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Abstract : In this paper, we establish some results on the existence and unique-
ness of coupled common fixed point theorems in partially ordered Aj,-metric spaces.
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1 Introduction

The study of fixed point theory is an offshoot of non-linear function analysis.
However its study began almost a century ago in the field of algebraic topology.
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Fixed point theorems find applications in proving the existence and uniqueness of
the solutions of certain differential and integral equations that arise in physical,
engineering and other optimization problems. In the study of fixed point theory,
some of the generalizations of metric space are 2-metric space, D-metric space,
D*-metric space, G-metric space, S-metric space, Rectangular metric or metric-
like space, Partial metric space, Cone metric space. In 1989, I.A.Bakhtin [B]
introduced the concept of b-metric space. Consequent upon the introduction of b-
metric space, many generalizations of metric spaces came into existence. In 2015,
M.Abbas et al. [1] introduced the concept of n-tuple metric space and studied its
topological properties. M.Ughade et al. [I7] introduced the notion of Ap-metric
spaces as a generalized form of n-tuple metric space. Subsequently N.Mlaiki et al.
[[3] obtained unique coupled common fixed point theorems in partially ordered
Ap-metric spaces. The Coupled fixed point theorems in various metric spaces
developed by many mathematicians (see [[2], [0], [I1], [I2], [05], [IG]] and others).
Our results extend some of these results for two self maps in A,-metric space.

The aim of this paper is to extend the results of Deepak Singh et al. [B] for a
unique Coupled fixed point theorem and to generalize the notion of mixed weakly
monotone property.

In this paper, we use the notion of a mixed weakly monotone pair of maps to
state a coupled common fixed point theorem on partially ordered A,-metric space.
We prove some unique coupled common fixed point theorems in partially ordered
Ap-metric space and also provide example to support our results.

First we recall some notions, lemmas and examples which will be useful to
prove our results.

2 Preliminaries

Definition 2.1. [i] Let X be a non empty set and n(> 2) be a positive integer.
A function A : X™ — [0,00) is called an A-metric on X, if for any x;, a € X.i =
1,2, ....n, the following conditions hold.

(Z) A((El,l‘g, ----- 7xn717xn) >0,

(13) A(x1, T2, ey Tn1,2n) = 0 if and only if x1 = z9 = ..... =Tp_1 = Tn,

(491) A(z1, T2, o1, p) < [A(T1, 21, 0 1,5 0) + AT, T,y e, T2y, 0)
F o +A($n_1,$n_1, ..... ,xn_1(7171),a)
+ ATy Ty vy T,y 5 @)]

The pair (X,A) is called an A-metric space.

Definition 2.2. [8] Let X be a non empty set. A b-metric on X is a function
d: X? —[0,00) such that the following conditions hold for all z,y,z € X.

(1) d(z,y) =0 <= z =y,

(12) d(z,y) = d(y, z),
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(iit) there exists s > 1, such that d(z,2) < s[d(z,y) + d(y, 2)].
The pair (X,d) is called a b-metric space.

Definition 2.3. [I77] Let X be a non empty set and n > 2. Suppose b > 1 is a
real number. A function A, : X™ — [0,00) is called an A, -metric on X, if for
any x;,a € X, i =1,2.....n, the following conditions hold.

(1) Ap(21, T2, ooy 1, 7p) > 0,
(#1) Ap(x1, 22, ooy Tn1,2n) = 0 if and only if x1 = 2 = ..... =Tp_1 = Tn,
(#i1) Ap(T1, @2, ooy Tp—1, Tpn) < b[Ap(21, 21, ... T 1ys @)
+ Ab(l‘g,dfg, """ azQ(",lpa)
F o + Ab(wnfl,xnfl, ..... ,xn,l(n_l),a)

The pair (X, Ay) is called an Ap-metric space.

Note: In practice we write A for A, when there is no confusion.
Example 2.4. [I7] Let X = [1,00) and n > 2. Define Ay : X™ — [1,00) by
Ap(T1, T2, ooy Tpy1, Tpy) = il2|:ci7mj|2,for allx, € X,1=1,2c0cnn..... n.

i=1i<j

Then (X, Ap) is an Ap-metric space with b=2.

Lemma 2.1. [I77] Let (X,A) be Ay metric space, so that A : X™ — [0,00) for

some n > 2. Then A(z,x, ....... x,y) <bA(y,y, ....... y,x), for all v,y € X
—_———— —_—
(n—1)times (n—1)times

Lemma 2.2. [I77] Let (X,A) be Ay metric space, so that A : X™ — [0,00) for
somen > 2.

Then A(z, z, ....... z,z) < (n—1)bA(z, z, ....... 2,y) +02A(Y, Y,y e y,2), for all z,y,z
—_——— ——— —_—
(n—1)times (n—1)times (n—1)times

e X.

Lemma 2.3. [I7] Let (X,A) be A, metric space. Then (X2, Dy) is Ap-metric
space on X x X with D defined by
Da((z1,y1), (T2,Y2)s ceveene (Tnyyn)) = A(x1, T2y oo tn)FA(Y1, Y2, oo Yn), for all 2, y; €
X,i,j=1,2 ..n.

Note: We write D for D4, when there is no confusion.

