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A metric space (X,d) is called complete if every Cauchy sequence in X con-
verges to a point in X. Banach’s contraction principle [ is very important to show
the existence of solutions for some nonlinear equations, differential and integral
equations, and other nonlinear problems. Since Banach’s contraction principle,
many authors have studied in several ways in [2, B, @, B, B, @]. We can see this
principle as follows.

Theorem 1.1. If (X, d) is a complete metric space and T : X — X be a mapping
such that, for some o € [0,1),

d(Tz,Ty) < ad(z,y) (1.1)

for each xz,y € X, then T has a unique fized point in X.

Note that the mapping T satisfying the Banach contraction condition is con-
tinuous, but the mappings T satisfying the following contractions conditions are
not continuous.

(1) In 1968, Kannan’s contraction ([3]): for some S € [0, 3),
d(Tz,Ty) < Bld(z, Tx) + d(y, Ty)] (1.2)

for each z,y € X.
(2) In 1971, Reich’s contraction ([d]): for some a, 8,7 > 0 with a+ 8+ < 1,

d(Tz,Ty) < ad(z,Tz) + Bd(y, Ty) + vd(y, Ty) (1.3)

for each z,y € X.

(3) In 1971, Ciric’s contraction ([8]): for some «, 8,7, > 0 with a + 8+ v +
20 < 1,

d(Tz,Ty) < ad(z,y) + Bd(x, Tx) + vd(y, Ty) + dld(z, Ty) + d(y, Tx)]  (1.4)

for each z,y € X

(4) In 1972, Chatterjea’s contraction ([6]): for some 8 € [0, 3),

d(Tx, Ty) < Bld(z,Ty) + d(y, Txz)] (1.5)

for each z,y € X.

(5) In 1973, Hardy and Rogers’s contraction ([7]): for some «, f3,7,d,n > 0
with o+ B+ +38+n <1,

d(Tz,Ty) < ad(z,y) + Bd(z, Tx) + vd(y, Ty) + dd(z, Ty) + nd(y, Tx)  (1.6)
for each z,y € X.

On the other way, in 2009, Suzuki defined the new generalized Banach contrac-
tion principle and proved the existence of a unique fixed point for this contraction
in compact metric spaces as the following theorem.
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Theorem 1.2. [8] Let (X,d) be a compact metric space and T : X — X be a
mapping. Assume that

1
§d(x,Tz) <d(z,y) = d(Tz,Ty) <d(xz,y) for all distinct x,y € X.

Then T has a unique fixed point in X.

Later, in 2015, the new generalized Banach contraction is introduced by Kho-
jasteh et al. [d] which they defined a simulation function and Z-contraction as
follows.

Definition 1.3. Let ¢ : [0,00) x [0,00) — R be a mapping, then ¢ is called a
simulation function if it satisfies the assumptions as follows:

(A1) ¢(0,0) = 0;
(Ag) ¢(t,s) <s—t for t,s> 0;
(A3) if {tn},{sn} are sequences in (0,00) so that

lim ¢, = lim s, >0,
n— oo n—oo

then
lim sup ((t,,, sn) < 0.

n—r oo

The all simulation functions set were denoted as Z.

Definition 1.4. Let (X,d) be a metric space, T is a self-mapping and ¢ € Z.
Then T is called a Z-contraction by respect to ¢ if the following condition holds:

C(d(Tz,Ty),d(z,y)) = 0 (1.7)
where x,y € X, with x # y.

Recently, in 2017, Kumam et al. [[J] introduced the concept of Suzuki type
Z-contraction as follows.

Definition 1.5. [17] Let (X, d) be a metric space, T: X — X be a mapping and
¢ € Z. Then T is called a Suzuki type Z-contraction with respect to C, if the
following condition is satisfied

55, Ta) < d(a,9) = (A (T2, Ty) . (z,3)) > 0

for all distinct x,y € X.

