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1 Introduction and preliminaries

A fundamental result in fixed point theory is the Banach contraction mapping
principle. Several extensions of this result have appeared in the literatures. Let
A, B be two nonempty subsets of a metric space (X,d) and T : A — B be a
mapping. If AN B = (), then the equation Tz = x might have no solution. Under
this circumstance, it is meaningful to find a point € A such that d(z,Tz) is
minimum. If d(z,Tx) = d(A, B) := inf{d(a,b) : a € A,b € B}, we get d(z,Tx)
is the global minimum value d(A, B) and so z is an approximate solution of the
equation Tz = x with the least possible error. Such a solution is known as a
best proximity point of the mapping 7. That is, a point x € A is called the best
proximity point of T if

d(xz,Tx) = d(A, B).

Throughout this paper, (X,d) denotes a metric space, < denotes a partial
order on X, A, B C X. We also use the following notations:
Ag={z € A:d(z,y) = d(A, B) for some y € B},
By ={y € B:d(x,y) = d(A, B) for some x € A}.
A metric space (X, d) with a partial order < defined on X is called a partially
ordered metric space. It is denoted by (X, d, <).

In 2011, Sankar Raj [d] introduced the new property called P-property as
follows:

Definition 1.1 ([4]). Let A and B be two nonempty subsets of a metric space
(X,d) with Ag # 0. Then the pair (A, B) is said to have the P-property if for any
x1,xs € Ag and y1,ys € By, the following condition holds:

d(z1,y1) = d(A, B), B
d(x;z;)zd(A,B) } = d(z1,22) = d(y1, 2)-

Example 1.2. Let X = R? with the Euclidian metric. Assume that

A= {(ni“o) :neN}u(o,O),

B;:{(%HJ) :neN}U(O,l).

It is easy to see that d(A, B) = 1. Suppose that (x1,0), (z2,0) € Ao and (y1,1), (y2,1) €
By such that

d((1,0), (y1,1)) = d(A, B) and d((z2,0), (y2,1)) = d(A, B).

Then we have

(1 —y1)?+1=1and \/(xa —y2)2+1=1.
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Therefore, x1 = y1 and xo = yo and so

d((.’E],O), ($27 0)) = |.’L'1 - $2| = |y1 - yQ‘ = d((yh 1)7 (y27 1))
Thus, the pair (A, B) has the P-property.
In 2012, Basha [?] introduced the following ideas.

Definition 1.3 ([2]). Let A, B be nonempty subsets of a metric space (X,d) and
=< be a partial order on X. A mapping T : A — B is called proxzimally increasing
on A if for all x1,x2,y1,y2 € A, the following condition holds:

Y1 j Y2,
d(z1,Ty1) = d(A, B), = 1z = T9.
d(Z‘Q,TyQ) = d(A, B)

Definition 1.4 ([?]). Let A, B be nonempty subsets of a metric space (X,d) and
=< be a partial order on X. A mapping T : A — B is called proximally increasing
on Ag if for all x1,x9,91,y2 € Ao, the following condition holds:

Y1 = Y2,
d(:l?l,Tyl) = d(A,B), — 11 X To.
d(lEQ,Tyg) = d(A,B)

Example 1.5. Let X = R? with the taxicab metric d on X. We define a partial
order < on X by

(z1,22) =2 (y1,y2) if and only if x1 < y1 and xo2 < ys
for all (x1,y1), (x2,y2) € X. Let

A={(z,1):1< 2 <10},
B ={(z,5):1<z<10}.

Clearly, d(A,B) =4. We define T : A— B by
T(x,1) = @5) for all (z,1) € [1,10].

It is easy to see that d(A,B) = 4. Let (x1,1),(x2,1),(y1,1), (y2,1) € A with
(y1,1) X (y2,1). Assume that d((x1,1),T(y1,1)) = d(A, B) and d((x2,1),T(y2,1)) =
d(A, B). Then

4= d((@, 1, T 1) = d(@1.1), (§5)) = o = £ | +4
and
4= d((x2,1), Ty, 1)) —d((xg, )7( )) (x2 2\+4,
which imply that x1 = % and x2 = %2. Since (y1,1) < (y2,1), we get y1 < yo and

then % < %2. This Zmplzes that 1 < x4 and so (x1,1) =< (x9,1). Hence, T is
proatimally increasing on A.
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In addition, we will give some notations for using in our results.
Let ¥ be the set of all functions ¢ : [0,00) — [0,00) satisfying the following
conditions:
(i) 4 is continuous and
(ii) ¥(t) = 0 if and only if t = 0.