Definition 2.5. Let (X,A) be Ap-metric space. A sequence {x} in X is said to
converge to a point © € X, if A(xg, Tk, ...k, ) = 0 as k — oo. That is, to each
—_———

(n—1)times

e > 0 there exist N € N such that for all k > N, we have A(xy, Tk, ....TE,x) < €
—_————

(n—1)times
and we write lim x, = x.
k—o0
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Note: x is called the limit of the sequence {z}}

Lemma 2.4. [13] Let (X,A) be Ap-metric space. If the sequence {xy} in X con-
verges to a point x, then the limit © is unique.

Definition 2.6. Let (X,A) be Ay-metric space. A sequence {xy} in X is called a
Cauchy sequence, if A(xk, Tk, ....Tg, Tm) — 0 as k,m — co.
—— ——

(n—1)times
That s, to each € > 0, there exists N € N such that for all k,m > N, we have
AT, Ty oo They Ti) < €.
—_————

(n—1)times

Lemma 2.5. [I3] Every convergent sequence in a Ap-metric space is a Cauchy
sequence.

Definition 2.7. A Ay-metric space (X,A) is said to be complete, if every Cauchy
sequence 1n X is convergent.

Definition 2.8. [@] Let (X, <) be a partially ordered set and f,g: X x X — X
be mappings. We say that (f,g) has the mized weakly monotone property on X, if
for any x,y € X,

v < flz,y), y = [y, )

= flz,y) < g((f(z,9), f(y,2)), fly,2) = 9((f(y,2), f(z,9))

and x < g(,y), y > g(y,x)

= g(z,y) < f((9(2,9),9(y, 7)), 9(y,2) = f((9(y, ), 9(x,y))

Definition 2.9. Let X be a non-empty set and f,g : X x X — X be maps on
X xX.
(1) A point (x,y) € X x X is called a coupled fixed pint of f, if x = f(z,y) and

y=f(y,x)
(i) A point (z,y) € X x X is said to be a common coupled fixed pint of f and g,

ifr = f(z,y) = g(x,y) and y = f(y,x) = g(y,z).

Note: (z,y) is said to be a Coupled coincidence point of f and g, if f(x,y) =
9(z,y) and f(y,z) = g(y, z).

We observe that a common coupled fixed pint of f and g is necessarily a
Coupled coincidence point of f and g.

3 Main Results

Now we prove our first main result.

Theorem 3.1. Let (X, <, A) be a partially ordered, complete Ay-metric space and
let f,g: X x X = X be the mappings such that
(i) the pair (f,g) has mized weakly monotone property on X and there exists
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x0,y0 € X such that xo < f(x0,Y0), f(Y0,%0) < yo or xo < g(x0,%0), (Yo, To) <
Yo,

(i) there is an a; > 0, i = 1,..,4. Such that

b (a1 + az) + az(1 + b?) + b2as((n — )b+ 1) < 1 and

A(f(z,y), f(2,9), - f(2,9), 9(u,v) + A(f(y, 2), f(y, 2), ... f(y, @), g (v, )
<ar|(1+D((z,v), (x,9), -(x,9), (f(z,9), f(y,2))))
(D((u, ), (u,v), .., (u,0), (g(u, v), g(v,u))))

(14 D((z,y), (z,9), -(z,9), (u,v)))
T aslD((2.9). (2. 9), (. 9). ()] 3.1)
+ad[D((x Y), (z,9), (2, y), (f(2, ), f(y,2)))

D((u,v), (u,v), ..., (u,v), (9(u,v), g(v,u)))]
+a4[D((uaU),(%U)’-~-’(U,U)v(f(%y)af(yw)))
+D((x,y),(m,y),...(x,y),(g(u,v),g(v,u)))]

for all x,y,u,v € X withx <wu andy > v,
(i) if f or g is continuous.
Then f and g have a coupled common fized point in X.

Proof. Let (x0,yo) be a given point in X x X, satisfying (i).

Write 1 = f(20,%0),y1 = f (Yo, 0), 22 = g(x1, 1), y2 = g(y1, 71)
Define the sequences {z,} and {y,} inductively

Ton+1 = f(xvayZn)v Yon+1 = f(y2n, xzn)
Ton+2 = 9(I2n+1,y2n+1), Yon+2 = g(y2n+1, I2n+1) (32)
forallneN

Since xg < f(x0,v0) and yo > f(yo, To)

and since f has mixed weakly monotone property, we get

r1 = f(wo,y0) < f(f(@0,90), f(Wo,x0)) = f(z1,51) =22 = 21 <19

and z2 = f(z1,y1) < f(f(21,91), f(y1,71)) = f(22,92) = 23 = x2 < 23 also
y1 = f(Wo,x0) > f(f(vo,70), f(xo,y0)) = f(y1,21) =y2 = y1 > ¥

and yo = f(y1,21) = f(f(yr,21), f(z1,91)) = f(y2,22) = y3 = Y2 > y3
By induction,

To <21 <292 <l <zp < Tpyr < o
Yo > Y1 > Yoo > UYn > Yngl S e, (3.3)
for all n € N

Now we show that these sequences are Cauchy
DefineD,, : X x X — X by

D, = D((wn7yn);($n7yn>7 ------- a(xnvyn);($n+1ayn+l))
= A(Tpy Ty ooy Trg1) + AYns Yy oo Yy Y1)
forall x;,y; € X,i,5 =1,2,..n.
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Now

