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Abstract : In the present paper, we first prove a weak convergence theorem
for strictly pseudo contractive mapping using modified Mann algorithm. This
convergence is in general not strong, therefore as a generalization of modified
Mann algorithm we propose a new (CQ) algorithm for strictly pseudo contractive
mappings and obtain a strong convergence theorem for this class of mappings.

Keywords : CQ-iteration process, asymptotically strictly pseudocontraction,
weak and strong convergence
2002 Mathematics Subject Classification : 47H09,47H10.

1 Introduction

Given a closed convex subset C of a real Hilbert space H and let T be a (possibly)
nonlinear mapping from C to C. We now consider following classes :

P0 =

{
T is contractive, i.e., there exists a constant κ < 1 such that
‖Tx− Ty‖ ≤ κ‖x− y‖ for all x, y ∈ C

P1 =

{
T is nonexpansive, i.e.,
‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C

P2 =





T is strictly pseudo-contractive, i.e., there exists a constant κ ∈ [0, 1) such that
‖Tx− Ty‖2 ≤ ‖x− y‖2 + κ‖(x− Tx)− (y − Ty)‖2
for all x, y ∈ C

P1A =





T is asymptotically nonexpansive [3] , i.e., if there exists a sequence {rn} ⊂ [0,∞)
with limn→∞ rn = 0 such that
‖Tnx− Tny‖ ≤ (1 + rn)‖x− y‖
for all x, y ∈ C and n ∈ N
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P1A =





T is asymptotically nonexpansive [3] , i.e., if there exists a sequence {rn} ⊂ [0,∞)
with limn→∞ rn = 0 such that
‖Tnx− Tny‖ ≤ (1 + rn)‖x− y‖
for all x, y ∈ C and n ∈ N

P2A =





T is strictly asymptotically pseudo-contractive [7], i.e., if there exists a sequence
{rn} ⊂ [0,∞) with limn→∞ rn = 0 such that
‖Tx− Ty‖2 ≤ (1 + r2

n)‖x− y‖2 + κ‖(x− Tnx)− (y − Tny)‖2
for some κ ∈ [0, 1) for all x, y ∈ C and n ∈ N

If follows from the definition that

P0

P1

P2

P1A

P2A

The class of strictly pseudo-contractive mappings has been studied by several
authors. (see, for example [1, 4, 9, 11] and references therein.)

In case of contractive mapping, the Banach Contraction Principle guarantee
not only the existence of unique fixed point, but also to obtain the fixed point by
successive approximation (or Picard iteration). But for outside the class of con-
tractive mapping, the classical iteration scheme no longer applies. So some other
iteration scheme is required.

Two iteration processes are often used to approximate fixed point of nonex-
pansive and pseudocontractive mappings. The first iteration process is known as
Mann’s iteration process [8], where {xn} is defined as

xn+1 = αnxn + (1− αn)Txn , n ≥ 0 (1.1)

where the initial guess x0 is taken in C arbitrarily and the sequence {αn} is in the
interval [0, 1].

The second iteration process is known as Ishikawa iteration process [6] which
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is defined by

xn+1 = αnxn + (1− αn)Tyn ,

yn = βnxn + (1− βn)Txn ; n ≥ 0 (1.2)

where the initial guess x0 is taken in C arbitrarily and {αn} and {βn} are se-
quences in the interval [0, 1].

Process (1.2) is indeed more general than the process (1.1). But research has
been concentrated on the later, probably due to the reason that process (1.1) is
simpler and that a convergence theorem for process (1.1) may possibly lead to a
convergence theorem for process (1.2), provided that the sequence {βn} satisfy
certain appropriate conditions.

The adaptation of Mann’s iteration (1.1) to asymptotically nonexpansive and
asymptotically strictly pseudocontractive mappings is as below [7, 14] :

xn+1 = αnxn + (1− αn)Tnxn, n ≥ 0. (1.3)

where the initial guess x0 ∈ C is arbitrary.

Modified Mann algorithm has been extensively used to approximate fixed
points of asymptotically nonexpansive mappings.

Liu [7] proved the following result for the convergence of the sequence {xn} gen-
erated by (1.3) :

Theorem L: Let H be a Hilbert space, C ⊂ H nonempty closed bounded and
convex; T : C → C completely continuous and uniformly L-Lipschitzian,
κ-strict asymptotically pseudocontractive with sequence {rn}, rn ∈ [0,∞),

∑∞
n=0 r2

n <
∞, ε ≤ αn ≤ 1 − κ − ε, for all n ∈ N and some ε > 0. Then, the sequence {xn}
generated by (1.3) converges strongly to some fixed point of T .