Let © be the set of all functions 6 : [0,00) — [0,00) satisfying the following
conditions:

(i) 0 is bounded on any bounded interval in [0, c0) and
(ii) @ is continuous at 0 and 6(0) = 0.

In recently, Babu and Leta [I] introduced the new weak contraction mapping
called a (1) — ¢ — 0)-almost weakly contractive mapping as follows:

Definition 1.6 ([1]). Let (X,d, <) be a partially ordered metric space and A, B
be nonempty subsets of X. A nonself-mapping T : A — B is called a (¢p — ¢ — 0)-
almost weakly contractive mapping if there exist i € U, ¢,0 € © and L > 0 such
that for all x,y € Ay with x = y

= Y(d(Tz,Ty)) < p(d(z,y)) — 0(d(z,y)) + Ln(z,y), (1.1)
where
n(z,y) = min{d(z, Tz)— d(A, B),d(y,Ty) — d(A, B),d(z, Ty) — d(A, B),
d(y,Tz) — d(A, B)}.
IfL=0in (I3), then T is called a (1) — ¢ — 0)-weakly contractive mapping.

Moreover, they obtained some best proximity point result for mappings sat-
isfying the almost contractive condition with three control functions in partially
ordered metric spaces as follows:

Theorem 1.7 ([I]). Let (X,d, <) be a partially ordered complete metric space and
(A, B) be a pair of nonempty closed subsets of X such that Ag is nonempty closed
and (A, B) satisfies the P-property. Let T : A — B be a mapping which satisfies
the (¢ — ¢ — 0)-almost weakly contractive condition such that T(Ag) C By and T
is proximally increasing on Ag. Suppose that the following condition holds:

(i) for all z,y € [0,00),
ba) <ely) = w=2y; (1.2)
(i1) for any sequence {x,} in [0,00) with x, —t > 0,

() — T () + Jim 0(,) > 0. (13)

n—oo
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Furthermore, assume that either
(a) T is continuous or

(b) if {xn} is a nondecreasing sequence in X such that x, — x, then x, <X x
for all m € N.

Also, suppose that there exist elements xg,x1 € Ag such that d(zq1,Txo) = d(A, B)
and xg = x1. Then T has a best proximity point in Ay, that is, there exists an
element x* € Ag such that d(z*, Tx*) = d(A, B).

In this paper, we introduce a generalized weakly contractive mapping and
utilize such mapping to establish some best proximity point results in partially
ordered metric spaces without the P-property. Our results generalize the main
theorem of Babu and Leta [I].

2 Main Results

We establish new best proximity point theorems for some weak contraction
mapping in partially ordered metric spaces as follows:

Theorem 2.1. Let (X,d, =) be a partially ordered complete metric space and
(A4, B) be a pair of nonempty closed subsets of X such that Ay is nonempty and
closed. Suppose that T : A — B is a mapping such that T(Ag) C By and T s
prozimally increasing on Ag. Assume that there exist L > 0, ¥ € ¥ and ¢,0 € ©
satisfying the following conditions:

(i) for all z,y € [0,00),
() <oly) — z2y; (2.1)
(i1) for all sequence {x,} in [0,00) with x, —t >0,

U(t) — n@(ﬁ(xn) + lim 6(z,) > 0; (2.2)

n—oo
(iii) for all x,y,u,v € Ao,

xRy, ¢(M(x,y,u,v))
d(u,Tz) = d(A,B), » = ¥ (d(u,v)) < —0(M(z,y,u,v)) (2.3)
d(v,Ty) =d(A, B +Ln(z,y),

where

M(z,y,u,v) = max {d(x’y)7 d(x, u) ;rd(y,v), d(y,u) ;rd(x,v) }
and
n(z,y) = min{d(z,Tz)—d(A,B),d(y,Ty) — d(A, B),d(z,Ty) — d(A, B),
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(iv) there exist elements xg,x1 € Ao such that xg < x1 and d(z1,Tzo) = d(A, B).
Furthermore, suppose that either
(a) T is continuous or

(b) if {xn} is a nondecreasing sequence in X such that x, — x, then x, < x
for allm € N.