D2n+1 = A(I2n+1, T2n41y L2041, I2n+2) + A(y2n+1, Yon+1y----Y2n+1, y2n+2)
= A(f(l‘gn,ygn), f(fEQn, y2n)"'f(x2n7an)7g(x2n+lay2n+1))
+ A(f(y2na 372n)7 f(y2n7 x?n)mf(y%u x2n)7g(y2n+17 x2n+1))

< a [(1 t D((22ms Yn)s (T20s Ym)s oo (Toms Yon)s (F(@3s Ya)s £ (2ms T3m)))

(D((w2n+1, Y2n+1); (T2n41, Y2n+1), -+ (T2n415 Y2nt1), (9(@2n41, Y2n+1), 9(Y2n+1, T2nt1))))
(1 + D((z2n, Y2n),s (T2n, Y2n)s - (T2n, Y2n), (T2n+1, Y2n+1)))
+ a2[D((22n, Y2n): (T2, Y2n), -+ (T2n, Y2n)s (T2n+1, Y2n+1))]
+ a3[D((%2n, Y2n)s (T2ns Y2n), - (T2n, Y2n)s (F(T2n: Y2n), f(Y2n, T2n)))
( (

+ (D((2n41, Y2n+1), (L2041, Y2nt1), s (T2n41, Y2nt1)s (9(T2n41, Y2nt1), 9(W2nt1, Tani1))))]
+ aa[(D(
(

(xQn-&-l, y2n+1)7 (I2n+1a y2n+1)a (33} (z2n+17 y2n+1)7 (f(IQna an)a f(ana xQn))))

+ (D( Ton, an)v (xQna an)7 ey ($2n, an)a (9($2n+1, y2n+1)a 9(y2n+1, $2n+1))))]
From B2

< a1 | (14 D((z2n,Y2n)s (T2n, Y2n), - (T2ns Y2n)s (T2n41, Y2nt1)))

(D((T2n+1, Y2n+1); (T2n+41, Y2n+1)5 - (T2n41, Y2n+1), (T2n+2, Y2nt2)))
(14 D((w2n, Y2n), (T2n; Y2n);s - (T2n, Y2n)s (T2nt1, Y2n+1)))
+ a2[D((T2n, Y2n); (T2n, Y2n), - (T2n, Y2n)s (T2n+1, Y2n41))]
+ az[D((T2n, Y2n): (T2n, Y2n), -+ (T2n: Y2n)s (T2n+1, Y2n+1))
+ (D((T2n+41, Y2n+1), (T2n41, Y2n+1)5 s (T20415 Y2n+1), (T2n+2, Y2n+2)))]
+ aa[D((T2n+1, Y2n+1)s (T2n4+1, Y2n41)s o (T2n41, Y2n41)s (T2n41, Y2n41))
+ (D((%2n, Y2n);s (T2n: Y2n)s s (T2n, Y20 ), (T2n+2, Y2n+2)))]

=a1 [D((T2n+1,Y2n+1)s (T2n415, Y2n41)s s (T2n11, Y2nt1)s (T2nt2, Y2nt2))]
+ az [D((z2n,y2n), (T2ns Y2n), - (T2n, Y20 ), (T2n415 Y2n+1))]
+ az [D((22n,Y2n): (T2n, Y2n), - (T2n: Y2n)s (T2n+1, Y2n+1))
+ (D((#2n+1, Y2n+1)s (T2n41, Y2n41)s o5 (T2041, Y2n11), (T2n+42, Y2n+2)))]
+ aq [D((T2n,Y2n)s (T20, Y2n), s (T2ns Y2n)s (T2nt2, Y2n+2))]
From lemma P32,

Dapy1 < a1 [D((T2n41, Yont1)s (T2n415 Y2nt1)s s (L2041, Y2nt1), (T2nt2, Y2ni2))]
+ a2 [D((T2n,Y2n), (T2n,Y2n), -+ (T2n, Yon)s (T2n+1, Y2n+1))]
+ az [D((z2n,Y2n); (T2n, Y2n), - (T2n: Y2n)s (T2n+1, Y2n41))
+ (D((T2n+1, Y2n+1)s (T2n41, Y2n41)5 o (T2041, Y2n+1), (T2n+2, Y2nt2)))]
+ay [(n —1)b D((22n, Y2n), (T2n, Y2n)s -+ (T2n, Y2n), (T2n41, anJrl))

+ b D((@2n+1, Y2nt1)s (T2nt1, Y2n+1)s o (T2n4 15 Y2nt1)s (T2ns2, Yons2))]



154 K. Ravibabu et al.

= (a1 + a3 + asb®) [D((Z2n11,Y2n+1), (T2nt1, Y2ns1)s ooy
(T2n+1,Y2n+1)s (T2n+2, Y2n+2)]

+(az + az + as(n — 1)b) [D((z2n, Y2n); (T2n, Y2n);s -
(T2n,Y2n); (T2n+1, Y2n+1))]

= (a1 +az + a4bz) [A(Z2n+1, Tont1, - -T2nt1, T2nt2)

+ A(Y2n+1, Y2nt1s - Y2n+1, Yant2)]

(3.4)
+ (ag +as + a4(n — 1>b) [A(J?Qn, Ton s+ L2n s $2n+1)
+ A(Y2n, Y2n, ---Y2n, Y2n+1))
Similarly we get,
= (a1 + a3+ a4b2) [A(Y2n+15 Y2n41s - Y2nt1, Yont2
4+ A(Tona1, Toni1, - Tonil, Ton
(T2n+1, Tont1 ont1, T2n+2)] (3.5)

