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1 Introduction

The vector equilibrium problems contain many problems as special cases, in-
cluding vector variational inequality problems, vector optimization problems, vec-
tor complementarity problems, vector Nash equilibrium problems, etc. Because
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of the general form of this problem, in fact it was investigated earlier under other
terminologies (see, [d, 8, 20]). Recently, there has been an increasing interest in
the study to stability of vector equilibrium problems see, e.g., [, 2, 24, P5, PH].

As for the stable results investigated on the convergence of the sequence of
mappings, there are some results for the vector optimization, vector variational
inequality problems and vector equilibrium problems with a sequence of sets con-
verging in the sense of Painlevé-Kuratowski (see e.g., [9, 00, I3, 06, 21]. In [I3],
Huang discussed the convergence of the approximate efficient sets to the efficient
sets of vector-valued and set-valued optimization problems in the sense of Painlevé-
Kuratowski and Mosco. In 0], Fang et al. investigated the Painlevé-Kuratowski
convergence of the solution sets of the perturbed set-valued weak vector variational
inequality problems. In [I6], Lalitha and Chatterjee investigated the Painlevé-
Kuratowski set convergence of the solution sets of a nonconvex vector optimization
problem. In [Z1], Peng and Yang investigated the Painlevé-Kuratowski set conver-
gence of the solution sets of the perturbed vector equilibrium problems without
monotonicity in real linear metric spaces. Very recently, Li et al. [[7] concerned
with the stability for a generalized Ky Fan inequality when it is perturbed by
vector-valued bifunction sequence and set sequence. By continuous convergence of
the bifunction sequence and Painlevé-Kuratowski convergence of the set sequence,
they established the Painlevé-Kuratowski convergence of the approximate solu-
tion mappings of a family of perturbed problems to the corresponding solution
mapping of the original problem.

On the other hand, J.Y. Fu et al. in [I1] presented a generalized strong vec-
tor quasi-equilibrium problem with set-valued mapping and domination structure
(GSVQEP). Tt is better than other solutions, such as weak efficient solution, effi-
cient solution, and proper efficient solution. Therefore, it is interesting to discuss
the (GSVQEP) and the properties of its solution set.

Motivated by the work reported in above, this paper aims to establish some
results for the solution set of a generalized strong vector quasi-equilibrium problem
with set-valued mapping and domination structure. We first discuss the Painlevé-
Kuratowski upper convergence of the solution sets. We consider a generalized
nonlinear scalarization function, which will be used to construct a gap function
for such problem on set-valued mapping concerning with set-valued mapping and
domination structure and we also introduce a key assumption (Hg). Thus, the
Painlevé-Kuratowski lower convergence of the solution set is established under the
main assumption (Hy).

The rest of the paper is organized as follows. In section 2, we introduce the
generalized strong vector quasi-equilibrium problem with domination structure
(for short, GSVQEP) and (GSVQEP),, recall some definitions and important
properties. In section 3, we establish Painlevé-Kuratowski convergence of the
solution sets, and provide some examples to illustrate that our main results are
new and different from the existing ones in literature.
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2 Preliminaries

Throughout this paper, unless specified otherwise, we always suppose that
X,Y and Z are metric linear spaces. Let A C X be a nonempty, compact, closed
convex subset, K : A — 24 be a set-valued mapping, £ C Y be a nonempty
compact subset, and set-valued mapping P : A — 2% be a closed mapping such
that for all x € A, P(xz) C Z be a proper, closed convex cone with the apex at the
origin 0 of Z. The family {P(x) : € A} is called a domination structure on Z.
Let set-valued mappings f : E x A x A — 2% and closed mapping T : A — 2F.

We consider the following generalized strong vector quasi-equilibrium problem
with set-valued mapping and domination structure:

Find x € K(z) such that for each y € K(x), there is some t € T'(x)
(GSVQEP) { such that f(t,z,y) C P(z).

For each n € N, let f, : EXxXAx A —2% K,:A—2%and T, : A — 2F be
three set-valued mappings. We consider the following sequence of the generalized
strong vector quasi-equilibrium problems :

Find z,, € K,(x,) such that for each y € K, (x,), there is some

(GSVQEP)n { t € To(2n) stich that fu(tn,zn,y) C Plan).

We denote the solution sets of problems (GSVQEP) by S(T, K, f) and (GSVQEP),,
by S(Ty, Kn, frn). We mainly analyze the behavior of S(T, K, f) and S(Ty, Ky, fn).
Thus, we always assume that S(T, K, f) and S(T), K,, f») are not equal empty
sets.

Remark 2.1. If K(z) = K where K be a nonempty, closed convex subset of X,
then the problem (GSVQEP) reduces to the generalized strong vector quasiequi-
librium problem with set-valued mapping and domination structure (for short,
GSVQEP) studied in [I).