Remark 1.6. [I1] It is clear from the definition of simulation function that
C(t,s) < 0 for all t > s > 0. Therefore if T is a Suzuki type Z-contraction
with respect to C, then

%d(x,Tx) <d(z,y) = d(Tx,Ty) < d(z,y)

for all for all distinct x,y € X.
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Theorem 1.7. [T1] Let (X,d) be a metric space and T : X — X be a Suzuki type
Z-contraction with respect to ( € Z. Then T has at most one fixed point.

Remark 1.8. [9] Fvery Z-contraction is contractive and hence Banach contrac-
tion.

On the other hand, Khojasteh et al. [I0] introduced the concept of B-action
and a f-metric spaces as follows.

Definition 1.9. Let 0 : [0,00) x [0,00) — [0,00) be a continuous mappings with
respect to both the variables. Let Im(0) = {6(s,t) : s > 0,t > 0}. The mapping 0
1s said to be B-action if and only if the following conditions hold:

(B1) 6(0,0) =0 and 0(s,t) = 0(t,s) for all s,t > 0;

(B2)
either s < u, t < wv;

Q(S,t)ze(uav):> OT’S<U, t<U§

(B3) for each r € Im(0) and for each s € [0,7], there exists t € [0,r] such that
e(tv 5) =Ty
(B4) 6(s,0) <s, for all s > 0.

Example 1.10. The subsequent examples illustrate the definition.

1. 6:(s,t) = 2

2. Oa(s,t) = |t — s| + V/ts;

t—
3. 03(s,1) = 12y

4. O4(s,t) = %, forn =2 4,6, ...

The set of all B-action is denoted by Y.
The concept of B-action has been very much functional to formulate the notion
of f-metric spaces. We here recall the definition of the said spaces.

Definition 1.11. Let X be a non-empty set. A mapping dg : X x X — [0, 00)
is said to be a 0-metric on X with respect to B-action 6 € Y if dg satisfies the
following:

01) do(z,y) =0 xz=y forallz,y € X;

(02) do(x,y) =do(y,x) for all x,y € X;

(038) do(z,y) = 0(dg(x, 2),ds(2,y)) for all z,y,z € X.
Then the pair (X, dg) is said to be a 6-metric spaces.
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Example 1.12. Here we provide a non-trivial exzample of 0-metric space.
Let X ={x,y,z} and dy: X x X — [0,00) is defined as:

dg(l',y) = dg(y,l’) =3
d@(yVZ) = dQ(Z,y) = 8a
do(z,2) = dg(z,z) = 10,

do(z,x) = do(y,y) = do(z,2) = 0.

Taking 02(s,t) in previous Example, the mapping dg forms a 6-metric. And there-
fore the pair (X, dy) is a 0-metric space.

Recently, Padcharoen et al. [[3] defined the notion of generalized Suzuki type
Z-contraction on a metric spaces as follows.

Definition 1.13. Let (X, d) be a metric space and T : X — X be a mapping and
¢ € Z. Then F is called generalized Suzuki type Z-contraction with respect to C if
the following condition is satisfied

55, T2) < d(,y) = C(d (T2, Ty) M (2,3)) 2 0, (18)

for all distinct x,y € X, where

M (z,y) = max {d(l‘,y) ,d(z,Tz),d(y,Ty), d(z,Ty) +d(y, Tx) }

2

Motivated and inspired by Definition I3 and the work of Chanda et al [I2],
we introduce the definition of generalized Suzuki type Z-contraction in #—metric
spaces as follows.

Definition 1.14. Let (X,dy) be 0—metric space, T be a self-mapping on the set
X and ( € Z. Then T is said to be generalized Suzuki type Z-contraction with
respect to ¢ if the following condition is satisfied

1
5o (2.T2) < dy (2,9) = C (Ao (T2, Ty) , My (2,9)) 2 0, Va,y e X, (19)

where

My (z,y) = max {de (z,y),do (x,Tx) ,do (y, Ty) , do (z,Ty) + do (y, Tx) }

2

Remark 1.15. It is clear that ¢ (t,s) < 0, Vt > s > 0. Therefore T is a generalized
Suzuki type Z-contraction with respect to ¢, then

1
4o (v, Tz) <dp (2,y) = do (Tz, Ty) < My (z,y)

for all distinct x,y € X.

