G, %54)) = sup A(F;, Gy).
1€
for all (F}, %), (G4, %) € MA(LYZ, cf(X)], ;). Then (MA(El[E, cf(X)], %), AM)
is a metric space, as simple verification shows. The completeness of the latter space

follows as a bonus from Theorem 8.1 below.
Endow £![X, cf(X)] with an order relation, by defining

for all (F;, %), (Gi, Si) € Ma(LYE, cf(X)],E;). It is then readily verified that
MAa(LHE, cf(X)], %) is a partially ordered set.

The aim of the remaining part of this section is to derive further properties of
the space Ma (LHE, cf(X)], ;).

Theorem 8.1. The map L : Ma(LY[E, cf(X)], i) — Uiz, L1, cf(X)], defined
by
L((Fl,ZZ)) = lim Fi,

—00

has the following properties:
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(a) L is a bijection and L™': [ J;o, L1[E;, cf(X)] = Ma(LHE, cf(X)], %) is
given by
L™YF) = (E[F|Zi], ).
(b) Both L and L' are order preserving.
(¢) L is an isometry.

Proof. (a) To see that L is a surjection, let F € | J;=, £1[%;, cf(X)]. Then, by
Lemma 7.4, lim; .o A(E[F|X;], F) = 0 and (E[F|%;], Z;) is a set-valued martingale
in £1[3;, cf(X)] such that L (E[F|%;],%;) = F.

To prove injectivity, note that L ((F;,%;)) = L ((G;,%;)) implies lim; o F; =
lim;_,, G;. An application of Theorem 7.5 yields

Fk :5[‘lim FZ|Ek] :5[‘lim G1|Ek] = Gk
for each k € N. Thus, (F},%;) = (G;,%;), completing the proof that L is injective.

Define A by A(F) = (E[F|%;],%;) for each F € |J;2, L1[Z;, cf(X)]. Then, by
Theorem 7.5,

A: G L5, cf(X)] — MA(El[E,Cf(X)], ).
Since

A(L(FZ,Zz)) hm F (5 hm Fk ‘E )) = (Fi,Zi),

and L (A(F)) = L((€ [F|21
(b) Let (F;, %), (G, %) € L
rem 6.3,

) = F, we get that A = L1,
X, ef (X)), If (B3, %) < (G“E-), then, by Theo-

L((FZ,EZ)) = hm Fi S hm Gi = L((Gl,El),

showing that L is order preserving. It follows trivially from the definition of L~!
n (a) that L1 is order preserving.
(c) Suppose (F;, %), (Gi, i) € Ma(LHE, cf(X)], %), F,G € L1[E, cf(X)] and
lim A(F;, F) =0and lim A(G;,G) =0.
Then, by Theorem 7.5 and (E6),
Am ((Fi, %), (G, %)) = sup A(F;, Gi)
ieN
= S_ugA (E[F%], €[G]%])
1€

A(F,G).

IN

But, for each i € N,
A(F;, G;) <sup A(F;, Gi) = Apm ((F3, 20), (Gi, i) -

ieN
Since lim;_,o0 A(F;, G;) = A(F, G), we get that
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Thus
A (L(Fi7 Ei)v L(Gi7 22)) =AM ((Fl7 Ei)7 (Gi7 El)) )

proving that L is an isometry. ]

As a consequence of the preceding result, we are now able to establish our main
result:

Theorem 8.2. The complete metric space Ma (L[S, cf(X)],%;), Apm) is a join-
semilattice. Moreover, for all (F;, %), (Gi, 3;) € Ma(LHS, cf(X)], %),
(a) (E‘7 Zz) \% (Gz, Zi) = (hmj_,oo E[F] V G]|Ez],(€1), and

Proof. Since L is an isomerty and (J;=; £1[Z;, ¢f(X)] is a closed subspace of
L[S, cf(X)], we get that Ma (L[S, cf(X)], ;) is complete.

The maps L and L~! are both order preserving and L£![%,cf(X)] is a join-
semilattice; thus, Ma (L1[X, cf (X)], 3;) is also a join-semilattice: if (F;,;), (G, %) €
MAa (LY, cf(X)], %), then it readily follows that L=t (L(F;,%;) V L(G;, %)) is
the least upper bound of {L ((F},%;)), L ((G,%;))} in LY, cf(X)].

The formula in (b) is a special case of that in (a). It remains to prove the
formula in (a). Let (F;,%;), (G;, ;) € Ma(LY[E, cf(X)],E;). Then we have

(Fi, %)V (G, %) = LY (L(F, %)V L(F;, %))
= L} <lim F. Vv lim Gk>
k—oo k—oo

= L[t <khm (Fx V Gk)>

(5[;1330 (Fr V Gy)[Zi], zi)

(khm g[Fk V lezl], Zz) s

where the third equality results from the compatibility of < and A, as in Theorem
6.3. This completes the proof. |
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