Then T has a best proximity point in Ag, that is, there exists an element z € Ag
such that d(z,Tz) = d(A, B).

Proof. From (iv), there exist zg,x; € Ag such that zy < 21 and
d(z1,Tzo) = d(A, B). (2.4)
Since T'(Ap) C By, there exists an element xzo € Ag such that
d(zq,Txz1) = d(A, B). (2.5)

As T is proximally increasing on Ay, using (Z4) and (E33), we have z; < x2. By
continuing this process, we can constract a sequence {z,} in Ay such that

Tp = Tpal (2.6)
and
d(xps1, Tx,) = d(A, B) (2.7)
for all n € NU {0}. By using the hypothesis (iii), we obtain

’(/}(d(anrlaanrQ)) S ¢(M($n,$n+1,l’n+1,l‘n+2)) - 9(M($n7$n+1,$n+1,l’n+2))

+Ln(Tp, Tpi1), (2.8)
where
M(Zp, Tyt Tngl, Tny2) = Max {d(%,l’nﬂ), d(Tn, Tpit1) +2d(xn+1, $n+2)7
Ad(Tpi1, Tnyr) + d(Tp, Tpiz) }
2
= max {d(;z:mxnﬂ)’ (@, Try1) +2d($n+1,xn+2)’
2
= max {d(‘rnvanrl), d(Tp, Tni1) +2d($n+1, Tnyo) }
and
n(Tn,Tnt1) = min {d(xnﬂ,Tgan) —d(A, B),d(zy, Tz,) — d(A, B),

A(@ns1, Trn) — d(A, B, d(xn, Tons1) — d(A, B)}
= o
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Let a, := d(zy, Tpy1) for all n € N.

Case 1: Assume that M (2, Tpi1, Tnt1, Tnt2) = d(Tn, Tny1) for some n € NU{0}.
It follows from (E=8) that

P(d(Tns1,Tny2)) < (@0, Tni1)) — 0(d(zn, Tny1)),
that is,
Y(ant1) < dlan) — O(an), (2.9)
which implies that ¥ (apn+1) < ¢(ay). By the hypothesis (i), we obtain a1 < .

d(z,, T d(Tpi1,x
Case 2: Assume that M (zy, Tni1, Tntl, Tni) = (@n, Znt1) + d(@n i1, Tnt) =

2
% =: B. It follows from (ZR) that
¢(an+1) < ¢(6n) - H(ﬂn), (2'10)
which implies that (1) < (b(an%—i—an). By the hypothesis (i), we obtain
iy < I hat is, g < an,

From Case 1 and Case 2, we obtain {«,} is a monotone decreasing sequence
of nonnegative real numbers. Since {a,} is bounded below by zero, there exists
t > 0 such that

lim «a, = lim d(z,, Tn41) =1 (2.11)

n— oo n—oo

and so

lim B, = lim d(xnaanrl) + d(xn+17xn+2) _ t+1 _

n— 00 n— 00 2 2

t. (2.12)

Taking the limit superior in both sides of the inequality (ER), using (211), the
continuity of ¥, and the property of ¢ and 6, we get

Y(t) < n@o(ﬁ(ma}({am Bnt) + n@(—g(max{an, Bn}))-

Since lim (—f(max{a,,B,})) = — lim §(max{a,, B,}), it follows that
n—oo

n—oo

Y(t) < n@o‘ﬁ(max{amﬂn}) — lim (f(max{can, Bn})),

n—oo

that is,

b(t) — Tm p(max{an, u}) + lim O(max{an, f}) < 0.

n—oo
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By the hypothesis (ii), (Z01) and (E12), it is a contradiction unless ¢t = 0. There-
fore,

op =d(Xp, Tpy1) =0 asn — oco. (2.13)