Definition 2.1. Let X and Y be two metric spaces and G : X — 2¥ be a
set-valued mapping.

(i) G is said to be lower semicontinuous at xo € X, if G(xo) NU # O for some
open set U C Y implies the existence of a neighborhood N of z( such that
G(z)NU # 0,Vz € N. G is said to be lower semicontinuous in X if it is
lower semicontinuous at each xzg € X.

(ii) G is said to be upper semicontinuous at xo € X, if for each open set U D
G(zp), there is a neighborhood N of zg such that U 2 G(z),Vx € N. G is
said to be upper semicontinuous in X if it is upper semicontinuous at each
T € X.

(iii) G is said to be continuous at zg € X, if it is both lower semicontinuous and
upper semicontinuous at xg. G is said to be continuous in X if it is both
lower semicontinuous and upper semicontinuous at each xg € X.
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(vi) G is said to be closed at xo, if for each sequence {(z,,y,)} C graphG :=
{(z,y)|ly € G()}, (n,yn) = (z0,y0), it follows that (x,y0) € graphG. G
is said to be closed in X if it is closed at each zg € X.

Lemma 2.2. ([3]) Let X and Y be two metric spaces and G : X — 2¥ be a
set-valued mapping. If G has compact values, then G is upper semicontinuous at
xo if and only if, for each sequence {x,} C X which converges to x¢ and for each
sequence {y,} C G(z,), there are y € G(x) and a subsequence {ym} of {yn} such
that ym — y.

Lemma 2.3. ([3]) Let X and Y be topological spaces. If a set-valued mapping
T :X —2Y is upper semicontinuous with compact values, then for every compact
set K C X, the set T(K) = UgzerT(x) is compact.

Definition 2.2. (/22/) Let {C,,} be a sequence of sets of R™ and C be a subset
of R™.

(i) limsup,,_,. Cp :={z € R™|3z,, € Cy,,Tpn, — x} is its outer limit;
(ii) liminf, o Cp = {z € R™|3z,, € C),, x, — x} is its inner limit;

(iii) {C,} issaid to be Painlevé-Kuratowski convergent to C, denoted by C,, RSN
C, if and only if limsup,, ,., C, C C C liminf, o Cp.

The relations limsup,,_,,, C,, C C and C C liminf,_, . C), are, respectively,
referred as the upper part and the lower part of the convergence. Clearly,

liminf C,, C limsup C,,.

n—0o0 n—00

Definition 2.3. (/22]) Let S : X — 2¥ be a set-valued mapping.
(i) S is said to be outer semicontinuous (osc) at Z if limsup,_,. S(x) C S(Z)
with
limsup,_,- S(x) := Uy, zlimsup,,_, . S(zn).
(ii) S is said to be inner semicontinuous (isc) at z if S(z) C liminf,_,; S(zx)
with
liminf, 7 S(x) := Ny, -z liminf, o S(z,).
(iii) S is said to be continuous at T, written as S(z) — S(Z) as x — T
if it is both outer semicontinuous and inner semicontinuous.

Definition 2.4. (/23]) Let f, : X — 2¥ be a sequence of set-valued mappings
and
f: X — 2" be a set-valued mapping.

(i) {fn} is said to be outer converges continuously to f at xg if

limsup fn(xn) C f(‘TO)avxn — Z0;

n—oo
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(ii) {fn»} is said to be inner converges continuously to f at xq if

fzo) C lirginf frn(xn)), Ve, = zo;

(iii) {fn} is said to be converges continuously to f at x¢ if

limsup f,(z,) C f(xg) C lirginf fo(xn), Yo, — x0.

n—oo

(iv) {fn} is said to be converges continuously to f on X
if {fn} converges continuously to f at every g € X.

Next, we recall the concept of the nonlinear scalarization function which can
be found in [B, [, 2¥)].

Definition 2.5. [B, [, 28] Let e : X — Y be a vector-valued mapping and for any
x € X, e(x) € intC(x). The nonlinear scalarization function & : X xY — R
defined by

ée(z,y) =inf{r e R:y € re(z) — C(x)}.

In the special case where Y = R? and for any € X, P(z) = RY and e(x) =
e, let e = (1,1,1,...,1)T ¢ intR" , the nonlinear scalarization function can be
expressed in the following equivalent form [i]:

Se(y) = 11T<1&<}( {yl}a Vy = (y17y27 oo 7yp)T S (2]—)
<i<p

Proposition 2.6. For each v € R and z,y € X, the following statements are
satisfied.

(i) €e(z,y) <r &y €re(z) — intC(x);

(11) §e(f£, y) Sreyce T’(—;’(:E) - C(‘T);

(ili) €e(z,y) = 7 =y & re(z) — intC(x);
(iv) &elz,y) > r =y ¢ re(z) — C(z);
(

V) &e(z,y) =r <y € re(xr)—I9C(x), where 0C(x) is the topological boundary of
C(z).

