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Let H be real Hilbert space with inner product (-,-) and norm || - ||. Let C
be a nonempty subset of H. A subset C C H is said to be proziminal if for each
x € H, there exists y € C such that

|z —y|| = d(z,C) = inf{||z — 2| : 2 € C}.

Let CB(C), K(C) and P(C) denote the families of nonempty closed bounded
subsets, nonempty compact subsets and nonempty proximinal bounded subset of
C, respectively. The Hausdorff metric on CB(C) is defined by

H(A, B) = max { sup d(z, B), sup d(y, A)}
T€EA yeB
for all A, B € CB(C) where d(x, B) = infyep ||z — b]|.
A singlevalued mapping T : C — C' is said to be nonexpansive if

[Tz =Ty < [l —yll

for all z,y € C.
A multivalued mapping T': C' — CB(C) is said to be nonexpansive if

H(Tz,Ty) < ||z =y

for all z,y € C. An element z € C is called a fized point of T : C — C (resp.,
T:C — CB(Q)) if z =Tz (resp., z € Tz). The fixed point set of T is denoted
by F(T). If F(T) # @ and

H(Tx,Tp) < [lz —p

for all x € C and p € F(T), then T is said to be quasi — nonexpansive.
In 1953, Mann [29] introduced the iteration procedure as follows:

21 € C,xny1 = QnZpn + (1 — ap)Ty,,Vn €N

where {a,} C [0,1] and N the set of all positive integers. Recently, many mathe-
matician (see [0, T2, Z3]) used Mann’s iteration for obtaining weak convergence
theorem.

In 2008, Takahashi et al.[2d] introduced a new projection method which is
called the shrinking projection method by using the modification Mann’s iteration
for obtaining strong convergence theorem for a countable family of nonexpansive
singlevalued mapping in Hilbert spaces. They proved the following theorem:

Theorem 1.1. [29] Let H be a Hilbert space and C be a nonempty closed convex
subset of H. Let {T,,} and 7 be a family of nonexpansive mappings of C into
H such that F := NS F(T,,) = F(7) # 0 and let xy € H. Suppose that {T,}
satisfies the NST-condition (I) with 7. For C; = C and u; = P, xo, define a
sequence {u,} in C as follows:

Yn = QpUp + (1 - an)Tnuna
Crny1={2€Cn:[lyn — 2| < [lun — 2[l}, (L.1)
Up4+1 = Pcn+1x0, Vn € N,
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where 0 < a, < a <1 for alln € N. Then the sequence {u,} converges strongly
to a point zyg = Ppxg.

In 2008, Kohsaka and Takahashi [[9, 9] presented a new mapping which
is called a nonspreading mapping and obtained fixed point theorems for a single
nonspreading mapping and also a common fixed point point theorem for a commu-
tative family of nonspreading mapping in Banach spaces. Let H be a Hilbert space
and C' be nonempty closed and convex subset of H. Then a mapping T : C — C
is said to be nonspreading if

2Tz = Tyl* < llz = Tyl* + |ly - T||?

for all z,y € C. Recently, Iemoto and Takahashi [I3] showed that T : C' — C is
nonspreading if and only if

[Tz — Ty|* < ||z — yl|> + 2(x — Ty,y — Ty), Yo,y € C.

Further, Takahashi [28] defined a class of nonlinear mapping which is called hybrid
as follows:
1Tz —Ty|* < ||z —y|I* + (& — T,y — Ty),

for all z,y € C. It was shown that a mapping T : C'— C is hybrid if and only if
31T — Tyll* < |lo —yl* + lly — Tll* + = — Tyl

for all z,y € C.

Inspired by Kohsaka and Takahashi [I9], Temoto and Takahashi [T3] and Taka-
hashi [2R], Cholamjiak and Cholamjiak [8] introduced a new concept of multivalued
mapping in Hilbert spaces. A multivalued mapping 7' : C — CB(C) is said to be
hybrid if

3H(Tx,Ty)* < |lv — y|* + d(y, Tx)” + d(x, Ty)?,
for all z,y € C. They showed that if T is hybrid and F(T) # 0, then T is

quasi-nonexpansive. The following example shows that T is hybrid but 7" is not
nonexpansine.

Example 1.2. [8] Let H = R. Consider C = [0, 3] with the usual norm. Define a
multivalued mapping T': C — CB(C) by

T — { {0}, x € [0,2];

[07 xil]’ T € (2,3]

Let F : C x C — R be a bifunction, where R is the set of real number. The
equilibrium problem is the problem of finding a point & € C' such that

F(&,y) >0 (1.2)

for all y € C, which has been introduced and studied by Blum and Oettli [2]. The
solution set of the equilibrium problem (I[7) is denoted by EP(F).
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In 2013, Kazmi and Rizvi [I4] introduced and studied the following split equi-
librium problem which is a generalization of the equilibrium problem:

Let Hy, H> be real Hilbert spaces. Let C C H; and Q C Hy and let F} :
CxC —=Rand Fr : Q x Q@ — R be two bifunctions. Let A : Hy — Hj be a
bounded linear operator. The split equilibrium problem is to find & € C such that

Fi(&,2) >0 forall z € C (1.3)

and
§= Az € Q solves Fy(g,y) >0 for all y € Q. (1.4)

Note that the inequality (I=3) is the classical equilibrium problem (IZ2) . The
problems (I=3) and (IA) constitute a pair of equilibrium problems which have to
find the image y = AZ, under a given bounded linear operator A, of the solution
& of the problem (I3) in H; which is the solution of the problem (IA) in Hs. It’s
easy to see that the split equilibrium problem generalize an equilibrium problem.
We denote the solution set of the problem () by EP(F3). The solution set of the
split equilibrium (I=3) and (IA) is denoted by Q = {z € EP(F}) : Az € EP(F3)}.