In this paper, we first prove weak convergence theorem for strictly asymptot-
ically pseudocontractive mappings using modified Mann iteration process (1.3),
but before this we need some results :

Lemma 1.1 Let H be a real Hilbert space. There holds the following identities :

(i) ‖x− y‖2 = ‖x‖2 − ‖y2‖ − 2〈x− y, y〉 ∀ x, y ∈ H.

(ii) ‖tx + (1− t)y‖2 = t‖x‖2 + (1− t)‖y‖2 − t(1− t)‖x− y‖2 ,
∀ t ∈ [0, 1], ∀ x, y ∈ H.

(iii) If {xn} be a sequence in H weakly convergent to z, then

lim sup
n→∞

‖xn − y‖2 = lim sup
n→∞

‖xn − z‖2 + ‖z − y‖2 ∀ y ∈ H .
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Lemma 1.2 [13] Let H be a real Hilbert space. Given a closed convex subset
C ⊂ H and points x, y, z ∈ H. Given also a real number a ∈ R. The set

{
v ∈ C : ‖y − v‖2 ≤ ‖x− v‖2 + 〈z, v〉+ a

}

is convex (and closed).

Lemma 1.3 Let K be a closed convex subset of a real Hilbert space H. Given
x ∈ H and x ∈ K. Then z = PKx if and only if there holds the relation

〈x− z, y − z〉 ≤ 0 ∀ y ∈ K.

where PK is the nearest point projection from H on to K, i.e. PKx is the unique
point in K with the property

‖x− PKx‖ ≤ ‖x− y‖ ∀ x ∈ K .

We use following notation:

1. ⇀ for weak convergence and → for strong convergence.

2. ωw(xn) = {x : ∃xnj ⇀ x} denotes the weak ω-limit set of {xn}.
Lemma 1.4 [13] Let K be a closed convex subset of H. Let {xn} be a sequence
in H and u ∈ H. Let q = PKu. If {xn} is such that ωw(xn) ⊂ K and satisfies the
condition

‖xn − u‖ = ‖u− q‖ ∀ n . (1.4)

Then xn → q.

Lemma 1.5 [12] Let {an}, {bn} and {cn} are sequences of nonnegative real
numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn n ≥ 1

If
∑∞

n=1 δn < ∞ and
∑∞

n=1 bn < ∞, then limn→∞ an exists. If in addition {an}
has a subsequence which converges strongly to zero, then limn→∞ an = 0.

2 Weak Convergence for Modified Mann’s algo-
rithm

In this section we prove a weak convergence theorem for κ-strictly asymptotically
pseudo-contractive mappings using modified Mann algorithm :

Theorem 2.1 Let C be a closed convex subset of a Hilbert space H. Let T :
C → C be a κ-strictly asymptotically pseudo-contraction for some 0 ≤ κ < 1,∑∞

n=1 rn < ∞ and assume that F (T ) 6= ∅, I − T is demiclosed at zero. Let {xn}
be the sequence generated by algorithm (1.3). Assume that the control sequence
{αn} is chosen so that κ < αn < 1 for all n and

∑∞
n=0(αn − κ)(1 − αn) = ∞.

Then {xn} converges weakly to a fixed point of T .
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Proof. Let p ∈ F (T ), using Lemma 1.1 (ii), we have

‖xn+1 − p‖2 = ‖αn(xn − p) + (1− αn)(Tnxn − p)2‖
= αn‖xn − p‖2 + (1− αn)‖Tnxn − p‖2 − αn(1− αn)‖xn − Tnxn‖2
≤ αn‖xn − p‖2 + (1− αn)

[
(1 + rn)2‖xn − p‖2 + κ‖xn − Tnxn‖2

]

− αn(1− αn)‖xn − Tnxn‖2
≤ [

αn(1 + rn)2 + (1− αn)(1 + rn)2
] ‖xn − p‖2

− (1− αn)(αn − κ)‖xn − Tnxn‖2
≤ (1 + dn)‖xn − p‖2 − (1− αn)(αn − κ)‖xn − Tnxn‖2 (2.1)

where dn = r2
n+2rn, since

∑∞
n=1 rn < ∞ thus

∑∞
n=1 dn < ∞ and since κ < αn < 1,

we get

‖xn+1 − p‖2 ≤ (1 + dn)‖xn − p‖2 (2.2)

that means the sequence {‖xn − p‖} is decreasing. Now, since
∑∞

n=1 dn < ∞ it
follows that

∏∞
i=1(1 + di) < ∞, from (2.1), we have

∞∑
n=0

(αn − κ)(1− αn)‖xn − Tnxn‖2 ≤
∞∏

i=1

(1 + di)‖x0 − p‖2 < ∞ . (2.3)