The purpose of this paper is to prove fixed point theorems for generalized
Suzuki type Z-contraction in §—metric spaces. Furthermore, applications of some
kind of nonlinear Hammerstein integral equations.
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2 Main Results

In this section, we prove fixed point theorems for generalized Suzuki type
Z-contraction in §—metric spaces as follows.

Lemma 2.1. FEvery generalized Suzuki type Z-contraction with respect to ¢ in
0—metric space has a unique fixed point.

Proof. Let T be a generalized Suzuki type Z-contraction which satisfy the condi-
tion in Definition IT4. Now, we want to prove that the mapping T has a unique
fixed point. Assume that p and ¢ be two different fixed point for the mapping T'.
Since

1
0= idg(p, Tp) < d(p7 q)a

then by using (), we get that

0 < ((do (T'p, Tq), My (p,q)) (2.1)

where

My (p,q) = max {de (p,q),do (p,Tp) . do (¢, Tq), do (p, Tq) 4 do (¢, Tp) }

2
= d0 (pa Q) :

From (E1), we obtain that

0 < ((dg(Tp,Tq),My(p,q))
= ((do(p.q).ds (p,q))-

This is a contradiction. So, we have p = ¢q. This complete the proof. O

Theorem 2.2. Let (X,dp) be 0—metric space, T is a generalized Suzuki type Z-
contraction with respect to ¢ € Z. Let {x,} be a sequence of Picard of initial point
at xg € X. Then
nllf—{-loo d@ (an, xn—i—l) = 0.
Proof. Give xg = x € X and let {z,,} be the Picard sequence, that is z,, = Tz, _1,
for all n € N. If dy(z,,, Tx,) = 0 for some n € N, then z = z,, becomes a fixed
point of T', which completes the proof. Thus, in the rest of the proof, we assume
that
0 < dg(zp,Tx,), for all n € N.

Therefore, we have

1
idG(mnyT{En) < d@(xnmin) = d@(xn; $n+1)~
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Since T is a generalized Suzuki type Z-contraction, we have

0 S C(dG(Txn7T2xn);MQ(xnyxn-‘rl))
= C(de(TxnaTanrl)aM@(-T’ruanrl))-
Thus

Me(fﬁm $n+1)
= ma'X{de (xna .Tn+1), de (xnv Tmn)v dG (xn+1; Tanrl);
d@(xna T$n+1) + dG(xn—&-la Txn) }
2
= maX{de (me xn+1)7 dg (-rna xn—i—l)a dg (xn—&-la -rn+2)a
d@ (J?n, xn+2) + d@ (xn-‘rla -Tn-i-l) }
2

d@ (:Eny xn+2) }

= max{de(l.nvxn+1)7d9(xn+17xn+2)7 9

Next, we get

d@ (l’n, xn+2)

9 < max{dG(mnyanrl)yd@(mn+17$n+2)}~

Thus,
My(xp, Tnt1) = max{do(@n, Tni1), do(Tnt1, Tni2)}
by (I9), we get that
0 < ((dg(Txp,Txns1), Mg(xn, Tna1)) (2.2)
= ((do(Tn+1, Tny2), max{de(Tn, Tni1), do(Tni1, Tni2)})
< max{dy(Tn, Tnt1),do(Tni1,Tni2)} — do(Tnt1, Tni2)-

From (22), we obtain that
My(pn, nt1) = do(xp, xpq1) for all n € N (2.3)

Therefore, the sequence {dp(xn, n4+1)} is a monotone decreasing sequence of non-
negative reals. So there is some r > 0 such that

ngrfoo dg(xy, Tpg1) =7

As T is a genralized Suzuki type Z-contraction with respect to ( € Z therefore by
the condition (Aj) in Definition 23, we obtain

0< lim C(dG(In+17xn+2)7d9(xnaxn+l)) <0.

n—-+oo

This contradiction proves that » = 0 and hence

lim dg(x,,x =r=0.
ns oo 0( n n+1)



210 P. Saipara, P. Kumam and P. Bunpatcharacharoen

Theorem 2.3. Let (X,dg) be 0—metric space, T is a generalized Suzuki type
Z-contraction with respect to ¢ € Z. Then the sequence {x,} is bounded.