Next, we will show that {x,} is a Cauchy sequence. Suppose that {z,} is not
a Cauchy sequence. Then there exist § > 0 and two sequences {my} and {nj} of
positive integers such that for each positive integer k,

ng >mg >k and  d(Tm,Tn,) > 0.
Assuming that ny is the smallest such positive integer, we get
A Xy s Tigy—1) < 0.
Using the triangle inequality, we get
0 < d(@myy Tny) <A@y Tnpo—1) + d(Tpp—1,Tn,) <O+ d(@Tn,—1,Tn,). (2.14)
From (Z13) and (214), we obtain

lim d(xpm,, , Tn, ) = 6. (2.15)

k=00
Using the triangle inequality again, we get
A Xy s Tny,) < A @iy, Tingo+1) + A Tmg115 Trg1) + A(Tnpt1, Ty )
and
A Zmp+1, Trg+1) < ATy +1, Tmy) + A Zimy, s Ty, ) + ATy, Trg+1)-
The above two inequalities imply that
ATy 4+15 Ty 11)

d(xmk+1a xmk) =+ d(xmk ’ x"k)

+d(Tn,, Tnypt1)-

d(xmwxnk) - d(xmmxkarl) - d(xnkJrh mnk)

INIA

From the above inequality, (2213) and (E-I3), we have

lm d(®m, 41, Tn,+1) = 0. (2.16)

k—o0

Again, we have
d(xmwxnk) < d(xmmxnkJrl) + d(xnkJrh -Tnk)
and

d(xmk’mnk+1) < d(xmk’x”k) + d(xnk’x”k“rl)'
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The above two inequalities imply that

d(xmk ) xnkJrl)

d(xmk ) xnk) + d(xnk ) xnk+1)'

d(fEmk ) xnk) - d(‘rnk+17 xnk)

IN A

From the above inequality, (Z13) and (Z13), we have

lim d(zpm,, Tn,+1) = 0. (2.17)

k—o0

Similarly, we can prove that

lim d(@n,, Tm,+1) = 0. (2.18)

k—o0

By the construction of the sequence {z,}, we have
Ty = Tnpy A @1, TTm, ) = d(A,B)  and  d(zp, 41,1y, ) = d(A, B),
which, by the hypothesis (iii), imply that

w(d<xmk+17$nk+1)) S (b(M(:Emk,a?nk,xmk+1,xnk+1))
_Q(M(:E’mk y Ly s T 415 xn;ﬁ»l))

+Ln(Tm,,, Tny, ), (2.19)
where
M(l'mk s Ty Ty +15 l'nk.—i-l) = max {d(wmk ) mnk)a
d(xmk ’ Cka+1) + d(mnk ’ xnk+1)
2 )
d(xnk ) xm)ﬁ-l) + d(‘rmk ) xmﬁ-l) }
2
and
n(xmk ) xnk) = min {d(xmk ) Txmk) - d<A’ B), d(mnk ) Txnk) - d(A, B)a

A(@nys Tom,) = d(A, B), d(wm, . Tan,) — d(A, B)}.
Using the triangle inequality, it follows that

W Ty, Tny,) = min{d(zm,, Tom,) — d(A, B),d(zy,, Tx,, ) — d(A, B),

d(xn,,, T, ) — d(A, B),d(xm,, TTyn,) — d(A, B)}
min{d(zn, , Tn,+1) + d(Tn,+1, TTn, ) — d(A, B),
ATy s Ty +1) + A @11, TTmy,) — d(A, B), (T, Ty 41)
+d(Tmp 11, Tm,, ) — d(A, B), d(Xmy,, Tnj+1) + A(@np 11, Tn,,)

IN

—d(A, B)}

= min{d(xnk ) xnk+1)7 d(zmk ) xmk+1)’ d(xnk ) JUmk+1)7 d(xmk ) mnk-‘rl)}'
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Therefore, we get

¢(d(xmk+17 xnk+1)) < ¢(M(xmk » Tngs Lmg+1, xnkJrl)) - Q(M(‘/'Emk y gy Tmp+1s mnle))
+L min{d(xnk ’ x”k+1)ﬂ d(xmk s xmk“rl)? d(xnk ) xmk"t‘l)?