Since
∑∞

n=0(αn − κ)(1− αn) = ∞, (2.3) implies that

lim inf
n→∞

‖xn − Tnxn‖ = 0 . (2.4)

We now prove limn→∞ ‖xn − Txn‖ exists, for this we show that the sequence
{‖xn − Txn‖} is decreasing.

Now,

‖xn+1 − Tnxn+1‖2 ≤ ‖αn(xn − Tnxn+1) + (1− αn)(Tnxn − Tnxn+1)‖2
= αn‖xn − Tnxn+1‖2 + (1− αn)‖Tnxn − Tnxn+1‖2

− αn(1− αn)‖xn − Tnxn‖2
≤ αn‖(xn − xn+1) + (xn+1 − Tnxn+1)‖2

− αn(1− αn)‖xn − Tnxn‖2
+ (1− αn)[(1 + rn)2‖xn − xn+1‖2
+ κ‖(xn − Tnxn)− (xn+1 − Tnxn+1)‖2]

= αn

(‖xn − xn+1‖2 + ‖xn+1 − Tnxn+1‖2
+ 2〈xn − xn+1, xn+1 − Tnxn+1〉)
− αn(1− αn)‖xn − Tnxn‖2

(2.5)
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+ (1− αn)[(1 + rn)2‖xn − xn+1‖2
+ κ{‖xn − Tnxn‖2 + ‖xn+1 − Tnxn+1‖2
− 2〈xn − Tnxn, xn+1 − Tnxn+1〉}]

= αn(1− αn)2‖xn − Tnxn‖2 + αn‖xn+1 − Tnxn+1‖2
+ 2αn(1− αn)〈xn − Tnxn, xn+1 − Tnxn+1〉
− αn(1− αn)‖xn − Tnxn‖2 + (1− αn)(1 + rn)2[(1− αn)2‖xn − Tnxn‖2]
+ (1− αn)κ(‖xn − Tnxn‖2 + ‖xn+1 − Tnxn+1‖2)
− 2(1− αn)κ〈xn − Tnxn, xn+1 − Tnxn+1〉

= [αn(1− αn)2 − αn(1− αn) + κ(1− αn) + (1− αn)3(1 + rn)2]‖xn − Tnxn‖2
+ [αn + (1− αn)κ]‖xn+1 − Tnxn+1‖2
+ [2αn(1− αn)− 2κ(1− αn)]‖xn − Tnxn‖‖xn+1 − Tnxn+1‖

≤ (1− αn)[αn(1− αn)− αn + κ + (1− αn)2(1 + dn)] ‖xn − Tnxn‖2
+ [αn(1− αn)κ] ‖xn+1 − Tnxn+1‖2
+ 2(1− αn)(αn − κ) ‖xn − Tnxn‖‖xn+1 − Tnxn+1‖

We may assume ‖xn − Tnxn‖ > 0, setting γn = ‖xn+1−T nxn+1‖
‖xn−T nxn‖ , above inequality

gives,

(1− κ)γ2
n − 2(αn − κ) γn − [1− 2αn + κ + dn(1− αn)2] ≤ 0

gives,

γn ≤ αn − κ +
√

(αn − κ)2 + (1− κ)[1− 2αn + κ + dn(1− αn)2]
1− κ

. (2.6)

Now,

(αn − κ)2 + (1− κ)[1− 2αn + κ + dn(1− αn)2]

≤ (αn − κ)2 + (1− κ)(1− 2αn + κ) + dn(1− αn)2

= (1− αn)2 + dn(1− αn)2

≤ (1− αn)2 + 2dn(1− αn) + d2
n

= (1− αn + dn)2 (2.7)

Therefore, from (2.6) and (2.7), we have

‖xn+1 − Tnxn+1‖ ≤
(

1 +
dn

1− κ

)
‖xn − Tnxn‖

hence by Lemma 1.5, limn→∞ ‖xn − Tnxn‖ exists.
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Now, by (2.4), we get

lim
n→∞

‖xn − Tnxn‖ = 0 . (2.8)