Lemma 2.4. (fd]) Let X andY be two locally convex Hausdorff topological vector
spaces, and let C : X — 2Y be a set-valued mapping such that, for each x € X, C(z)
is a proper, closed, convex cone in Y with intC(z) # 0. Furthermore, lete: X —Y
be the continuous selection of the set-valued map intC(-). Define a set-valued
mapping V : X —2Y by V(x) = Y\intC(x) for v € X. We have

(i) If V(+) is usc in X, then &.(-,-) is upper semicontinuous in X X Y;

(ii) If C() is usc in X, then &.(-,-) is lower semicontinuous in X X Y.
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Remark 2.5. From Lemma B4, we know that if V(-) and C(-) are both usc in
X, then &.(-,-) is continuous in X x Y.

A subset B C X is said to be balanced if B C B for every a € R with |a] < 1.
The following result is a well-known fact.

Lemma 2.6. For each neighborhood U of Ox, there exists a balanced open neigh-
borhood V' of 0x such that V +V +V C U.

3 Main Results

In this section, we investigate the upper Painlevé-Kuratowski convergence of
the sequence sets S(T},, Ky, fn). In this section, our focus is on the Painlevé-
Kuratowski upper convergence of the solution sets for (GSVQEP),,.

Theorem 3.1. For (GSVQEP),,, assume the following conditions are satisfied:
1. {K,} converges continuously to K;
2. {T,} outer converges continuously to T';
3. {fn} converges continuously to f;
4. P is closed.
Then, limsup,, ., S(Tn, Kn, fn) C S(T, K, f).

Proof. Let xo € limsup,,_, ., S(Ty, Ky, fn) be any given. So, there exists a subse-
quence {x,, } in S(Ty,, Ky, , fn,) converging to zo. Then, for each y € K,,, (z,, ),
there exists t,, € Ty, (2, ) such that

frn (b s Ty s y) C Play,), for all k € N. (3.1)

Since x,, € Ky, (z,) and x,, — xo, one implies that xg € limsup,,_, o Kn(zn)-
As {K,} outer converges continuously to K, we have limsup,,_, . K,(z,) C
K(x0). Hence, g € K(xp). Further, since T'(z,,) C T(A) and T(A) is com-
pact, thus {t,, } has a convergent subsequence. Without loss of generality, we can
assume that t,, — to € T(A). Then,

to € limsup T), (zp,).

n—oo

By the virtue of (ii), we have tg € T'(z(). Next, we show that, for all y € K(zg),

f(to,o,y) C P(xp).

As {K,} inner converges continuously to K and x,, — o, for any y € K(x),
there exists a sequence y,, € K, (2, ) such that y,, — y as k = oo. Applying
(Bd), we have

Frw g s T Yny) C P(zp,), VE € N. (3.2)
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Since { fn, } converges continuously to f at (to, zo,y) and (n,, Tny s Yn,) = (to, Zo, Y),
we can conclude that

limsup fn, (bnys Tngs Yni) C f(to, To,y) C Uminf fi, (tn,, Tnys Yny)-
k—o0 k=00
Thus, for any fixed wy € f(to,xo,y), we have wg € iminfy_, oo fr, (tnys Tnys Yny, )
there exists a subsequence {wy, } of {w,} such that w,, € fn, (tn,,ZTn, s Yn, ), and
Wy, — wo as k — oco. By (B32), we get w,, € P(z,,). By the virtue of the
closedness of P, we have (xzg,wp) € graph P, that is wg € P(zg). Thus, we
actually conclude that
f(to, o,y) C P(xo),

which gives that zo € S(T, K, f). This complete the proof. O

The following examples show that none of the assumptions in Theorem (B)
can be dropped.

Example 3.1. (Assumption (i) can not be dropped)
Let X =Y = Z =R, P(z) = [0, +00), K(z) = [-1,1], K,,(z) = [- 1, 1], T(z), T,.(2) =
[—1,1]. We define a mappings f, f, : E x K x K — R by

f(t,x,y) =y—zand fn(tvxvy) = (1 + %)(y _"E)'

Thus, assumptions (ii)-(iv) holds. It follows from a direct computation S(T\, K, f) =
{=1} and S(T,, Ky, fn) = {—1}. However, the result of Theorem B does not
hold. In fact,

{O} = liTILILSOIip S(Tr“Knafn) g S(T7 K’ f) = {_1}'

The reason is that, {K,} does not converge in the sense of Painlevé-Kuratowski
to K.

Example 3.2. (Assumption (ii) can not be dropped)
Let X =Y = Z = R,P(z) = [0,+00). Let K(z),K,(z) = [-1,1], T'(z) =
[0,1], Th(z) = [-1— %, 1]. Define a mappings f, f, : E x K x K — R by

ft,z,y) =t+y—zand f,(t,x,y) = (t—l—%)—k(y—x).