A(Tmys Trg+1) ) (2.20)
Consider
M 2o Zm 1,2 1) = s (e, a,), 2 Emat) L Ui Eouc),
A( Xy, Timp+1) + ATy, s Trpt1) }
2
From (213), (E13), (222), and (ZIR), it follows that
lim M (Zm,, Trg, Tmg 41> Trg+1) = 0. (2.21)

k—o0

Taking the limit superior in both sides of the inequality (2220), using (213), (2=21),
the continuity of ¢, and the property of ¢ and 8, we obtain

’(/)(5) < lim ¢(M(Imk » gy Tmy+1, xnk-‘rl)) + n@o(_o(M(xmk y Lngs Tmy+1, ‘Tmﬁ-l)))'

n—oo

As n@(_e(M(mmwmnmxmk+l7 CCﬂchrl))) = — lim G(M(xmk’xnkvxkarlv xnkJrl))’

n— oo
it follows that

¢(5) < lim ¢(M(xmk’xnk’xmk+1’xnk+l)) — lim G(M(‘rmk7xnk7mmk+17xnk“l’l))?

n— oo n—oo

that is,

dj((s) - H d)(M(xmk,l'nk,1'7nk+1,$nk+1)) + m Q(M(xmkaxnkaxmk—&-laxnk—&-l)) S 07

n—r oo n—oo

which, by the hypothesis (ii) and (2.16), it is a contradiction. Therefore, {x,} is
a Cauchy sequence in Ag. Since X is complete and Ay is a closed subset of X and
hence complete. From the completeness of A, there exists z € Ay such that

lim z, =z, that is, lim d(z,,z) = 0. (2.22)

n—oQ n—o0

First, we assume that 7" is continuous. On taking limit as n — oo in (EZ4) and
using the continuity of T, we obtain d(z,Tz) = d(A, B). Therefore z is the best
proximity point of T

We now assume that the condition (b) holds. By (Z8) and (E222), we have

T, =z forallmeN. (2.23)
Since z € Ap and T'(Ap) C By, there exists a point w € Ay for which

d(w,Tz) = d(A, B). (2.24)
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By (272), (223) and (2Z24), we have
T Xz, d(Xpi1,Tay,)
for all n € N and
d(w,Tz) = d(A, B),
which, by the hypothesis (iii), imply that
Y(d(zpy1,w)) < G(M(Tp, 2, Tpt1,w)) — O(M(zp, 2, Tpy1, w)) + Ln(z,, 2),(2.25)

where

d(Tpn, Tnt1) +d(z,w) d(z,2p41) + d(zn, w) }

M (xp, 2, Tpy1, w) = max {d(xn, 2), 5 , 5

and

n(xn,z) = min{d(z,Tz) —d(4, B),d(x,,Tz,) — d(A, B),d(z, Tx,) — d(A, B),
d(xn,Tz) —d(A, B)}.

Using the triangle inequality, it follows that

n(xn,z) = min{d(z,Tz)—d(4, B),d(z,,Tx,) — d(A, B),d(z,Tx,) — d(A, B),
d(xn,Tz) —d(A, B)}
min{d(z,Tz) — d(4A, B),d(z, Tz,) — d(A, B),
d(z,2n41) + d(xns1, Txy) — d(A, B),d(z,,Tz) —d(A, B)}
= min{d(z,Tz) — d(A, B),d(x,, Tz,) — d(A, B),
d(z,2p41),d(xn, Tz) — d(A, B)}.

IN

Therefore

¢(d(xn+17 U})) < ¢(M(xn7 2y Tn41, w)) - G(M(fvm 2y Tn+1; w))
+Lmin{d(z,Tz) — d(4, B),d(z,, Tz,) — d(A, B),
d(z,2p41),d(xn, Tz) —d(A, B)}. (2.26)

From (2722), we obtain that

. d(z, w)
nh_}rI;OM(mn,z,an,w) ==

(2.27)

Taking the limit superior in both sides of the inequality (2228), using (222), (2221),
the properties of 1, and the property of ¢ and 6, we obtain

() < patz ) < T GO (22 w)) + T (~0(M (2,201, 0).