Since 2013, the study of a split equilibrium problem and a fixed point problem
for a singlevalued mapping was introduced by many authors (see [@, B, [T, [, I7,
IR, 21, 22, B0, B1]) and references therein.

Inspired by above works, we present two different hybrid methods which are
the modified Shrinking projection method for a split equilibrium problem and
a hybrid multivalued mapping in a Hilbert space by using Hausdorff metric. As
application, we give examples and numerical results for supporting our main results
and compare the rate of convergence of two iterative methods.

2 Preliminaries

We now provide some results for the main results. In a Hilbert space Hi, let
C be a nonempty closed and convex subset of H;. We write x,, — x to indicate
that the sequence {x,} converges weakly to = and x,, — x implies that {z,}
converges strongly to x. For every point x € Hy, there exists a unique nearest
point of C, denoted by Pcox, such that ||z — Poz|| < ||z — y|| for all y € C. Such
a P¢ is called the metric projection from H; on to C. Further, for any = € H;
and z € C, z = Pcox if and only if

(rt—2z,z—y) >0, VyeCl.

A mapping T : C — H is said to be k — Lipschitz continuous if there exists a
constant k£ > 0 such that

[Tz —Tyll < kllz —yll, va,yeC.
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A mapping A : C — H is called a — inverse strongly monotone if there exists
a > 0 such that

(x —y, Ax — Ay) > o||Az — Ay||?, Va,y € C.

We know that if T : C — C' is nonexpansive, then A = I — T is % - tnverse
strongly monotone; (see [25, 26, 21]) for more details. It is well know that every
nonexpansive operator T : H; — H; satisfies, for all (z,y) € Hy; x Hy , the

inequality

(. =T(x) = (y =T (), T(y) = T(x)) = %H(T(x) —z) = (T(y) - y)II

and therefore we get, for all (x,y) € H; x F(T),

(o~ T@), (v~ T),) > 5IT@) —
see, e.g, [R, d].

Lemma 2.1. Let Hy be a real Hilbert space. Then the following equations hold:
(D) Nz =yl = llzl* = lyll* = 2(z =y, ) for all z,y € Hy;
(2) llz+yl* <zl +2(y,z +y) for all z,y € Hy;
3) Ntz + (1 = t)yll* = tlllI* + (1 = ) llylI* — t(1 = B)||x — y||* for all t € [0,1]
and x,y € Hy;
(4) If {z,}52 is a sequence in Hy which converges weakly to z € Hy, then

lim sup [z, — ylI? = limsup |z, — 22 + ||z —
n—oo n— o0

for ally € Hy.

Lemma 2.2. [20] Let C' be a nonempty, closed and convex subset of a real Hilbert
space Hi and Po : Hy — C be the metric projection from Hy onto C. Then the
following inequality holds:

ly = Pex||* + |lo — Pox||* < [lo —yl?, Vo€ Hi, Wy eC.

Lemma 2.3. [16] Let C' be a nonempty, closed and convex subset of a real Hilbert
space Hy. Given x,y,z € Hy and also given a € R, the set

{veC: [ly—vll’ <llz—v|?+ (2,0) + a}
1s convex and closed.

Assumption 2.4. [2] Let F} : C x C — R be a bifunction satisfying the following
assumptions:

(1) Fi(z,2) =0 forallz € C;

(2) Fy is monotone, i.e., Fi(z,y) + Fi(y,z) <0 for all x € C;

(3) For each x,y,z € C, limsup,_,, F1(tz + (1 — t)z,y) < Fi(x,y);

(4) For each x € C, y — Fi(x,y) is convex and lower semi-continuous.
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Lemma 2.5. [ Let F} : C x C — R be a bifunction satisfying Assumption B3
For any r > 0 and x € Hy, define a mapping T : Hy — C as follows:

1
Th(2) = {zGC’:Fl(z,y)+;<yfz,zfx> >0, VyGC’}.

Then we have the following:
(1) TF is nonempty and single-value;
(2) T is firmly nonexpansive, i.e., for any x,y € Hy,

T 2 — Ty < (TFa — Ty, a0 — y);

(3) F(T) = EP(Fy);
(4) EP(Fy) is closed and convet.

Further, assume that F5 : Q x Q — R satisfying Assumption E4. For each
s >0 and w € Hy, define a mapping T2 : Hy — Q as follows:

T (w) = {dEQ:Fz(d,e)—i—é(e—d,d—w) >0, VeEQ}.

Then we have the following:

(5) TF2 is nonempty and single-value;

(6) TI2 is firmly nonexpansive;

(7) F(TF) = EP(Fy,Q);

(8) EP(F3,Q) is closed and convex.