Thus, assumptions (i),(iii), and (iv) holds. It follows from a direct computation
S(T,K, f) ={-1} and S(T},, K., fn) = {—1,1}. However, the result of Theorem
B0 does not hold. In fact,

{-1,1} = limsup S(T,,, Kp, fn) € S(T, K, f) = {-1}.

n—oo

The reason is that, {T,,} does not converge continuously to T
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Example 3.3. (Assumption (iii) can not be dropped)
Let X =Y = Z,P(z) = R%. Let K(z), Ky (z) = [0,1], T(z), Th(z) = [1,1 + z?].
Define a mappings f, f, : E x K x K = R? by

Flt2y) = (0,2 — ) and fult,z,) = (- —2),0).

Thus, assumptions (i),(ii), and (iv) holds. It follows from a direct computation
S(T,K, f) = {1} and S(T},, K, fn) = {0}. However, the result of Theorem BT
does not hold. In fact,

{O} = liTILnﬁsolip S(T7L7K7ufn) g S(T7 K, f) = {1}

The reason is that, {f,} does not converge continuously to f.

Theorem 3.2. For (GSVQEP), assume the following conditions are satisfied:
(i) K is continuous on A;
(ii) f s isc on B x A X A;
(iii) T is osc on A;
(iv) A and K(A) are compact sets;
(v) P is closed.
Then, S(T, K, f) is compact.

Proof. First, we prove that S(T, K, f) is a closed set. Take any sequence {z,} €
S(T,K, f) with , — x¢. Then, for any y € K(z,), there exists a sequence
t, € T(xy,) such that

f(tmxmy) C P(mn) (3'3)

As x, € K(z,) and z, — x0, one has zg € liminf, o K(z,). Hence, xy €
limsup,,_, o K(x). By the outer semicontinuity of K at xo, we have

limsup K (z,,) C K(xg).

n— 00

Hence, zy € K(z¢). Further, since ¢, € T'(z,) C T(A) and T'(A) is compact,
then {¢,} has a convergent subsequence which converges in T'(A4). Without loss
of generality, we may assume that

tn, = to € T(A)

Then, ty € limsup,,_, ., T(x,). By (iii), we have ty € T'(zp). Finally, we shall
prove that, for any y € K(xo),

f(to,z0,y) C P(x).
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For any y € K(x¢), since K is isc at xg, one has y € liminf, ,- K(z,). Then,
there is a sequence {y,} C K(z,) such that v, — y. Let zo € f(to,z0,y) be
arbitrary. As fisisc on E x A x A and (t,,, T, yn) — (to, Zo,y), one has

f(t0;370a y) - hminff(tmxna yn)-
n— oo

Hence, zp € liminf,, oo f(tn,Zn,¥yn). Then, there exists a sequence {z,} C
f(tna Tny yn) SuCh that
Zp — 20 aS N —» OQ.

Applying (B33), we have {z,} C P(z,). By the closedness of P, (zg,29) € graphP,
that is, zg € P(xg). Thus, we get zg € S(T, K, f). So, S(T, K, ) is a closed set.
As S(T,K, f) C K(A) and K(A) be a compact set, we obtain that S(T, K, f) is a
compact set. O
Similarly, we have the following result.

Theorem 3.3. For any n, suppose that

(i) {Ky,} is continuous on A;

(ii) {fn} is isc on E x A x A;

(iil) {7} is osc on A;

(iv) A and K,,(A) are compact sets;

(v) P is closed.
Then, S(Ty, Kn, frn) is a compact set.

4 Painlevé-Kuratowski lower convergence of the
solution sets.

In this section, we mainly discuss the Painlevé-Kuratowski lower convergence of
the sequence sets S(T,,, Ky, fn). First of all, we give the concept of introduce a
sequence of gap functions based on the nonlinear scalarization for (GSVQEP) and
establish a key assumption (Hy) imposed on the sequence of gap functions. Set

K:={recAzeK(x)}and K, .= {z € Alz € K,(z)}.

For the set-valued mapping with compact values f : £ x A x A — gZ and f, :
E x Ax A — 27 we introduce respectively two mappings ¢ : E x K x K - R
and ¢, : F x K, x K, — R as the following :

t,r,y) = max elz,v);
o(t,z,y) Ue_f(tw)ﬁ (z,v)
and

Wn(tnaxnvy) = max ge(wnv’un)7

’UnE_fn(t”ruxnvy)
where & : X X Z — R is the nonlinear scalarization function.
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Lemma 4.1. 1. For (GSVQEP), suppose that for every fized x € K, —f(z,-)
18 lower semicontinuous with compact values on E x A and K has closed
values on K. Then, for any fized x € K, maxye i (z) (- T, y) is lower semi-
continuous on E.