+ (az + a3 + as(n — 1)b) [A(Y2n, Y2n, ---Y2n, Y2n+1)
+ A(Zan, Tan, .- Ton, Tant1))

From B2 and B3 we have,

2Dont1 = 2[A($2n+17 L2n+1, - L2n+1, $2n+2) + A(Y2n+1,Yons1, - Y2ns1s y2n+2)]
<2{(a; +as+ a4b ) [A(Zon+1, Toant1s - Tant1, Tant2)
A(Y2n+1 Y2n+15 --Y2n+1, Y2n+2)]
+ (a2 + a3z + a4(n —1)b) [A(wan, Tan, ---T2n, Tant1)
A(

Yon, Yons ---Yon, Yont1)]}

Therefore

Dany1 < {(a1 + az + asb?) [A(Tons1, Tons1, - Tant1, Tanto)
]

+A(Y2nt15Y2n+1, ---Y2nt1s Y2n+2)

(3.6)
+(Cl2 +as + a4(n — 1)b) [A(.Z‘Qn, Ty L2 .’L‘2n+1)
+A(Y2n, Yan, --Yon, Yont1)]}
— (]. — (a1 + a3 + a462)) D2n+1 < (G,Q + a3z + a4(n — 1)b) Do,
as + az + aq(n —1)b
— D2n+1 >~ 12_ 3 4( ) Dzn (37)

(a1 + az + a4b?)

o +as+as(n—1)b
Putv—%,then0§7<l.

From B74,
Dypy1 <77 Dy

Similarly we can show that

D2n+2 S Y D2n+1 fOT' n = 07 172a
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Hence
Dn+1 S Y Dn
Therefore
Dy < 7”+1D0 (3~8)
Define
Dn,m :D((mnyyn)7(xn7yn)7 ------- 7(xnayn)7('rﬂ’uym))

(n—1)—times
= A(an, Ly oLy xm) + A(ym Yns----Yn, ym)
—— ——

(n—1)—times (n—1)—times

Now we have to show that D,, ., is a Cauchy sequence
By lemma 22, for all k,m € N, k <m
we have

Dyt1,m+1 = A(@nt1, Tnt 1y Tt 1, Tmt1) + AWUnt15 Ynt1s - Ynt15 Ymt1)
<b(n — D[A(@n41, Tnt1, - Tott, Tng2) + AYnt1, Ynt1s - Ynt1, Ynt2)]

+ b [A(anrQa Tpg2s Tt Tmt1) + A(@/n+2> Yn+2, -+ Yn+2, ym+1)]

=b(n — 1)Dypy1 +b*b(n — 1) [A(Tpio, Trt, T2, Tnis)
+ AYn+2: Ynt2s - Ynt2, Yn+3)]
+ 00 [A(Tn 43, Tt 3y oo Tt 3, Tm1) + AYnt 3, Ynt 35 - Ynt 3, Ymy1)]
<b(n—1)Dpiq +b*(n—1)Dypyo +0°(n —1)Dyyy3

+62m =3, — 1) [A(Ze 1y Ton—1s oo L1 T
FAWYm—1,Ym—1, - Ym—1,Ym)
+02m =) — D) [A(Zms Ty oo Loy Tl
+AYms Yms - Yms Ym+1)
From BX
Dot1mar < b(n — D[yt + b2y +2 g gty b2(m—n)—2,ym]DO
— Dpgimsr <b(n — 1" L+ 6%y 4 (0°7)° + ... + (5°7) " V]Dyg
=b(n — 1D)y" 140+ 6%+ ... + 6™ "V]D,

1
= b(n — 1),}/71—&-1 (1_5> DO

Where § = b%y
Hence for all n,m € N, with n < m, we have

1
Dn,m = A($n7$n7 (Enyxm) + A(ynayna ynaym) < b(n - 1)7'@ <].6> DO
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Since 0 < § = b?(a1 + az) + az(1 + %) + b2as((n — 1)b+ 1) < 1, we have
hm A(xn7xn7'rn7xm)+‘4(yn7ynaynvym) =0

n,m—oo

That is, lm A(Xp, Tn, - Zp, Tm) =  m A(Yn, Yn, --Yn, Ym) = 0

n,m— oo n,m—0o

Therefore {x,} and {y,} are both Cauchy sequences in X.

By the completeness of X, there exists x,y € X such that z,, - « and y,, — y as
n — oo.

Therefore D, ,,, is a Cauchy sequence.

Now we show that (z,y) is a coupled fixed point of f and g.

Without loss of generality, we may suppose that f is continuous, we have

= lm xop11 = lim f(zon,yon) = f ( lim xg,, lim y2n> = f(z,y)
n—oo n—oo n—oo n—o0

and
y= lim yopt1 = Um f(yon,zon) = f ( lim yo,, lim xgn) = f(y,z)
n— oo n—oo n—oo n—oo

Thus (x,y) is a coupled fixed point of f.
From BT, taking u = x and v = y, we have,

A(‘T?z’ ""x7 g(x’y)) + A(y7 y’ ""y7g(y) x))
= A(f(z,y), f(z,9), - f(z,9),9(x,y) + A(f(y, ), f(y, %), ... f(y,2), 9(y, x))

S ai (]- + D((:L'>y)a (Z,y), (xay)a (f(x7y)7f(yax))))