An operator B : H; — 21 is said to be monotone if (x; — x2,91 — y2) > 0
wherever y; € Bxy and ys € Bxs. A monotone operator B is said to be maximal
if the graph of B is not property contained in the graph of any other monotone
operator. It is known that a monotone operator B is maximal if and only if
R(I + rB) = H; for every r > 0, where R(I + rB) is the range of I + rB.
If B: H — 27 is a maximal monotone, then, for each r» > 0, a mapping
T. : Hi — D(B) is defined by T, = (I + rB)~!, where D(B) is the domain
of A. T, is called the resolvent of B. We also define the Yosida approximation
B, = (I —T,)/r; see ([iA, 25, 26]) for more details. We know the following
fundamental results:

(i) Byx € BT,z for all z € Hy;

(ii) if B7'0 = {# € H, : 0 € Bz}, then B~'0 = F(T}) for all r > 0, where
F(T,) is the set of fixed points of T};

(iii) [|Tx — Toy)® < |lo —yl|? — [|(I = T,)x — (I — T,)y||? for all z,y € H; and
r > 0, that is, T, is a nonexpansive mapping of H; into Hj.

Lemma 2.6. [{] Let Hy be a Hilbert space and let C be a nonempty closed convex
subset of Hy. Let Fy : C x C — R satisfy (A1) -(A4). Let Ap, be a set-valued
mapping of Hy into itself defined by

A — {z€ Hy: Fi(z,y) > (y—uz,2), Yye C}, z €C,
B 0,2 ¢ C
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Then, EP(Fy) = AEO and Ap, is a mazimal monotone operator with dom(Ap,) C
C. Furthermore, for any x € Hy and r > 0, the resolvent T, of F1 coincides with
the resolvent of Ap,, i.e.,

Trx=(I+7rAp) ‘e

Lemma 2.7. [3] Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let T : C — K(C) be a hybrid multivalued mapping. Let {x,} be a
sequence in C such that x, — p and limu—ool|Tn — Ynl| = 0 for some y,, € Tx,.
Then p € Tp.

Lemma 2.8. [B] Let C be a closed convex subset of a real Hilbert space H. Let
T:C — K(C) be a hybrid multivalued mapping with F(T) # @. Then F(T) is
closed.

Lemma 2.9. [B] Let C be a closed convex subset of a real Hilbert space H. Let
T:C — K(C) be a hybrid multivalued mapping with F(T) # @. If T satisfies
Condition (A) , then F(T) is conver.

Condition(A). Let H; be a Hilbert space and C be a subset of H;. A multi-valued
mapping T : C — CB(C) is said to satisfy Condition (A) if |z —p|| = d(z, T'p) for
all z € Hy and p € F(T).

Remark 2.10. We see that T satisfies Condition (A) if and only if Tp = {p}
for all p € F(T). Tt is known that the best approximation operator Pr, which is
defined by Pra = {y € Tz : |y — z|| = d(x, Tz)}, also satisfies Condition (A).

3 Main Results

In this section, we obtain two different strong convergence theorems for finding
a common element of solutions of split equilibrium problems and fixed point prob-
lems of a hybird multivalued mapping in Hilbert spaces by using the Shrinking
projection method.

Theorem 3.1. Let Hy, Hs be two real Hilbert spaces and let C, Q be nonempty
closed and convexr subsets of Hy and Hs, respectively. Let A : Hi — Hs be a
bounded linear operator and T : C — K(C) a hybrid multivalued mapping. Let
F:CxC =R, Fp:QxQ — R be bifunctions satisfying Assumption and Fy
is upper semi-continuous in the first argument. Assume that © = F(T)NQ # 0,
where Q ={z € C:z¢€ EP(F) and Az € EP(F3)}. For an initial point x1 € Hy
with Cvy = C, let {un}, {yn} and {x,} be sequences defined by

U = TE(I —yA*(I = TF2)A)ay,

Yn € apipn + (1 — o) Tup,

Coar = 12 € Co - g — 2] < llm — 21},
Tny1 = Pe,, 71, Vn>'1
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where {ay} C (0,1), r, C (0,00) and v € (0,1/L) such that L is the spectral
radius of A*A and A* is the adjoint of A. Assume that the following conditions
hold:

(i) 0 <liminf, o oy <limsup,, . an < 1;

(ii) liminf, o 7y > 0.
If T satisfies Condition (A), then the sequences {un}, {yn} and {z,} converge
strongly to Pox1.

Proof. We split the proof into six steps.

Step 1. Show that Pc, =1 is well-defined for every x; € Hj.

By Lemma PR and 9, we obtain that F(T') is closed and convex. Since A
is a bounded linear operator, it is easy to prove that ) is closed and convex. So,
O = F(T)NQ is also closed and convex. From the definition of C,, 41, it follows
from Lemma P23 that C, 41 is closed and convex for each n > 1. Since TTF 2 s
firmly nonexpansive and I — TTIZ 2 is 1-inverse strongly monotone, we see that

||A* (I — Tfn?)Ax —A*(I - TTFW?)Asz
(A*(I = T/%)(Az — Ay), A*(I — T)(Ax — Ay)
— (I - T)(Az — Ay), AA*(I - T?)(Ax — Ay))

< L{I - T)(Ax — Ay), (I - TF?)(Az — Ay))
— L|(I - T/?)(Az — Ay)|
< L{Az — Ay, (I - T}2)(Az — Ay))