2. For (GSVQEP),,n € N, suppose that, for every fized x € K., —fu(yz, )
s lower semicontinuous with compact values on E x A and K,, has closed
values on K,,. Then, for any fized x € K,, maXyeg, (z) Pnl- T, y) is lower
semicontinuous on FE.

Proof. (i) Since, for every fixed z € K, —f(-,,-) is a lower semicontinuous set-
valued mapping on E x K, it follows from [3] that (-, z, -) is lower semicontinuous
on E x K, for any fixed z € K. Thus, we have that maxye i (z) (- T, y) is lower
semicontinuous on E.

Similarly, we can show that (ii) holds. O

For (GSVQEP) and (GSVQEP),,,n € N, suppose that K (z),T(x), K,(z) and
T, (z) are compact for all z € A. Then, from Lemma B, we define the following
two real-valued functions g : K — R and g¢,, : K;;, = R by
= — mj t,a,y), Vo € K, 4.1
g(x) in ygllgé)w( T,y), Vx (4.1)
and .
n = — i t,x,y), Vv K,. 4.2
gn () in | max en(t,z,y), Vo € Ky (4.2)
Lemma 4.2. 1. Suppose that, for every fized x € K, —f(,-x) is a lower
semi-continuous set-valued mapping with compact values on E x K, K and
T have closed values on K. If —f(t,z,x) N —0P(x) # 0,V € K and
t € T'(x), then g defined by (E) is a gap function for (GSVQEP).

2. Suppose that, for every fixed x € K,, —fn(s, -, ) is a lower semi-continuous
set-valued mapping with compact values on E x K,,, K, and T, have closed
values on K. If —f,(t,x,2) N —8P(x) # 0, Yz € K,, and t € T, (), then
gn defined by (B) is a gap function for (GSVQEP),.

Proof. (i) (a) We first show that, for all x € K, g(z) < 0. Since —f(t,z,x) N
—0P(z) # 0, Vo € K and t € T(x), there exists wy,; € —f(t,z,y) such that
wye € —OP(z). It follows from Proposition Z@ (v) that

Ee(x,wy) = 0.
Then, for all z € K and t € T(z),
max & (z, — f(t,z,2)) > 0.
Naturally, for all x € K,

= — i e y tv ) go 43
9(x) tgl;a)yénfgé)maﬂ(x f(t,z,y)) (4.3)
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(b) Next, we want to prove that g(z) = 0 if and only if T is a solution of
(GSVQEP). Firstly, we suppose that there is € K such that 9(Z) = 0. Applying
Lemma BT, there exists a point ¢ € T'(Z) such that

9(z) = — ax max Ee(@, —f(t,Z,y)) = 0.

which gives that,
max & (z, — (1,7, y)) <0, Vy € K(z).

By the virtue of Proposition P8 (ii), we have
—f(t,z,y) C —P(z), for all y € K(Z);
that is, for all y € K (),
f(&2,y) C P(2).

Then, we can conclude that Z is a solution of (GSVQEP).
Conversely, suppose that Z is a solution of (GSVQEP). Then, there is ¢ € T'(z)
such that

f(t,2,y) C P(z), Vy € K(),

ie.,

—f(t,z,y) C —P(x), Yy € K(2).
Using the Proposition 2@ (ii), we get that
Ee(x,v) <0, Vv € —f(t,Z,y) and y € K(ZT).

It follows that
9(z) > 0. (4.4)

From (E3) and (E34), we get g(z) = 0. Hence, the mapping ¢g be a gap function
for (GSVQEP).

Similarly, we can show that (ii) holds. O
Proposition 4.3. Assume for the problem (GSVQEP) that

1. For every fized © € K, —f(, ) is_a lower semi-continuous set-valued
mapping with compact values on F x K;

2. K is continuous with compact values in A;
3. T is continuous with compact values in A;
4. P is upper semicontinuous in A.

Then, g is continuous in K.
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Proof. (a) First, for any 7 € R, we prove that the level set L := {z € K : g(z) < r}
is closed. To this end, suppose that {z,,} C L satisfying z, — z¢ as n — oo. It
follows that, for each n € N,

Tp)=— min ma t,xn,y) <7,
9(zn) teT(xn)yEK(gfn)w( n+Y)

which gives that

ma; — ma t.x <r
teT(fn)( yeK(gn)cp(, ny)) <

For any ty € T(xg), the lower semicontimuity of 7' implies that there exists a
sequence {t,} with ¢, € T(x,) such that ¢, — ¢y and so, we have

— t <
( x| O(tn, Tn,y)) <,

By the compactness of K (x,), there exists a sequence {y,} with y,, € K(z,) such
that
— @(tn, Tn,Yn)) <r, for all n € N. (4.5)