2 n— 00 n—00
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Argument similarly as discussed above, we have

w(M) - m ¢(M($nuzaxn+l7w)) + him H(M(xn7z,:vn+1,w)) S 07

2 n—o00 n—oo

which, by the hyprothesis (ii) and (2=22), it is a contraction unless d(z,w) = 0,
that is, z = w. By (E224), we have d(z,Tz) = d(A, B), that is, z is a best proximity
point of T'. [

By using the same technique in the proof of Theorem P, we get the following
result.

Theorem 2.2. Let (X,d, =) be a partially ordered complete metric space and
(A, B) be a pair of nonempty closed subsets of X such that Ay is nonempty and
closed. Suppose that T : A — B is a mapping such that T(Ag) C By and T is
prozimally increasing on Ag. Assume that there exist L >0, ¥ € U and ¢,0 € ©
satisfying the following conditions:

(i) for all z,y € [0,00),
b)) <¢ly) = z=2y; (2.28)
(ii) for all sequence {x,} in [0,00) with x, — ¢ >0,

Y(t) — lim ¢(an) + lim O(z,) > 0; (2.29)

n— oo

(#ii) for all z,y,u,v € Ay,

d(u,Tz) = d(A,B), p = ¥(d(u,v)) < —0(d(z,y)) (2.30)
d(v,Ty) = d(A, B) +Ln(x,y),

where
n($7y) = min {d(l’,Tl‘) - d(A7B)7d(y7Ty) - d(A,B),d(CC,Ty) - d(Aa B)a
(iv) there exist elements xo,x1 € Ao such that zg = x1 and d(x1,Txo) = d(A, B).
Furthermore, suppose that either
(a) T is continuous or

(b) if {xn} is a nondecreasing sequence in X such that x, — x, then x, <X x
for all n € N.

Then T has a best proximity point in Ag, that is, there exists an element z € Ag
such that d(z,Tz) = d(A, B).
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Next, we apply Theorem 22 which is the best proximity point result without
the P-property for proving the best proximity point with the P-property via the
following useful lemma due to Gabeleh [3].

Lemma 2.3 ([3]). Let (A, B) be a pair of nonempty closed subsets of a complete
metric space (X,d) such that Ag is nonempty and (A, B) has the P-property. Then
(Ao, Bo) is a closed pair of subsets of X.

Corollary 2.4 ([0]). Let (X,d, =) be a partially ordered complete metric space
and (A, B) be a pair of nonempty closed subsets of X such that Ay is nonempty
and (A, B) satisfies the P-property. Suppose that T : A — B is a mapping such
that T(Ao) C By and T is proximally increasing on Ag. Assume that there exist
L>0,v% eV and ¢,0 € O satisfying the following conditions:

(i) for all z,y € [0, 00),
V() <oly) = =2y (2.31)
(i) for all sequence {x,} in [0,00) with x, — ¢ >0,

W(t) — hjm é(zy,) + lim O(z,) > 0; (2.32)

n—oo
(iii) T satisfies the (v — @ — 0)-almost weakly contractive condition, that is,
U(d(Tz, Ty)) < ¢(d(z,y)) — 0(d(w,y)) + Ln(z,y), (2.33)

for all x,y,u,v € Ay with x <y, where
n(z,y) = min{d(z,Tz)—d(A, B),d(y,Ty) —d(A, B),d(xz,Ty) — d(A, B),
d(y, Tx) — d(A, B)};
(iv) there exist elements xo, x1 € Ag such that d(z1,Txo) = d(A, B) and g =< x1.
Furthermore, assume that either
(a) T is continuous or

(b) if {xn} is a nondecreasing sequence in X such that x, — x, then x, <X x
for all m € N.

Then T has a best proximity point in Ag, that is, there exists an element z € Ag
such that d(z,Tz) = d(A, B).

Proof. Since (A, B) satisfies the P-property, the contractive condition (2Z33) im-
plies the condition (E=30). By using Lemma P23 and applying Theorem 22, we get
this result. O
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