= L(xfy,A*(IfTTI:?)Afo*(IfTriZ)Aw

for all x,y € H;y. This implies that A* (I—Tf:?)A isa %—inverse strongly monotone
mapping. Since vy € (0, %)7 it follows that I —~yA*(I — TTIZ?)A is nonexpansive. Let
p€®©. Then p=TFp and (I —yA*(I — T}?)A)p = p. Thus, we have

lun =pll = TSI =7 A* (I = T/2) Ay — TN =A™ (1 = T2) A)p||
< T =AY = T72) Az — (I = yAYT = T2) A)p|
< lon —pll- (3.2)
This implies that
lyn =2l = |lanun + (1 —an)z, —p|

< apllun = pll + (1 = an)llzn — pll

= aplun —pll + (1 — an)d(2,, T'p)

< ollun = pll + (1 = ) H(Tuy, Tp)
< lun —pll

< llen —pll

for all z, € Tuy,. So, we have p € Cj41, thus © C C),41. Therefore P
well defined.

i1 T1 18
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Step 2. Show that lim,, o ||, — z1|| exists.
Since © is a nonempty closed and convex subset of H7, there exists a unique
v € O such that
v = P@xl.

From z,, = P, x1, Crqy1 C C, and x,41 € Cy, Vn > 1, we get
[2n — 21|l < [l2n1 —2ll, Yn =1,
On the other hand, as © C C),, we obtain
[2n — 21| < Jlv =21, Vn =1

It follows that the sequence {z,} is bounded and nondecreasing. Therefore
lim,, o0 || — 21]| exists.

Step 3. Show that x,, —» w € C as n — oco.

For m > n, by the definition of C,,, we see that z,,, = P¢,, z1 € C,, C C,. By
Lemma 232, we get

m = @all® < lam — 21lf* = o — 21]*.

From Step 2, we obtain that {x,,} is Cauchy. Hence, there exists w € C such that
Ty — W a8 M — 0.
Step 4. Show that w € F(T).
From Step 3, we get
[ 2041 = znll = 0 (3.3)

as n — 0o. Since xp4+1 € Cphy1 C Oy, we have
lyn — 2ol < llyn — g1l + 2041 — 2ol < 2[[Tng1 — 20l = 0 (3.4)

as n — oo. Hence, y,, — w as n — oo. For p € O, we estimate

T (I = A" (I = T/2) A) — pl|?

= |TF (I = A" (I = TF2)A)z, — TFip)
l&n —yA*(I = T12) Az, — p|?

20 =l + 22 A* (I = T,2) A, |
+29(p — xp, A*(I — Tff)Aa:n).

lun — pII?

[VARVAN

Thus we have
lun =l < llzn = pl® +7*(Azy — T2 Az, AA* (1 = T2) Ay
+2y(p — xp, A*(I — T}?) Az,,). (3.5)
On the other hand, we have

72<Axn - Tff Az, AA* (I — Tff)Aa:m

IN

Ly?*(Azx, — Jffon, Az, — TTI:? Azy)
= L+%| Az, — TT%AanQ (3.6)
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2v(p — xn, A*(I = T/?)Az,) = 2v(A(p — 2,), Az, — T2 Axy,)

Using (B3), (BH) and (B1),

lun —pl* < lzn —p
= |lzn—p

= 2v(A(p — zn) + (Az, — TS Az,
—(Az,, — Tf:fAmn), Az, — Tf:fon>

= 29{(4p - T/* Ax,,, Az, — T)> Ax,)
—[|Azy, — szAwnHQ}

1
< 27{§\|Axn TJ"?"’A;E”H2 — Az, — TTF;QAaanQ}
= —v|Az, — T/ Az, |*. (3.7)

we have

12 + Ly?|| Ay, — T£2A$n||2 — || Az, — TELQAZCTL”Q
I” +y(Ly = V| Azn — T2 Az |*. (3-8)

It follows that, for all z, € Tu,,

[ ym — pl|?

IN

INIACIA

IN

Therefore, we have

—y(Ly = )| Az, — TP Az, |

It follows from v(Ly — 1) <

[antn + (1 — an)zn — p||2

anllun = plI? + (1 = an)|zn — pl®

anlzn —p||2 + (1 —an)d (ZmTp)Q

an|zn —p||2 + (1 —an)H (Tun,Tp)2
anllzn = pl* + (1 = an)lfun - p|?

anllzn = pl? + (1 = an)(2n — pl®
+y(Ly = || Az, — T2 Ay ||?)

|zn = pl* +~(Ly = 1)|| Az, — T2 A, ||*.