Proof. Let g € X and {z,} be the corresponding Picard sequence, i.e., z, =
Tz, for all n € N. We claim that the sequence {z,} is bounded. Reasoning
by contradiction, we suppose that {z,} is not bounded. So, we can construct a
subsequence {x,, } of {x,} such that ny = 1 and for each k € N, nj; is the least
integer such that

dg(Tpy 1y Tny,) > 1

and
do(Tm, Tn,) <1 (2.4)

for nxy < m < ngy1; — 1. Now, using the triangle inequality (63) and (E4), we get

1 < do(wn,,, Tn,) (2.5)
< 9<d9(xnk+17xnk+1*1)7de(xnk+1*17xﬂk))

< o(de(xnkﬂvd@(‘xﬂkﬂfl)a 1)'
Letting k& — oo on both sides of (E33) and using Theorem 22 and the condition
(B4) in Definition 9, we deduce that

do(Tnypys Tny) — 1.

On the other hand, using the condition (#3) in Definition ITT and (24), we obtain
that

do(Tny 1> Tny)

de(mnk-i-l*lv xnkfl)

9(d9(1‘nk+1_1, znk)? d9(‘rnk ) xnk—l))
0(1,do(zn,, Tn,—1)-

INIAIN A

Thus, we get
dG(xnkJrl—lvxnk—l) — 1.

Since

1 1
idO(xnkJrlflle'nkfl) = ide(xn;wrlflaxnk)

< d9(xnk+1—17 Ink)7

by T be a generalized Suzuki type Z-contraction with respect to ( € Z, we obtain
that

C(de(xnk-u ’ xnk)v Me(xnk“*h xnk)) >0,

which implies that

dg ('rnk+1 ) xnk) < My (Ink+1—17 xnk)
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Now,

1 < do(@nyyrsTny)
S Me(xnk+1—17xnk)
max{d9 (mnk+1 -1 ‘r"k—l)7 dg (znk+1 —15Tngqq )7

dG (znk+1 -1, mnk) + dG (xnk—la wnk+1 )

d@(xnk—lvxnk)v 9 }
S maX{9<d9(xnk+171?‘Tﬂk)7d@(x’ﬂk7$nkfl)))d0<xnk+1fl7m’l’bk+1)7
1+ do(xn,—1,Tn, )
de(xnkflwrnk)a k2 . }
< max{g(lvxnk)vdﬂ(xnkaxnkfl))vd9(xnk+1*17xnk+1)v

1+ e(de(xnk*h xnk) + de(xnk ) xnk+1))
2

}.

d9(xnk—17xnk)v
Letting k& — 400, we obtain

1< kgr—ﬁr-loo M9(£"k+1—17xnk) <1,
that is,

kgrfoo My(wp,—1,%n,) = 1.

Furthermore, since %d@(xnkﬂ_l,xnk_l) < dg(wp; ~1,%n,—1). Therefore, T is a
generalized Suzuki type Z-contraction with respect to ( € Z, we get

0 S C(dG(TxTL]H,l—lvTxnk—1)7M9(l‘nk+1—17x’nk—l))
< thUPC(dG(mnkH?xnk))M9(xnk+1—l’mnk—1))
n—oo
< 0.
This is a contradiction. Hence, {x,} is bounded. O

Theorem 2.4. Let (X,dy) be 0—metric space, T is a generalized Suzuki type Z-
contraction with respect to ¢ € Z. Then the sequence {x,} is a Cauchy sequence.