(D((@,y), (2,9), - (2,9), (9(x, ), 9(y, 7))))
(1+ D((2,9), (z,9), ---(z,9), (z,9)))
+az [D((z,y), (2,y), (2, 9), (x,9))]
+az [D((z,y), (x,y), - (z,9), (f(z,y), f(y, 7))
+ D((z,y), (2,9), -, (2,9), (9(2,9), 9(y,2))))]
+aq [D((z,y), (2, y), -, (z,9), (f(z,9), f(y,2)))
+ D((z,y), (z,9), (2, 9), (9(2, ), 9(y, 2)))]

<a (1 + D((I’,y), (x»y)v «~~(5E7y); (x,y)))
(D((z,y), (z,y), - (2,9), (9(z, y), 9(y, ©))))
L+ D((z,9), (z,y), .--(z,y
(

(

< — <
)
<
~—
:\
8
<
—
—~ —~ >
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=(a1 + a3 + as) D((x,y), (,y), ., (,9), (9(2,9), 9(y, 7))
< b(al +az+ (L4) ((g(xa y)vg(yvx))v (g(x,y),g(yﬁr)), """" (g(%y),g(y,x)), (x,y))

Since b(ay + as + a4) < 1, we have (g(x,y),g(y,z)) = (x,y)

= g(z,y) == and g(y,z) =y

Therefore (x,y) is a coupled fixed point of g.

Thus (z,y) is a coupled common fixed point of f and g. O

Note: (i) It may be observed that putting g = f in Theorem B is an extension
of (Theorem 37 of W.sintunawarat et al.[I6])
(ii) It may be observed that putting g = f in Theorem B, we extend (Corollary
3.6 of M.Abbas et al.[?]) in A, metric space.
(iii) In Theorem B, putting g = f, a1 =0, a2 =0, a3 =0, ag = k and n = 2,
we obtain ( Theorem 3.2 of E.Carpinar et al.[I0]).
(iv) Our Theorem B is generalization of (Corollary 3.2 of W.sintunawarat et
al.[T6] ). Under the assumption z = u, y = v for n = 3.
(v) In Theorem B, putting g = f, a1 =0, az =0, a3 =0, ay = k and n = 3, we
obtain ( Corollary 24 of E.Carpinar et al.[IT]).

Theorem 3.2. Let (X, <, A) be a partially ordered, complete Ay-metric space and
f,9: X x X — X be the mappings such that

(i) the pair (f,g) has mized weakly monotone property on X and there exists
Zo, Yo € X such that xo < f(xo,y0), f(¥o,x0) < yo or

zo < 9(0,Y0), 9(¥o, Zo) < Yo,

(i) there is an a; >0, i = 1,..,4. Such that

b%(a1 + az) + az(1 + b2) + b2as((n —1)b+ 1) < 1 and

A(f(2,9), f(@,9), o f(2,9), 9(u,0) + A (y, ), f(y, @), - f(y, ), g(0, w))

<ai|(1+D((z,y), (2,9),-(2,9), (f(2,9), f(y,2))))
(D((u,v), (u,v), ..., (u, v), (g(u, v), g(v, u))))
(1+ D((z,y), (%,9),-(2,9), (u,v))) (3.9)
+ az [D((x,y),(x,y),...(x,y),(u,v))] ’
+ a3 [D((z,y), (z,9), .- (2, 9), (f(z,9), f(y,z)))
+ D((u,v), (u,v), ..., (u,v), (9(u,v), g(v,u)))]
+ a4 [D((u,v), (u,v), ..., (u,

u,v), (f(z,y), f(y,2)))
+ D((x,y), (x,y), --(z,), (9(u, ), g(v,u)))]

for all z,y,u,v € X with x <wu and y > v,

(iii) X has the following properties

(a). if {xn} is an increasing sequence with x,, — x, then x, < x for alln € N,
(b). if {yn} is a decreasing sequence with yi — vy, then y <y, for alln € N.
Then f and g have coupled common fixed points in X.

Proof. Suppose X satisfies (a) and (b), by B33 we get z, < z and y,, > y for all
neN
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Applying lemmas 271 and 2, we have

D((z,y), (z,9), --(z,y), (f(z,9), f(y,2)))
<b(n—1)D((z,y), (x,y), -(2,9), (T2n+2, Y2n+2)

+0°D((x2n+2, Yant2), (T2nt2, Yonta)s - (T2nt2, Yonra), (F(2,9), [y, ©)))
=b(n—1)D((z,9), (%,9),.--(z,y), (T2nt2; Y2n+2))

+0°D D((9(z2n+1,Y2n+1): 9(Y2n+1, T2nt1)): (9(T2n+1, Y2n+1)s (Y2041, T2nt1)),

e (9(T2n41, Y2n+1)s 9(Y2n+1, T2n11)), (f(2,9), f(y, 7))

= D((z,y), (z,y),.--(z,y), (f(z,y), f(y, 2)))
<bn—1)[A(z,z,..x,xon12) + A(Y, Y, ---Y, Y2nt2)]

+ b Alg(@20n11, Y2nt1)s 9(Tont 15 Yont1)s -9 (Tans1: Yans1), f (2, y)]
+ b2A[9(y2n+1, $2n+1)79(y2n+17 $2n+1)7 ~-~9(y2n+17 332n+1)7 f(y, 3?)]
By B, we get

(3.10)