#n — plI*> = [lyn — plI?
([ln = Il + lyn — 2l |20 — Ynll-

IN A

0 and (B3) that

lim [|Az, — T)> Az, = 0. (3.9

n—oo

Since T} is firmly nonexpansive and I —yA* (T2 —I) A is nonexpansive, it follows



332

D. Yambangwai, W. Cholamjiak, T. Ratrisane and P. Seubruang

that
[[un —p||2
= T/ (w0 —vA (I = T,2) Azy) = T)p|?
< <TTI::1 (xn — yA* (I — TTI:?)Axn) - Tf;lp, T, —yA (I = TF 2)Az, — p)
- <un — Dy Tn — ’YA*(I - Tviz)Aajn *p>
= Al = Pl e — AL~ T2 Az, p?
2
= 2 — YA (I = TE2) Az}
1 *
< Sillua —pl? + lJen = plI? = llup — 2n — yA*(I = T}2) Az, |}
1 .
= Silun =l + llzn = plI? = (lun — 20 ]|* + 2| A T = T,72) Az, |2
— 2v{uy — xp, AT(I — TTI“:L"‘)A:E,J)},
which implies that
lun =plI* < llan —pl* = lun — 24l
+2y(uy, — Ty, A*(I — TTFWQ)Axn>
< len =l = llun — zal?
+29|Jup — x|[[|A* (1 = T,72) A (3.10)
It follows from (BIM) that
lyn —pI* < anllun —pl* + (1 — an)llzn — pl?
= O‘n”xn_p”2+(1_an) (Z'fbv )
< apllzn —p||2 + (1 —an)H (Tun,Tp)
< anllzn =l + (1 = an)llun —p|?
< anllen =l + (1 = an)(|lzn - pl?
i = 212 + 21t — wllll A*(T — TF2) A )
Therefore, we have
(1 - O‘n)Hun - xn||2 < 2’Y||Un - zn””A*(I - Tanz)Azn” + ||xn —pH2 - Hyn —p||2.
From the condition (i) , (84) and (8), we have
nhﬁn;c) llun, — 2n] = 0. (3.11)

We know that z,, - w as n — oo, thus u,, — w as n — oco. It follows from Lemma
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20 and (B), we have

lyn — p”2 = |lanun + (1 — an)zn — p||2
< anllun _pH2 + (1 —an)l[2n —p||2 —an(l —an)llu, — Zn||2
= anllun *pH2 + (1 —an)d (ZmTp)2 —an(l—an)llu, — Zn||2
< anllun — pH2 +(1—an)H (Tu7qu)2 —an(l = ay)llu, — Zn||2
< Hun pH2 - an(l - an)llun - ZnH
< o — p|\2—an(1—an)\|un—zn||2

This implies that

#n — plI* = [lyn — pI?
([lzr = pll + llym — 2l |20 — Yall-

an(l _an)Hun _ZnH2 <
<

From the condition (i) and (B3) that

lim |lu, — 25| = 0. (3.12)

n—

By Lemma P72, we obtain w € F(T).
Step 5. Show that w € EP(F).
From u, = T (I + yA*(I — Tf2)A)z,, we have

1
Fl(un,y)+f<y7un,unfxnf’yA*(Ifo:?)Axw > 0

for all y € C', which implies that

1 1
Fl(un,y)—&——(y—un,un—xn)—f<y—un,’yA*(I—TTF2)A$n> > 0
T T "

for all y € C. By Assumption 24 (2), we have
1 1 .
T<y — Un;, Un; — mm) - T<y - u’ﬂiv'yA (I - Trlzll )A:I;n1> > Fl(y’ um)
for all y € C. From liminf,,_, . 7, > 0, from (BX), (B10) and the Assumption E4
(4), we obtain
Fl (ya w) < 0

forally € C. Forany 0 <t <landye€ C,let y, =ty+ (1 —t)w. Slnceye C
and w € C, y € C and hence Fy(y:,w) < 0. So, by Assumption B (1) and (4),
we have

0= F1(ys,ys) <tF1(ye,y) + (1 —t)Fi(ye, w) < tF1(ye,y)

and hence F1(y:,y) > 0. So Fi(w,y) > 0 for all y € C and hence w € EP(F}).
Since A is a bounded linear operator, Az,, — Aw. Then it follows from (BH) that

TP Az, — Aw (3.13)
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as 1 — 0o. By the definition of Tf:f Ax,,, we have

1
Fg(Tf:f_Axm,y)+—<y7TTFﬂ?‘Amm,T£ﬁAxnifA:vm) > 0

Lz

for all y € C. Since F; is upper semi-continuous in the first argument and (813),
it follows that

Fry(Aw,y) > 0

for all y € C. This shows that Aw € EP(F»). Hence w € Q.
Step 6. Show that w =v = Pox;.
Since x, = Pc, x1 and © C C,,, we obtain

<a:1 — Ty, T —p> >0 Vpeo. (3.14)
By taking the limit in (BId), we obtain
<x1—w,w—p>20 Vp € ©.

This shows that w = Pgx1 = v.
From Step 4, we obtain that {z,}, {y,} and {u,} converge strongly to v =
Poxy. This completes the proof. O

If Tp = {p} for all p € F(T), then T satisfies Condition (A). We then obtain
the following result:

Theorem 3.2. Let Hy, Hy be two real Hilbert spaces and let C , QQ be nonempty
closed and convex subsets of Hilbert spaces Hy and Hsy, respectively. Let A : Hy —
Hs be a bounded linear operator and T : C — K(C) a hybrid multivalued mapping.
Let F1 : CxC — R, Fy : Q x Q — R be bifunctions satisfying Assumption and
F5 is upper semi-continuous in the first argument. Assume that © = F(T)NQ # @,
where Q ={z € C:z € EP(Fy) and Az € EP(F»)}. For an initial point 1 € Hq
with Cy = C, let {un}, {yn} and {x,} be sequences defined by

Up = TE (I — yA* (I = TF2)A)y,

Yn € apty, + (1 — ap)Tuy,
Cry1={2€Cp:[lyn — 2| < [lzn — 2[I},
Tny1 = Po,,, 71, Yn2>1

(3.15)

where {a,} C (0,1), r,, C (0,00) and v € (0,1/L) such that L is the spectral
radius of A*A and A* is the adjoint of A. Assume that the following conditions
hold:

(1) 0 < liminf, o o <limsup, . o, < 1;

(ii) liminf, oo 7y > 0.
If Tp = {p} for all p € F(T), then the sequences {un}, {yn} and {x,} converge
strongly to Pgx1.
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Since Pr satisfies Condition (A), we also obtain the following result:

Theorem 3.3. Let Hy, Hs be two real Hilbert spaces and let C' , Q@ be nonempty
closed and convex subsets of Hilbert spaces Hy and Hs, respectively. Let A : Hy —
Hj be a bounded linear operator and T : C — P(C) a multivalued mapping. Let
F:CxC—=R, Fy:Q xQ — R be bifunctions satisfying Assumption and Fy
is upper semi-continuous in the first argument. Assume that © = F(T)NQ # O,
where Q = {z € C: z € EP(F) and Az € EP(F3)}. For an initial point x1 € Hy
with C1 = C, let {un}, {yn} and {z,} be sequences defined by

Uy = Tf;/l([—fyA*(IfTiz)A)xn,

Yn € Qplnp + (1 - Oln)PTun»

Crnt1 ={2 € Cp t |lyn — 2|l < [lzn — 2|I},
Tpy1 = Po, 71, Vn2>1

(3.16)

where {a,} C (0,1), r, C (0,00) and v € (0,1/L) such that L is the spectral
radius of A*A and A* is the adjoint of A. Assume that the following conditions
hold:

(i) 0 < liminf, e o <limsup,_, o, < 1;

(ii) liminf, . mn > 0.
If Pr is hybrid multivalued mapping and I =T is demiclosed at 0, then the sequences
{un}, {yn} and {x,} converge strongly to Pox;.

Proof. By the same proof as in Theorem BT, we have
lim ||u, — 2,]| =0
n—oo

where z, € Pru, C Tu,. From I — T is demiclosed at 0, so we obtain the
result. O

Theorem 3.4. Let Hy, Hy be two real Hilbert spaces and let C' , @ be nonempty
closed and convex subsets of Hy and Hs, respectively. Let A : Hy — Hy be a
bounded linear operator and T : C — K(C) a hybrid multivalued mapping. Let
F:CxC—R,Fy:QxQ — R be bifunctions satisfying Assumption and Fy
is upper semi-continuous in the first argument. Assume that © = F(T)NQ # O,
where Q ={z € C:z € EP(F) and Az € EP(F3)}. For an initial point x1 € Hy
with C1 = C, let {un}, {yn} and {x,} be sequences defined by

un =TI (I =y A (I = T2) A,

Yn € QnTyp + (1 - Oén)T’LL,“
Crni1={2€Ch:|lyn — 2| < |z — 2|},
Tpy1 = Po, 21, Vn 2> 1

(3.17)

where {ay,} C (0,1), r, C (0,00) and v € (0,1/L) such that L is the spectral
radius of A*A and A* is the adjoint of A. Assume that the following conditions
hold:
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(i) 0 < liminf, e oy < lmsup, oo n < 1;

(ii) liminf, o 7 > 0.
If T satisfies Condition (A), then the sequences {un}, {yn} and {x,} converge
strongly to Pox;.

Proof. As the same proof in Step 1 of Theorem BT, we have

TSI = A = T2 A)wn = T =y A™ (I = T72) A)p|
(I = A" (I = T2) Ay, — (I — 5 A*(I = TE2) Ayp)|

zn — pl|- (3.18)

[un = pl|

IAIA

This implies that

lyn =2l = llanzn + (1= an)z, —pll
< anllzn —pll+ (1 = an)llzn —pll
= apllzy —pll + (1 = an)d(2s, Tp)
< anll@n —pll+ (1 = o) H(Tun, Tp)
< anllzn —pll + (1= an)llun — pl
< lzn —p
for all z, € Tu,. So, we have p € C,11, thus © C Cp11. Therefore Pg,,  x; is

well defined.
From Step 2-3 in Theorem B, we know that {z,} is Cauchy. Hence, there exists
w € C such that x,, — w as n — co. Since {x,} is Cauchy, we get

|Zpn+1 — 2l = 0 (3.19)
as n — 0o. Since x,+1 € Cpy1 C C)y, we have
lyn — 2l < llyn — g1l + 2041 — 2ol < 2[[Tng1 — 20l — 0 (3.20)

as n — oo. Hence, y, — w as n — oco. For p € O, as the same proof in Step 4 of
Theorem B, we have

lun = pl* < llzn = pl* + L2 Ay — T2 Az ||* — yl| Az — T2 Az ||
lzn = plI* + Y (Ly = 1| Azy — T,72 Az |*. (3.21)

Since T satisfies condition (A), for z, € Tu,,

||yn_pH2 = ||an$n+(1_an)zn_pu2
< apllzn = pl® + (1= an)llzn - p)?
= agllzn —pl* + (1 = an)d(z, Tp)?
< gz, —p||2 +(1—an)Hd (Tun,Tp)Q
< ol —p||2 + (1 — an)llun — p”2
< apllzn = pl® + (1= ) (o, —pl?
+y(Ly = 1)||Azy, — TTI:LZAxn”Q)
< lwn = pl? + y(Ly = 1) Azn — T,72 Az ||,
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Therefore, we have