Since K is upper semicontinuous with compact values, there exists a subsequence
{Yn,.} of {yn} such that y,, — yo for some yo € K(xo). From (A1), it is clear that

— @(tn, s TnyyYn,)) <1, for all k € N. (4.6)

On taking the limit (as k& — oo) in the last inequality, we obtain

— ¢(to, 0, Y0) <7 (4.7
It follows from (B=7) that

— max to, o, <r.
yeK(mg){w( 0,20, Y)}

Since tg € T(xg) is arbitrary, it follows from the last inequality that

=— mi to, To,y) < 1.
) =7 Bl Ry P V) ST

This proves that, for r € R, the level set {z € K : g(z) <} is closed. Hence, g is
lower semicontinuous in K.
(b) Using the same argument as in the proof of (a), we can prove that for
r € R, the level set {z € K : g(z) > r}is closed. Hence, g is upper semicontinuous
in K.
O

Similarly, we have the following result.

Proposition 4.4. Assume for the problem (GSVQEP), that, for each n € N,

1. For every fized x € K, —fu(s, @) ds_a lower semi-continuous set-valued
mapping with compact values on E X K, ;
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2. K, is continuous with compact values in A;
3. T, is continuous with compact values in A;
4. P is upper semicontinuous in A.

Then, for each n € N, g, is continuous in K,.

Lemma 4.5. Assume for the problem (GSVQEP), that, for each n € N,

1. For every fized ¢ € R’, —fn(yy ) is_a lower semi-continuous set-valued
mapping with compact values on E x K, ;

2. K, is continuous with compact values in A;
3. T, is continuous with compact values in A;
4. P is upper semicontinuous in A.

Then, for any 6 >0, xg € K and a sequence {zn} C K, satisfying x, — xq, there
exists a subsequence {xy,} of {xn} and N € N such that

Gn; (Tn;) > g(x0) =9, for all j > N.

Next, we establish that the condition (H,) is a sufficient and necessary con-
dition for the lower Painleavé-Kuratowski convergence of the solution sets for
generalized strong vector quasi-equilibrium problem with domination structure
(GSVQEP). In view of hypothesis (H,) of [8, 00, 12, [H, 24], we introduce the
following key assumption:

(Hy) : For any open neighborhood U of the origin in X, there exists o > 0
and an ng € N such that, for each n > ng with z,, € K,\(S(Ty, Ky, fn) + U), one
has g (z,) < —a.

Remark 4.6. Geometrically, the hypothesis (Hy) means that, given a small open
neighborhood U of 0x, we can find a small positive number o and a large enough
positive number ng such that for all n > ng, if a feasible point x,, is not in the set
S(Tn, Ky, frn) + U, then a "gap” by an amount of at least —« will be yielded.

We now need the following result to establish the Painlevé-Kuratowski lower
convergence of the sequence sets S(T},, Ky, fn)-

Lemma 4.7. Suppose that all the conditions in Theorem B3 are satisfied. Then,
S(T,K, f) C liminf,, oo S(T),, K, frn) if and only if for each open neighborhood
U of the origin in X, there is N > 0 such that

S(T,K, f) C S(Ty, Kn, fn) + U,

for alln > N.
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Proof. Suppose that S(T, K, f) C liminf,, o S(T},, Ky, frn) and there is an open
neighborhood U of the origin in X such that, for each n > 0, there exists N,, > n
such that

S(TvKaf) g S(TNnaKNn7an)+U'

Without loss of generality, we assume that {V,} is strictly increasing. Hence,
there exists a sequence {z,} such that, for each n € N|

ZTn € S(Ta K, f)\(S(TNn7KNna an) + U)
Hence, for each x € S(Tn,, Kn, , fn, ), we have
Tn—2x & U (4.8)

Since S(T, K, f) is compact, without loss of generality, we can assume z, — z¢ €
S(T,K, f). Since S(T, K, f) C liminf,,_ o S(T}, K,, fn), there is a sequence
zn € S(Ty, Ky, frn) such that z, — xg as n — oo. For each n € N, denote w,, :=
Tn, — 2Zn. Applying (B8), we see that wy, := zn, — zn, € U¢, the complement of
U. Since U® is closed and wy, — 0, we have 0 € U°. This is a contradiction to
the given definition of U.

Conversely, suppose that for each open neighborhood U of the origin in X,
there is N > 0 such that

S(T, K, f) C (S(Tn, Kn, fn) +U),

for alln > N. We will prove that, S(T, K, f) C liminf,,_,oc S(T, Kn, fn). Let g €
S(T,K, f) be arbitrary. For each k € N, Uy, := B(0, +) is an open neighborhood
of the origin in X, and hence there exists N > 0 such that

Ty € S(Tannafn) + Uk, Vn > Nj.
Thus, for any n > Ny, there exists a sequence {zF}2° | in S(T},, Kp, f,) such that
Ty — Jﬁlfb € Uyg.