A((9(z2nt1,Y2n+1))s (9(T2n 115 Y2nt1))s - (9(T2n 11, Y2ni1), (f(2,9))
+ A((9(Y2n+1, T2n+41)); (9(Y2n+15 T2nt1)), -+ (9(Y2n+1, T2nt1), (f (y, 7))

<ar [(1+ D((2n+1,Y2n+1)s (T2n41, Y2nt+1)s oo

(T2n+1,Y2n+1)s (9(T2n41: Y2n+1)s 9 (Y2n+1, T2n11))))
(D((z,y), (=,9), - (z,9), (f (@, 9), f(y,7))))
(14 D((%2n41, Y2n+1)s (T2n415 Y2nt1)s s (P24 15 Y2nt1), (2,9)))
+az [D((T2n41,Y2n+1), (T2n41,Y2n41), s (L2041, Y2nt1), (2,9))]
+ a3 [D((T2n41: Y2n+1)s (T2nt1, Y2n+1),
s (T2n41, Y2n+1)s (9(T2n+15 Yon+1), 9(Y2n+1, T2nt1)))
+ D((z,y), (z,9), (2, 9), (f(z,9), f(y,2)))]
+ a4 [D((2,y), (z,9), - (2,9), (9(T2n+1, Y2n+1), 9(Y2n+1, T2n+1)))
+ D((T20+1, Y2n+1)s (T20+1, Y2n41)s s (T2n41, Y2n11), (f (2, 9), f(y, 2)))]

=a1 |(1+ D((z2n+1:Y2n+1)s (T2n41, Y2nt1)s - (T2n41s Yont1), (T2nt2, Yont2)))

(D((z,y), (=,9), - (z,y), (f (@, 9), f(y,7))))
(14 D((#2n41, Y2n+1)s (L2415 Y2nt1)s s (L2415 Y2nt1), (2,9)))
+ a2 [D((Z2n+1,Y2n+1)s (T2nt 15, Y2n+1)s o (T2n+1, Y2n41), (2,9))]
+ a3 [D((T2n+1: Y2n+1)s (T2nt1, Y2n+1)s o (T2n+1, Y2n+1)s (T2n+2, Y2n+2))
+ D((z,y), (z,9), -.(2,9), (f(z,9), f(y,2)))]
+ a4[D((x, y)v (xa y)v (xv y)a (x2n+27 y2n+2))
+ D((z2n+1, Y2n+1)s (T20+1, Y2n41)s s (T2n41, Y2n11), (f (2, 9), f(y, 2)))]
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From B7 and BX

D((z,y), (z,y), ..(z,y), (f(z,9), f(y,x)))
< b(n - 1)[(14(1‘, Z,...T, $2n+2) =+ A(ya Y.y, y2n+2))]

+ bz{al [(1 + D((z2n+1,Y2n+1)s (L2011, Y2n41)s o (T2ns1, Yont1), (Tani2, Yoant2)))

(D((x, y), (2, 9), - (2,9), (f (2, 9), [(y,%)))) }

(1 + D(($2n+17 y2n+1)7 (x2n+17 y2n+1)1 eeey (x2n+17 y2n+1)7 (xu y)))
+az [D((T2n41,Y2nt1)s (T2n41, Y2n41)s s (L2011, Y2nt1), (2, 9))]
+ a3 [D((T2n41, Y2n+1)s (T2n41Y2n+1)s s (T2n41, Y2nt1), (T2ns2, Y2nt2))

+ D((z,y), (z,9), - (z,9), (f(z,9), f(y,2)))]

+ a4[D((x, y)7 (l’, y)v (.’E, y)v (x2n+2a y2n+2))

+ D((x2n+1; y2n+1)7 (m2n+1a yZn+1)7 ceey ($2n+17 y2n+1>7 (f(xa y)» f(y7 .’I,‘)))]}
(3.11)
Taking the limit as n — oo in Bl, we obtain

D((z,9), (z,9), (=), (f(z,9), [ (y,7)))
<b(n-1)[A(z,z,..x,2) + Aly,y, .-y, y)]

+b2{a1 [<1+D<<x W) (@), (2,), (2,1))

(
(D((z,9), (2,9), - (x,y), (f(w,y)vf(y,x))))}
(1+ D((2,9), (,9), -, (2,9), (2,9)))
(@, 9), - (,9), (2, 9))]
(@, 9), -

+ a2 [D((z,

1
Y),

+a3[D(( ) ’ a(a )3(7
D(

7

Y))
(), (,9), (2, 9), (f(2,9), f(y,2)))]
+a4[D((x Y), (2, 9), -, (2, 9), (7,9))
(

D((z,y), (z,9), (2, 9), (f(2,9), f(y x)))]}

Therefore D((x,y), (z,y), -(x,y), (f(z,y), f(y, 2)))
< b2(a'1 +az+ Cl4) D((xvy)a (xvy)’ ...(x,y), (f(xvy)’ f(ya 3;‘)))

Since b?(a; + az + a4) < 1, we have

D((z,y), (x,y), .-.(z,y), (f(z,y), f(y,%))) =0

= (f(z,y), f(y,2)) = (z,9)

That s, f(z,9) = = and f(y,2) = y

Therefore (z,y) is a coupled fixed point of f.

Similarly we can show that g(z,y) =« and g(y,x) =y

Hence f(z,y) =z = g(z,y) and f(y,x) =y = g(y, )

Thus (z,y) is a coupled common fixed point of f and g. O
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Theorem 3.3. Suppose Theorem B or Theorem B2 satisfied, if further {x,} is
an increasing sequence with r, — x and x, < u for each n, then x < u. Then f
and g have a unique coupled common fized points. Further more, any fized point
of fis a fized point of g, and conversely.