—y(Ly = V|| Az, — T;72 Az, |2 lzn = pI* = llyn — pI*
(”xn *pH + ”yn *pH)”xn - ynH
It follows from «(Ly — 1) < 0 and (B=20) that

lim ||Az, —T)?Az,| = 0. (3.22)

n—oo

INIA

From Step 4 in Theorem BT, we also have
lyn = pI* < anllzn —pl* + (1 —an)llzn —p?
anllzn —p||2 + (1 — an)d(zn, T )
a2y, —p||2 + (1 —an)Hd (Tunan>
)
)

an[@n = pl* + (1 — an)llun — pl1?
anllzn = pl* + (1 — an)(lzn — pl1?
—[Jun — anQ + 29||un — @ ||| AT (1 — Tvig)Aan)-

INIA A

Therefore, we have
(1= ) n — 212 < 2 ln — 2 || A*(T = T A| + 20 — I = 1 — Pl
From the condition (i) , (8220) and (B™22), we have

nlgl;o [tr, — zn]| = 0. (3.23)

We know that z,, = w as n — oo, thus u,, — w as n — oco. It follows from Lemma
20 and (BIH), we have

lyn — p||2 = |lanzn + (1 —an)zn — p”2
< anllen = pl*+ (1= an)llzn = plI? — an (1 — an)llup — 2]
= anllzn _pH2 + (1 —ap)d (ZmTp)Q — an(l —an)llu, — Zn||2
< O‘n”xn pH2 (1 —an)H (Tun,Tp)2 —an(l— an)”un - Zn||2
S pHQ_Oén(l_an)Hun_ZnH2
< lan — sz_an(l_O‘n)Hun_ZnH

This implies that

lzn = pII* = llym — 2l
(2w = 2l + llyn = pl) |20 = yall-

an (1 —an)||un — Zn”2

IN A

From the condition (i) and (8220) that
nh~>H;o |un, — zn|| = 0. (3.24)
By Lemma BE74, we obtain w € F(T'). As the same proof in Step 5-6 of Theorem

B, we can conclude that {z,},{y,} and {u,} converge strongly to v = Pox;.
This completes the proof. O



338 D. Yambangwai, W. Cholamjiak, T. Ratrisane and P. Seubruang

If Tp = {p} for all p € F(T), then T satisfies Condition (A). We then obtain
the following result:

Theorem 3.5. Let Hy, Hs be two real Hilbert spaces and let C' , Q be nonempty
closed and convexr subsets of Hy and Hs, respectively. Let A : Hy — Hy be a
bounded linear operator and T : C — K(C) a hybrid multivalued mapping. Let
F:CxC—=R,F:QxQ — R be bifunctions satisfying Assumption and Fy
is upper semi-continuous in the first argument. Assume that © = F(T)NQ # O,
where Q ={z € C:z € EP(F1) and Az € EP(Fy)}. For an initial point x1 € Hy
with C; = C, let {un}, {yn} and {x,} be sequences defined by

Up = TTl:l (I —~yA*(I — Tfn"’)A)xn,

Yn € ATy + (1 - an)Tun7

Crny1={z € Cp t lyn — 2[| < [l&n — 2|},
Tny1 = Pe,,, 71, VR >'1

(3.25)

where {a,} C (0,1), r, C (0,00) and v € (0,1/L) such that L is the spectral
radius of A*A and A* is the adjoint of A. Assume that the following conditions
hold:

(i) 0 < liminf, 00 ap < lUmsup, . @, < 1;

(ii) liminf, oo 7y > 0.
If Tp = {p} for all p € F(T), then the sequences {un}, {yn} and {x,} converge
strongly to Pox1.

Since Pr satisfies Condition (A), we also obtain the following result:

Theorem 3.6. Let Hy, Ho be two real Hilbert spaces and let C , Q be nonempty
closed and conver subsets of Hy and Hs, respectively. Let A : Hy — Hy be a
bounded linear operator and T : C — P(C) a hybrid multivalued mapping. Let
F:CxC—=R,Fy:QxQ — R be bifunctions satisfying Assumption and Fy
is upper semi-continuous in the first argument. Assume that © = F(T)NQ # O,
where Q ={z € C:z € EP(F) and Az € EP(Fy)}. For an initial point x1 € H,y
with Cy = C, let {un}, {yn} and {x,} be sequences defined by

U = TE(I —yA*(I = TF2)A)ay,

Yn € apTy + (1 - an)PTu’ru

Cry1={2 € Cp : [lyn — 2| < [lzn — 2|},
Tny1 = Pe,,, 71, Vn>'1

(3.26)

where {a,} C (0,1), r, C (0,00) and v € (0,1/L) such that L is the spectral
radius of A*A and A* is the adjoint of A. Assume that the following conditions
hold:

(i) 0 <liminf, oo o <limsup, o an < 1;

(ii) liminf, oo 7y > 0.
If Pr is hybrid multivalued mapping and I—T is demiclosed at 0, then the sequences
{un}, {yn} and {x,} converge strongly to Pox;.
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Proof. By the same proof as in Theorem B4, we have
lim ||, — 2] =0
n—oo

where z, € Pru, C Tu,. From I — T is demiclosed at 0, so we obtain the
result. O

We then apply our main theorems to solve the proximal point problems.
Remark 3.7. If, we set T'' = (I +rpAp,)~" and TF? = (I +r,Ap,) ™" where

A _ {flgHIZFl(xvy)Z<y7$7fl>a VyGC’}, zeC
B0 ¢ C

and
A { {f26H2:F2(xay)Z<y_xvf2>a VyGQ}, er
B0 z ¢ Q.