By the compactness of S(T},, Ky, fn) in Theorem (82) and z¥ € S(T,,, K,, fn),
there exists a subsequence of {x¥} which converges in S(T,, K., f,,). Without loss
of generality, we may assume that

xfl =y € S(Th, Ky, fn) as k — oc.
We have
d(xy,x0) < d(xn,z?)+d(2F, o)
< d(xp,x) + % — 0asn,k — oc.
Hence, z,, — x9, i.e.,
S(T,K, f) C liminf S(T,, Ko, fr)-

This complete the proof. O
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Motivated by [I5], we also study the characterizating (Hy).

Lemma 4.8. Suppose that all the conditions in Proposition f-3 are satisfied. For
any open neighborhood U of the origin in X, we let

@Z = 5 inf —dn (.23)
TEK\(S(Tn,Kn,fn)+U)

Then, (Hg) holds if and only if for any open neighborhood U of the origin in X,
one has

11nrgl£f or > 0.
Proof. 1f (Hy) holds, then for any open neighborhood U of the origin in X, there
exists @ > 0 and ng € N such that for each n > ng and x € K,\(S(T},, Ky, fn)+U),
one has g,(z) < —a, that is, —g,(z) > a > 0. It follows that

liminf OF > o > 0.

n—oo

Conversely, for any open neighborhood U of the origin in X,

7 := liminf ©F > 0.

n—oo

Then there exists ng € N such that, for all n > ng and a := %w, we have

o= inf —gn(z) > a > 0.
2€R\(S(Tn, K, fn)+U)

It then follows that, for each n > ng and z,, € f(n\(S(Tn, Ky, fn) +U), one has
—gn(zn) > a>0.

Hence, (H,) is obtained.
O

Now, we are in a position to state and prove the lower Painlevé-Kuratowski
convergence of the solution sets S(T},, K,, f») in the following theorem.

Theorem 4.9. Suppose that all the conditions in Theorem B2 and Theorem E3
are satisfied. Suppose that assumption (H,) holds and assume that K and g are
Isc in A and K(A), respectively. Then, (Hy) holds if and only if

S(T.K, f) C liminf S(T,,, Ky, fr). (4.9)

Proof. We first prove the sufficient condition. Suppose on the contrary that (H,)
holds but

S(T, K, f) ¢ liminf S(T,,, K,, fn).
n—oo
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Then due to Lemma B74, there is an open neighborhood Uy of the origin in X such
that for each n > 0, there exists IV,, > n such that we get

S(Tava) I(Z S(TNanNnvan) + U0~
Thus, there is a sequence {xy, } in S(T, K, f) such that
TN, % S(TNn,a KNn,an) + Uy, for all n € N. (4.10)

By Theorem B2, S(T, K, f) is a compact set. Hence, we can assume without loss
of generality that, as n — oo,

TN, = Zo GS(TvKaf) (411)

For Uy, in virtue of Lemma P, there exists a balanced open neighborhood Vj of
0x such that Vi 4+ Vi + Vy C Up. Furthermore, it is clear that for any given € > 0,
(zo + Vo) N K(xp) # 0. Since K is Isc at xg, there exists some kg such that

(xo +eVo)NK(zn,) # 0, Yn > k.

For a given ¢ € (0,1] and n > ko, suppose that yn, € (zo +eVo) N K(xy,). We
claim that
yn, € S(In,, Kn,, In,) + Vo. (4.12)

Otherwise, there exists zy, € S(Tn,,Kn,, fn,) such that yn, — zn, € Vj. By
(B1), without loss of generality, we may assume that zy, —x € Vp, whenever n
is sufficiently large. Consequently, we get

TN, — 2N, = (zn, —%0)+ (w0 —yn,)+ (YN, — 2N,)
Vo + (—eVo) + Vo

VWw+W+W

Uy.

N N m

Hence, for each n > ko, zn, € S(Tn, , KN, , fn, )+ Uo, which contradicts to (210).
Thus, (E12) is proved. By hypothesis (H,), there exists a constant a > 0 and
ng € N with ng > kg such that, for each n > ng with z,, € K:n\(S(Tn,Kn7 fn)+0),
one has g, (z,) < —a. In particular, it follows from (ET2) that

gn, (yn,) < —a, for n large enough.

Applying Lemma B3, for any § > 0, there exists a subsequence {yNnj} of {yn,}
and N € N such that

9N, (yN”j) > g(zo) — 6, forall j > N.
We choose an § with § < a, and hence

g(zo) < IN,., (yNnJ.) +6< —a+d5<0, forall j > N.
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Therefore,

— min max max&.(xg, —f(t, zo, < 0.
,Jpin | max x&c(xo, —f(t,20,y))

So, for any t € T'(zg), there exists yo € K (xg) such that

mane(xO, _f(ta anyO)) > 0.