Proof. Suppose the given condition holds,
Let (z,y) and (u,v) € X x X, there exist (z*,y*) € X x X , that is, comparable
to (z,y) and (u,v).

D((:z:,y),(x,y),...(x,y),(u,v)) :A(x,x,...x,u)+A(y, Y, u )
=A(f(z,y), f(z,y), .. ( y):9(u,v))
+A(f(y, ), fy, @), ... f(y, ), 9(v,u))

<ar |(1+D((2,9), (,9), (2, 9), (f(,9), [y, 2))))
(D((u, v), (4, 0), ..., (u, ), (g(u, v), g(v, w))))

1+ D((x,9), (z,9), (2, y), (u,)))
+az [D((2,9), (2,9), - (z,y), (u, v))]
+az [D((z,y), (2,9), (2, 9), (f(2,9), f(y,2)))
+ D((4,0), (u,0), ., (u,0), (9(u, v), g(v, u)))]
+ as [D((w,0), (w,0), ..., (u,0), (f(x,9), [y, %))
+D((z,y), (2, 9), --(2,9), (9(u, v), g (v, u)))]

<ar |(1+ D((2,9), (2,9), (2, 9), (x,9))
)

1+ D((z,9), (z,y), ..(z,
+ a2 [D((z,9), (2,9), -.(2,9), (u
+ a3 [D((z,9), (2,9), -.(2,y), (x
+ D((u,v), (u,v), ..., ( (
+ as [D((w,v), (u,0), ..., (u,v), (z,y)) + D((z, ), (x, ), ..(z,9), (v, v))]
<az D((z,9), (2,9),...(z, ), (u,v))
+ aq (D((u,v), (u,v),...(u,v), (z,9))
+ D((2,9), (2,9), ---(2,y), (u,v)))
< az D((z,9), (2,9),..-(z,y), (u,v))
+as (b D((z,y), (z,y), . (2,9), (w,v)) + D((2,y), (z,y), ...(x,), (u,v)))
= (a2 + as(b+ 1)) D((z,y), (2,9),...(z,y), (u,v))
Since (az + a4(b+ 1)) < 1, so that

D((z,y), (,y), (2, 9), (u,v)) =0
= (z,y) = (u,v) = z=uandy="v
Suppose (z,y) and (z*,y*) are Coupled common fixed points such that x < x*
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and y > y*, then x = 2* and y = y*
Now

D((z,y), (z,y),...(z,y), (=", y")) = Az, 2, ..w,2") + Ay, y, ...y, ¥")
= A(f(=z,y), f(z,y), ... f (2, y), 9(x",y"))
+ A(f(y,2), f(y, ), . f(y,2),9(y", "))

<ar (14 D((2,9), (€, 9), (. 9), (f (2, 9), f(y,2))))

(D((@", y"), (@, y"), .- (&, "), (9(2™, y"),
(L+ D((z,y), (z,9), .--(7,9), (fc 2 Y%)))
+ag [D((x,9), (2,9),.-(z,y), (=", y")
+ a3 [D((z,y), (z,y), .- (z,9), (f( ,y),
+ D((z*,y"), (x*,y"), ..., (", y"),
+ag [D((=",y"), (@, 47), s (27, 97), (f(2,9), f(y, 7))
+ D((z,y), (z,y), --(z,y), (9(=z",y), 9(y™, 27)))]
(

<ar |(1+ D((2,9), (2,9), (2, 9), (z,9)))

)
(D((@*,y7), (@, y"), -, (@, y7), (2", y7)))
(1 D(( Y), (2,y), (2, 9), (z*,9)))
+ a2 [D((z,y), (2, ), .. (z, ), (2", y"))]
+as [D (( ) (2,9), - (2,9), (z,9))
+D((z",y"), (2%, y7), oy (27, y7), (27, y7))]
+aq [D((z",y7), (2", y7), o, (@7, 97), (2, )
+ D((z,y), (2,9), - (2,9), (", y7))]
= a [D((z,y), (x,9),..(,9), (", y"))]
+as [D((=",y7), (@, 4"), s (27,97), (2,9))
+ D((z,y), (z,y), --(z,y), (=", y"))]
< az [D((z,y), (x,9), (2, ), (2", y"))]
+ay [b D((z,y), (x,9), -, (x,9), (", y7))
+ D((z,y), (x,y), - (2,9), (", y7))]
= (ag + as(b+ 1)) D((z,y), (2, ), -, (,9), (z",y"))

Since (az + a4(b+ 1)) < 1, so that

D((z,y), (2,y), ... (2,y), (2", y")) =0

= (z,y) = (=", y7)

— rx=x"and y =y*

we show that any fixed point of f is a fixed point of g, and conversely.

That is, to show that (x,y) is a fixed point of f <= (z,y) is a fixed point of g.
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Suppose that (z,y) is a coupled fixed point of f.