Then the sequences {u,}, {yn} and {z,} generated in Theorem BAIZA converge
strongly to Poxy, where © = F(T)NQ and Q ={z€ C: z € A;ll() and Az €

Aplo}.

4 Examples and Numerical Results

In this section, we give examples and numerical results for supporting our main
theorem.

Example 4.1. Let H; = Hy = R, C = [1,4] and Q = [0,00). Let Fi(u,v) =
2(u — 4)(v —u) for all u,v € C and Fy(z,y) = 2(x — 8)(y — z) for all z,y € Q.
Define two mappings A : R - Rand T : C — K(C) by Az = 2z for all z € R and

—_ {4}, - z € [2,4];
[(z—4)- fonZ0=18) 4 o g), x ¢ [2,4].

Choose an, = 55, ™h = 555033 and v = ﬁ. It is easy to check that F; and
F» satisfy all conditions in Theorem BT and T satisfies Condition (A) such that
F(T)={4} .
Now, we show that T is hybrid. In fact, we have the following case:
Case 1: If z,y € [2,4], then H(Tz,Ty) = 0.

-1
Case2: If z € [2,4] and y ¢ [2,4], then Tz = {4} and Ty = [(y—4)-w+
Y, 4]. This implies that

tan=1(20y — 45)

3H(Tz, Ty)? = 3<(y—4)- :

2
+y—4> < 3 < |la—y|+d(z, Ty)?+d(y, Tx)?.
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Case 3: If z,y ¢ [2,4], then Tz = [(y — 4) - w + x,4] and Ty =
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[(y —4)- w + v, 4}. This implies that

3H(Tz,Ty)* =

VAN

On the other hand, T is not nonexpansive since for z = 1.83 and y = 2.18, we

3((95—4)
3

tan=1(20x — 45)

2

[l — yH2 +d(z, Ty)* + d(y,Tm)Q.

have Tz = [3.41, 4] and Ty = {4}. This implies that

+r—(y—4)-

tan=1(20y — 45)

2

H(Txz,Ty) =4 —3.41 = 0.39 > 0.35 = [1.83 — 2.18 = ||z — y]|.

Choosing x1 = 2 and taking randomly y,, € a,u, + (1 — a,,)Tu,, we obtain the

numerical results of iteration (B as follows :

n Randomized in the 1st

Un

Yn

Ln

Randomized in the 2nd

Un

Yn

Ln

1.980296
2.600318
3.174306
3.499574
3.687122
3.796242
3.860073
3.897540
3.919580
3.932562

© 00~ O Uk Wi+

—_
o

3.950556

=
o .

3.238563
3.784664
3.980938
3.984921
3.987276
3.988661
3.989470
3.989939
3.990206
3.990354

3.990257

2.000000
2.619281
3.201973
3.532179
3.722574
3.833351
3.898152
3.936188
3.958563
3.971742

3.990010

1.990245
2.635056
3.194307
3.511217
3.693940
3.800251
3.862437
3.898936
3.920406
3.933051

3.950558

3.309093
3.790009
3.865718
3.914994
3.945346
3.963682
3.974659
3.981197
3.985076
3.987368

3.990258

2.000000
2.654546
3.222278
3.543998
3.729496
3.837421
3.900552
3.937605
3.959401
3.972239

3.990012

Table 1. Numerical results of iteration (Bl) being randomized in two times.

Choosing z; = 2 and taking randomly y, € apz, + (1 — ayp)Tu,, we also

obtain the numerical results of iteration (BI4) as follows :

2
+y)
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n Randomized in the 1st

U n

yTL

X n

Randomzied in the 2nd

U n

Yn

X n

1.990245
2.774011
3.275949
3.561137
3.726049
3.822299
3.878794
3.912079
3.311743
3.943384

© 00 O Uk W=

—
o

3.960396

w
o .

3.591220
3.814709
3.884193
3.929509
3.957517
3.974510
3.984739
3.990874
3.994546
3.996741

4.000000

2.000000
2.795610
3.305159
3.594676
3.762093
3.859805
3.917157
3.950948
3.790911
3982729

3.999999

1.990245
2.847926
3.318592
3.586012
3.740650
3.830903
3.883878
3.915089
9.933528
3.944444

3.960396

3.741293
3.826253
3.891408
3.933901
3.960163
3.976098
3.985690
3.991443
3.994886
3.996944

4.000000

2.000000
2.870646
3.348450
3.619929
3.776915
3.868539
3.922319
3.954004
3.972724
3.983805

3.999999
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Table 2. Numerical results of iteration (BZId) being randomized in two times.

From Table 1 , we see that 4 is the solution in Example 4.1.
We next show error plots for comparing the convergence of iterations (Bl) and

(&12).

X X X theration (3.1
.

. .

teration (3.17)

Figure 1. Error plots for all sequences {z,,} in Table 1 and Table 2 being

randomized in the first time.
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x X X
- . -

erstian (3.1)
Heration (3.17)

Figure 2. Error plots for sequences {x,} in Table 1 and Table 2 being
randomized in the second time .

Remark 4.2. We see that the iteration (8I4) converges faster than the iteration
(B) under the same conditions.
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