In other words, there exists vg € —f(t,x0,%0) such that &.(xg,v9) > 0. From
Proposition Z8(iv), one has vg ¢ —P(z¢). This also implies that —f(¢, zo,y0) €
—P(xg), i.e.,

f(tvaayO) /@ P((E())

This is a contradiction to (). Thus,

S(T, K, f) C liminf S(T),, Ky, fn)-
n—oo

Next, we show the necessary condition. Suppose to the contrary that S(T, K, f) C
liminf,, o S(Ty, Ky, fn), but (Hy) does not hold. Then there exists an open
neighborhood U of the origin in X such that

liminf ©F, =0,

n—oo

where
@Z = ~ inf —dn (:C)
w€Kn\(S(Tn,Kn,fn)+U)

It then follows that there exists a sequence {7 } of {©F } such that lim;_,, O/ =
liminf, . ©F = 0. For each j € N, since f(nj\(S(Tnj,Knj,fnj) +U) is a
compact set and g,; is continuous (from Proposition BZ3), there exists x,;, €
f(nj\(S(Tnj,Knj,fnj) + U) satisfying ©;/ = —gn, (zn,). Consequently,

lim gy, (xn,;) = 0. (4.13)
j*}OO

Since r,; € Kp, (an) C A and A is compact, we may assume that z,, — ¢

as j — oo. Consequently, zo € limsup,,_,. Kn(z,). As {K,} outer converges

continuously to K, we have limsup,, . Kn(zn) C K(z9). Hence, zo € K(zg).
By the compactness of K,\(S(T}, Ky, fn) + U), we may assume that

x% — Tp € Kn\('s(Tna Ky, fn) + U)
Since x], — zp and g is continuous function , one implies that
g(zh) — g(zg) as n — oo. (4.14)

By the uniqueness of the limits, we get that g(xg) = 0. Since g be a gap function
for (GSVQEP), hence z¢ € S(T, K, f).
For any fixed ¢ty € S(T, K, f), by our assumption, we have

tg € liminf S(T,,, Ky, fn)-
n—oo
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This implies that, there exists a sequence {t,} C S(T,, Ky, f») such that ¢, — to.
As 2!, € K, \(S(Th, Kn, fn) + U). it follows that

x, —t, ¢ U, Vn.
Let n — oo, we get that
o — to ¢ U.
This is a contradiction. Hence, (Hy) is valid. This complete the proof. O

Theorem 4.10. Suppose that the conditions of Proposition G-3 are satisfied and
K, is u.s.c with closed values in X. Then, S(T, K, f) C liminf,, o S(Tn, Kp, fn)
if and only if (Hy) holds.

Proof. From Theorem (B79), we only need to prove the necessity. Suppose to
the contrary that S(T, K, f) C liminf,, o S(T, Kn, fn), but (H,) does not hold.
Then there exists an open neighborhood U of the origin in X such that

lim inf Oy (z,) = 0.

n—oo

where

Oy (zy,) == } inf —g(xy).
2 €K \(S(Try Ky fr)+U)

Then, there exists N € N such that

lim ®U($n) = lim ( ) inf g($n)) =0,
n— 00 n—=00 \ g, € Kp\S(Tn,Kn,fn)+U

for all n > N. Since K,\(S(T},, Kn, fn) + U) is a compact set and g is continu-
ous (from Proposition B33), there exists x), € K,\(S(Tn, Kn, fn) + U) satistying
Oy (z],) = g(x},). This implies that

lim g(x),)=0. (4.15)

n—oo
By the compactness of K,\(S(Ty, Kn, fn) + U), we may assume that
z! = xo € K,\(S(Tp, Kn, fn) + U).
Since z], — o and g is continuous function , one implies that
g(zh,) = g(zo) as n — oo. (4.16)

By the uniqueness of the limits, we get that g(x) = 0. Since g be a gap function
for (GSVQEP), hence z¢ € S(T, K, f).
For any fixed tg € S(T, K, f), by our assumption, we have o € iminf,, o0 S(T, Kp, fn)-
This implies that, there exists a sequence {t,} C S(T},, Kn, fn) such that t,, — ¢o.
As !, € K,\(S(Ty, K, fn) + U). it follows that

x, —t, ¢ U, Vn.
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Let n — oo, we get that
o — t() ¢ U.

This is a contradiction. Hence, (H,) is valid. O

From Theorems B and B9, we can get the following result.

Corollary 4.11. Suppose that all the assumptions of Theorems B3 and F-3 are
satisfies, then S(Tn, Ky, fn) converges to S(T, K, f) in the sense of Painlevé-
Kuratowski if and only if (Hy) holds.
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