Proof. Now, we will prove that {x,,} is Cauchy sequence. Let C,, = sup{dg(x;, ;) :
i,7 > n}, n € N. From Theorem 23, we know that C,, < +oo for each n € N.
Note that {C,} is a decreasing sequence of non-negative reals. Thus there exists
C > 0 such that
lim C, =C.
n—4oo

Our claim is that C' = 0. Let us suppose that C > 0. Considering C,,, for any
y € N, there exists ng, my such that ny > my > k and

1
CL — E < d@(xmk,xnk) < Cj.
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Letting k£ — oo in the above inequality, we obtain

lim dg(xm,,Tn,) = C. (2.6)

k—+oco

Now,

do(Tm,,, Tn,,)

do(Tmy,—15 Ty —1)

0(do(Tmy—1, Tmy,)s Ao (T, Tnp—1))
O(do(Tmp—1,Tmy ), 0(do(Tmy, s Tny,)s do(Tny s Trp—1)))-

IAINCIA

Letting £ — +o0o in the previous inequality and using the condition (B4) in Defi-
nition 9, we derive

C lm do(Tmy—1,Tn,—1) (2.7)

<
k——+oco

S 0(070(d9('xmk7xnk)vde(mnkaznk—l)))

S e(de(xmkzxnk)ade(wnk;xnk—l))~

Again taking limit as kK — +oo in (E22), and the condition (B4) in Definition I,
we obtain

C S hm da(xmk—lyxnk—l)
k— 400
< 0(0,0)
< C.
Thus,
kgrfoo do(Tmp—1,Tn,—1) = C. (2.8)

From Theorem P4, we have

1 1
§d9(xmk717 Txmkfl) < §d9(xmk717 x’nkfl) < d@(xmkfla xnkfl)-
Since T is a generalized Suzuki type Z-contraction with respect to ¢ € Z, we have

0 S C(dG(Txmk—lmink—l)’ M@(mmk—hxnk—l))-
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By the condition Ag in Definition [Z4, we obtain

d0 (Im,;C ) xnk)
d@ (Txmk—la T'Tnk—l)

< Me(‘rmk717 :I"’I’kal)
= max{do(Tm; -1, %Tn,—1),do(Tmy—1,TTm, 1), dg(Tp,—1,TTpn,—1),
de(xmk—laTxnk—l) + dQ(xnk—lvT'xmk—l)}
2
S max{de(‘rmk717$nk71>7do(mmkf]nxmk)7d9(xnkfl7mnk)7
de(mmkfl’xnk) + da(‘rnkfhxmk)}
2
S maX{df)(xmk—laxnk—1)7d@(mmk—lyxmk)yde(xnk—lyxnk)y

e(dg(xmkfla xmk)a d@(xmk; xnk)) + e(da(xnkf].? wnk)7 d&(xnk ) -ka)) }
2 .

Letting k& — 400, by Theorem =2 and P8, we obtain

lim My(2m,—1,%n,—1) = C. (2.9)

k— 400

By using (ER), (Z9) and the condition Az in Definition [, we obtain

0 < limsup {(do(my,, Tny,)s Mo (Tmy, -1, Tny—1)) < 0,
k— 400

which is a contradiction. Consequently, {z,} is Cauchy sequence. This complete
the proof. O

Theorem 2.5. Let (X, dy) be a complete 0-metric space, T is a generalized Suzuki
type Z-contraction with respect to ( € Z. Then T has fized point.

Proof. From the previous result in Theorem B4, {z,} is Cauchy sequence and X
is complete there exists p € X such that

ngrfoo Tp = P (2.10)

Now, we prove that p is a fixed point of 7. We claim that

1 1
§da($n,T~”ﬁn) < dg(zn, p) or §d9(xn+17Txn+1) <dg(znt1,p), Vn €N.

This is,
1 1 )
§d0($n7T$n) < dg(xn, p) or §dg(T:vn,T xn) < dg(Txn,p), YneN.  (2.11)

It follow from (EZIT). Let

1
(A) = ide(mexn) < do(xn,p)
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and 1
(B) := 5d(,(Txn,T%n) < dg(Twp, p).

Suppose that there exists m € N such that
%dg(xm,Txm) > dg(xm,p) and (2.12)
%dg(Txm,T2xm) > do(Txpm, p).