‖xn+1 − xn‖ = (1− αn)‖xn − Tnxn‖ → 0 as n →∞ (2.9)

Since I − T is demiclosed at zero, (2.9) imply that ωw(xn) ⊂ F (T ). Now we
show that {xn} is weakly convergent. Let p, q ∈ ωw(xn) and {xni

} and {xmj
} be

subsequences of {xn} which converges weakly to some p and q respectively.
Since limn→∞ ‖xn − z‖ exists for every z ∈ F (T ) and since p, q ∈ F (T ), we

have

lim
n→∞

‖xn − p‖2 = lim
j→∞

‖xmj − p‖2

= lim
j→∞

‖xmj − q‖2 + ‖q − p‖2

= lim
i→∞

‖xni − p‖2 + 2‖q − p‖2

= lim
n→∞

‖xn − p‖2 + 2‖q − p‖2

Hence p = q.

This completes the proof.

3 Strong Convergence Theorem

The weakness of Mann’s iteration is that, its convergence is, in general, not strong
even in Hilbert space (see [2] for counter example). So in order to get strong
convergence some modification in Mann algorithm is needed.

Nakajo and Takahashi [10] proposed a modification in Mann’s algorithm for
nonexpansive mappings in Hilbert spaces, so that the strong convergence is guar-
anteed.

The algorithm is as below:

Consider the sequence {xn} generated by




x0 ∈ C chosen arbitrarily,

yn = αnxn + (1− αn)Txn,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C; 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Qnx0.

(3.1)
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where PK denotes the metric projection from H onto a closed convex subset K of
H.

Algorithm (3.1) is called a (CQ) algorithm for the Mann iteration process be-
cause at each step the Mann iterate (denoted by yn in (3.1)) is used to construct
the sets Cn and Qn which are in turn used to construct the next iterate xn+1.

In algorithm (3.1) the initial guess x0 is projected onto the intersection of two
suitably constructed closed convex subsets Cn and Qn.

Recently Kim and Xu [5] adapted the iteration (3.1) to asymptotically non-
expansive mappings. They introduced the following iteration process for asymp-
totically nonexpansive mappings in Hilbert space H :





x0 ∈ C chosen arbitrarily,

yn = αnxn + (1− αn)Txn,

Cn = {z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn},
Qn = {z ∈ C; 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Qnx0.

(3.2)

where
θn = (1− αn)

(
(1 + rn)2 − 1

)
(diam C)2 → 0 as n →∞ ,

Recently, Marino and Xu [9] extended (CQ) algorithm from nonexpansive
mappings to strict pseudo-contractive mappings.

It is important to note that the set Cn in the (CQ) algorithm differs among
distinct classes of mappings.

Now, we propose a new (CQ) algorithm for strictly asymptotically pseudocon-
tractive mappings :





x0 ∈ C chosen arbitrarily ,

yn = αnxn + (1− αn)Tnxn,

Cn = {z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2
+ (κ− αn)‖xn − Tnxn‖2}+ θn,

Qn = {z ∈ C; 〈xn − z, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qnx0.

(3.3)

where θn =
(
(1 + rn)2 − 1

)
(diam C)2 → 0 as n →∞.

We now prove strong convergence of strictly pseudocontractive mapping using
algorithm (3.3) :

Theorem 3.1 Let C be a closed convex subset of a Hilbert space H. Let T :
C → C be a κ-strictly asymptotically pseudo-contraction for some 0 ≤ κ < 1,∑∞

n=1 rn < ∞ and assume that F (T ) 6= ∅, I − T is demiclosed at zero. Let {xn}
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be the sequence generated by the algorithm (3.3). Assume that the sequence {αn}
is chosen so that supn≥0 αn < 1. Then {xn} converges strongly to PFix(T )x0.

Proof. By Lemma 1.2, we observe that Cn is convex.

Now, for all p ∈ F (T ), using Lemma 1.1(ii), we have

‖yn − p‖2 = ‖αn(xn − p) + (1− αn)(Tnxn − p)‖2
= αn‖xn − p‖2 + (1− αn)‖Tnxn − p‖2 − αn(1− αn)‖xn − Tnxn‖2
= αn‖xn − p‖2 + (1− αn)

[
(1 + rn)2‖xn − p‖2 + κ‖xn − Tnxn‖2

]

− αn(1− αn)‖xn − Tnxn‖2
≤ (1 + rn)2‖xn − p‖2 + (1− αn)κ‖xn − Tnxn‖2
− αn(1− αn)‖xn − Tnxn‖2

≤ ‖xn − p‖2 + (κ− αn)‖xn − Tnxn‖2 + θn,

so p ∈ Cn for all n. So F (T ) ⊂ Cn for all n.