Therefore,

2do(Tm, p) < do(Tm, Tom) < 0(do(Tm, p), do(p, Tm))-

Next, we have

N

do(Tp, T?x,,) do(m, Ty,) (2.13)

Tim_do (s, T)

IN

IA

n}gnoo g(de(xmv p)v dG(P; Txm))

0(0, do(p, T))
do(p, Tm)
2dg(p, Typn)
do(T T, T?2,,).

VAN VAN VAN VA

Thus, we get do(T2m, T?x,,) < dg(T,, T?x,,). This is a contradiction. Hence,
(213) holds.

If the part (A) of is true, by T is a generalized Suzuki type Z-contraction with
respect to ¢ € Z, we have

0 < ¢(do(Txn, Tp), Mo(xn, p))- (2.14)
By the condition Ay in Definition =3, we obtain
do(Txn, Tp)
< My(zn, p)
= mmax{dy (e ). do (. T ). dofp. Tp), 2T H 2 To0)y
Letting n — 400 and by using (Z10), we get

Jim My (n, p) = do(p, Tp)- (2.15)

It follows, from (214), (E13) and the condition Aj in Definition I, we have for
every n € N|

C(de(T«Tm TP)7 MG(«Tm p))
limsup ¢(do(Txn, Tp), Mo (21, p))

n—-+oo

do(p,Tp) — do(p, Tp).

IAIA

IN
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From the condition Ag in Definition I4, since the both sequences dy(Tx,,Tp),
Mo(zp, p) converge to dg(p, Tp) > 0 it is clear that

lim sup C(de (Tl‘n, Tp)v My (xnv p)) <0.

n——+00

This is a contradiction. Therefore, p is a fixed point of T'.

Also, if the part (B) of is true, by 7' is a generalized Suzuki type Z-contraction
with respect to ¢ € Z, we have

0 < ((do(T?xp, Tp), My(Txn, p))- (2.16)
By the condition As in Definition I3, we obtain

do(T?xn, Tp)
< My(Tzy,,p)
= max{dy(Txn,p),de(Txn, T?x,),ds(p, Tp),
do(Txy, Tp) + do(p, T2xn)}
2
= max{dy(Txn,p),de(Txn, T?x,),do(p, Tp),
do(Tzn, Tp) + 0(de(p, Ty,),dg(Txp, T?x,,))
2

}.

Letting n — +o00 and by using (Z10), we get

lim Mo(Tp, p) = do(p, Tp)- (2.17)

It follows, from (ZI8), (214) and the condition Ag in Definition 4, we have for
every n € N,

0 < C(d@(TmeTp),Mg(Txmp))
< limSUPC(dG(TQ-Tanp)vMG(T-T’mp))
n—-+4oo
< do(p,Tp) —do(p,Tp).

From the condition A3 in Definition 72, since the both sequences dg(T?z,,, Tp),
My(Txy, p) converge to dg(p, Tp) it is clear that

lim sup C(dQ(szna Tp), Mo(Tzy,p)) < 0.

n—-+oo

This is a contradiction. Therefore, p is a fixed point of T'. Uniqueness is guaranteed
from Lemma P O

Next, it will demonstrate an example that corresponds to Theorem P13 as
follows.
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Example 2.6. Let X = [0,1] be equipped with the Fuclidean metric. We define a
mapping T : X — X by

sz{fo’ ze S =[L3);

I;

where y — x > % for all x € S1, y € So. We show that T is a generalized Suzuki
type Z-contraction with respect to ( € Z. Now, we have 0 < dg(Tx,Ty) < %
for all x,y € X. Neat, if both xz,y € S1 or Sy, then do(Tx,Ty) = 0. On the
other hand, let x € S1 and y € S3. Now, we obtain % < dp(z,y) < 1. Also,
0<dy(x,Tx) <2, 5 <do(y,Ty) < 53, 0< dp(,Ty) < 5, 7 < dp(y, Tz) <
and % < w < %' Thus, My(z,y) > %. From the calculation, it is

clear that

1 _rl
207 xESQ*[Ev

—_ Nl

1
§d0(x7Tx) < d0(m7y)

for all xz,y € X, then
dG(Tvay) < M@(xay)

Therefore, we obtain
((do(Tz,Ty), Mo(,y)) = 0,

for all z,y € X. Hence, T is the generalized Suzuki type Z—contraction with
respect to ¢ € Z. Taking into account Theorem Z, we can say that T has a
unique fized point. Here p = % 1s that required fixed point.

Corollary 2.7. Let (X, dy) be a complete 0-metric space, T : X — X be a mapping
such that there exists k € (0,1) satisfying

do(Tz, Ty) < kMy(x,y), Vr,ye€ X,

where

d()(fﬁ, Ty) + d@(yv Tl’)
2

Mg(l',y) = {dg(x,y),dg(x,Tx),dg(y,Ty), }

Then T has fized point.

3 Application to nonlinear operator equations

In this section, we give an application of Theorem P23 to show the existence and
uniqueness problem of solutions for some kind of nonlinear Hammerstein integral
equations. We consider this integral equations as follows.

w(t) =1 () + / K (t,5) h (s, (s)) ds, (3.1)

where the unknown function z (t) takes real values.
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Let X = C(]0,1]) be the space of all real continuous functions defined on
[0,1]. It is well known that C ([0, 1]) endowed with the §-metric

do (z,y) = ||z — || =tr€n[g>§]\m(t) -y ()], (3.2)

with respect to B-action 8 € Y. Thus, (X, dy) is a complete §-metric space. Define
a mapping T : X — X by

T (z)(t) = f(¢) +/0 K (t,s)h(s,x(s))ds, Vte (0,1). (3.3)
Assumption 3.1

(I) f € C(]0,1] X (—o0,+0)), f € X and K € C([0,1] x [0,1]) such that

f

K (t,s) = 0;

(II) h(t,-): (=00, +00) — (—00,400) is increasing for all ¢ € (0,1) such that
2o (T () < do (2,) = C(IA (5,2) = b (6,9) ], Mo (2,3)) 2 0

implies

|h(t,x) = h(ty) | < Mo (z,y) Vo,ye X, te(0,1),

b

-T -T
where Mg (m,y):Ingjlx{|x_y|’|x_T$|7|y_Ty|7 |z y| + |y x}

2

171 Ku(t,s)| <1.
( )t,?é?o’fl]| v(t,s)| <

Theorem 3.1. Let X = C ([0,1]), (X,ds), T, h, K (t,s) are satisfied in Assump-
tion 8.1, then the nonlinear Hammerstein integral equation (B) has a unique so-
lution w € C([0,1]) and for each x € C (]0,1]) the iterative sequence {x, = T"x}
converges to the unique solution w € X of equation (BI).

Proof. Now, we show that the mapping 7' : X — X define by (BX) is a Suzuki
type Z-contraction. By assumption (II) and (III), Va,y € C ([0,1]), ¢t € (0,1), we
have
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Tz (t) =Ty ()|
< My (T.l?n, P)

. / K (t5) (h (.2 () — h (5,9 (5))) ds]

IN

/0 K (1, 5) b (s, (3)) — B (5, (5)) |ds

IN

/0 (s, (3)) — b (5,9 (s)) |ds
< /OMQ(I(S),y(s))ds

#5) = () o ()~ T2 )|
- max{ 2(5)~ Ty (s) |+ Iy )
2

ly () =Ty (s)],
—Tz(s)| }ds

' do (2. Ty) + dg (y. T
= /max{dg(x’y),dg(x’ng)’de(y’Ty)7 G(CC’ y);_ 9(y7 x)}dS
0
t
— Mooy [ ds
0
= tMy(x,y)
S M@(l‘,y).

Therefore, T' is a Suzuki type Z-contraction and Theorem B3 applies to T,
which guarantee the existence of a unique fixed point w € X. That is, w is the
unique solution of the integral equations (Bl). For each x € X, the sequence
{x,, = T™x} converges to w. This complete the proof. O
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