Next we show that F (T ) ⊂ Qn for all n ≥ 0, for this we use induction.

For n = 0, we have F (T ) ⊂ C = Q0. Assume that F (T ) ⊂ Qn.

Since xn+1 is the projection of x0 onto Cn ∩Qn, by Lemma 1.3, we have

〈xn+1 − z, x0 − xn+1〉 ≥ 0 ∀z ∈ Cn ∩Qn .

As F (T ) ⊂ Cn ∩ Qn by the induction assumption, the last inequality holds, in
particular, for all z ∈ F (T ). This together with the definition of Qn+1 implies
that F (T ) ⊂ Qn+1. Hence F (T ) ⊂ Qn for all n ≥ 0.

Now, since xn = PQnx0 ( by the definition of Qn), and since F (T ) ⊂ Qn, we have

‖xn − x0‖ ≤ ‖p− x0‖ ∀ p ∈ F (T ).

In particular, {xn} is bounded and

‖xn − x0‖ ≤ ‖q − x0‖, where q = PF (T )x0 . (3.4)

The fact xn+1 ∈ Qn asserts that 〈xn+1 − xn, xn − x0〉 ≥ 0. This together with
Lemma 1.1 (i), implies that

‖xn+1 − xn‖2 = ‖(xn+1 − x0)− (xn − x0)‖2
= ‖xn+1 − x0‖2 − ‖xn − x0‖2 − 2〈xn+1 − xn, xn − x0〉
≤ ‖xn+1 − x0‖2 − ‖xn − x0‖2
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It follows that,
‖xn+1 − xn‖ → 0. (3.5)

By the fact xn+1 ∈ Cn we get

‖xn+1 − yn‖2 ≤ ‖xn+1 − xn‖2
+ (κ− αn)‖xn − Tnxn‖2 + θn

(3.6)

Moreover, since yn = αnxn + (1− αn)Tnxn, we deduce that

‖xn+1 − yn‖2 = αn‖xn+1 − xn‖2
+ (1− αn)‖xn+1 − Tnxn‖2
− αn(1− αn)‖xn − Tnxn‖2. (3.7)

Substitute (3.7) into (3.6) to get

(1− αn)‖xn+1 − Tnxn‖2 ≤ (1− αn)‖xn+1 − xn‖2 + κ‖xn − Tnxn‖2 + θn

Since αn < 1 for all n, the last inequality becomes,

‖xn+1 − Tnxn‖2 ≤ ‖xn+1 − xn‖2 + κ‖xn − Tnxn‖2 +
θn

τ
(3.8)

for some positive number τ > 0, such that αn < τ < 1.

But on the otherhand, we compute

‖xn+1 − Tnx‖2 = ‖xn+1 − xn‖2 + 2〈xn+1 − xn, xn − Tnxn〉
+ ‖xn − Tnxn‖2 .

(3.9)

By (3.8) and (3.9), we get

(1− κ)‖xn − Tnxn‖2 ≤ θn

τ
− 2〈xn+1 − xn, xn − Tnxn〉 (3.10)

Therefore

‖xn − Tnxn‖2 ≤ θn

τ(1− κ)
− 2

1− κ
〈xn+1 − xn, xn − Tnxn〉 → 0 (3.11)

Now,

‖xn − Txn‖ = ‖xn − Tnxn‖+ ‖Tnxn − Txn‖
≤ ‖xn − Tnxn‖+ (1 + r1)‖Tn−1xn − xn‖
→ 0 (3.12)

Now, since (I − T ) is demiclosed at zero, (3.11) guarantee that every weak limit
point of {xn} is a fixed point of T . That is, ωw(xn) ⊂ F (T ). This fact, the
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inequality (3.4) and Lemma 1.4 implies that {xn} → q = PF (T )x0.

This completes the proof.
Remark: It is of interest to extend the results of this paper to asymptotically

pseudocontractive mappings, which are mappings satisfying P2A with κ = 1. For
such a mapping, Mann’s algorithm does not converge even though C is assumed
to be compact.
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