D((x,y), (z,y),--(z,9), (9(z,9), 9(y, 7))
= A(f(z,y), f(z,y), - f(z,y), 9(x,9) + A(f(y, x), f(y, ), ... f(y, ), g(y, x))

<a (1 + D((LU, y)7 (l‘,y), (LL', y)7 (f(x’y)v f(y7-'17))))

(D((%, ), (2,9), - (2,9), (9(2, y), 9(y, x))))
(1+D((z,y), (2,9), -(2,9), (z,9)))
+ a2 [D((z, ), (z,y), - (2,9), (z,y
+ a3 [D((z,y), (2, y), ..(z,9), (f(z

y
+ D((z,y), (z,9), .-, (z,9), (9(%,v), 9(y, 7)))]

+ a4 [D((‘T7y)> (m,y), veny ($7y), (f(SL’, y>7 f(y,x) )
z,9),9(y,x)))]

+ D((z,y), (z,y), --(z,y), (9(2,y),
= a1 (1—l—D((x,y),(x,y),...(x,y),(Jc,y)))

(D((z,y), (@,9), - (2,9), (9(2, ), 9(y
(14 D((z,y), (x,9), (2, 1), (x,9)))
+ a3 [D((z, ), (z,9), .- (2,9), (,v))
+D((z,9), (2,9), -, (7,9), (9
+aq [D((z,y), (2, Y), -, (2,9), (z,9)
+ D((z,y), (2,y), - (2,9), (9(x,9), 9(y, ¥)))]

= a1 [D((2,9), (%,9), ... (z, ), (g T

+ a3 [D((z, ), (z,9), -, (z,9), g
+as [D((z,9), (,9),--(z,9), (9(z, ), 9(y,

= (a1 + az + a4) D((,y), (2,9), ... (
<blar +az + as) D((9(z,y),

Since b(a; + as + as) < 1, we have

D((9(z,y),9(y, ), (9(z,y), 9(y,2)), ..(9(z, ), 9(y, 2)), (z,y)) = 0

= (9(z,¥),9(y, 7)) = (z,y)

= xz=g(z,y) and y = g(y, z)

Therefore (x,y) is a coupled fixed point of g, and conversely. O

Taking g = f and a3 = ag = a4 = 0 in Theorem B, we get the following

Corollary 3.4. Let (X, <, A) be a partially ordered, complete Ap-metric space and
let f: X x X — X be the mapping such that
(i) f has mized weakly monotone property on X and there exists xo,yo € X such

that o < f(xo,%0), f (Yo, 0) < yo,
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(i) there is an az such that az < 1 and

A(f (@, y), (@), o f(2,9), fu,0) + A(f(ys ), f(y2), oo [y, 2), [0, 0))

< az D((xvy)a (xvy)v ...(x,y), (U’U))
(3.12)

for all x,y,u,v € X with x <wu and y > v,
(i) if f is continuous.
Then f has a coupled fixed point in X.

we give an example to illustrate the Theorem BTl as follows.

Example 3.1. Let (R, <, A) be a partially ordered complete Ay-metric space with

Ap-metric, with index n, defined on X = [—00,+00] as Ay : X™ — [—o00, +00] by
n

Ap(X1, T2, e lpy1, ) = Y O |2 — xj|2, forallz;e X, 1=1,2.......... n. Then
i=11i<j

(X, Ap) is an Ap-metric space with b=2.

Let f,g : R — R be two maps defined by f(x,y) = E=24320=2 1ni g(x,y) =

32n
633_33’48%. Then the pair (f,g) has mized weakly monotone property on R

A(f(,9), F(@,y), - f (2,9), 9(u,v)) + A(f(y, 2), f (Y, ), - f (y, ), 9 (v, u))
= (n—D)(|f(z,y) — g(u,v)]) + (n — D)(|f (y,2) — g(v,u)|)
=(n-1) ( dr—2y+3n—2 Gbu—3v+d8n—3 )

32n &
+(n—1) (‘ Ay — 2$3;‘n32n —2  6u— 3u4—8|—n48n 3 D

- (nlgnl) (12(z —u) = (y = )| + 2y — v) — (z — w)])

< Ul ul 31y o)

= %(Ix—uum—up

= % D((2,y), (,), v (2,Y), (10, 0))

Forn =2 and b=2, since b%a3 <1 = ay < %.
Then the contractive condition B is satisfied with a1 = a3 = a4 = 0 and as <
3% < % and also (1,1) is the unique coupled common fized point of f and g.
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4 Application

The following system of Volterra type integral equations:

T
u(t) = q(t) +/ At s)(f1(s,u(s)) + f2(s,v(s)))ds
0 (4.1)

olt) = g(t) + / At $)(f(5,0(8)) + fa(s, u(s)))ds.

where the space X = C([0,T],R) of continuous functions defined in [0,7]. Obvi-
ously, the space with the metric is given by

A(u,v) = max |u(t) —v(t)|, u,v € C([0,T],R)
t€[0,T]
is a complete metric space.

Let X = C([0,T],R) the natural partial order relation,
that is, u,v € C([0,T],R), u <v <= u(t) < wv(t), t € [0,T].

Theorem 4.1. Consider the corollary and assume that the following condi-
tions are hold:
(i) f1,f2:[0,T] x R = R are continuous;
(i1) ¢ : [0,T] — R is continuous;
(iii) X : [0,T] x R — [0,00) is continuous;
(iv) there exist ¢ > 0 and as < 1, such that for all u,v € R, v > u,
0 < fi(s,v) — fi(s,u) < cas (v—u)
0 < fa(s,v) — fa(s,u) < cag (v—u);
T
(v) assume that c [, Jo Alt,s)ds <1;

(vi) there exist xo,yo € X such that
T
zo(t) = q(t) +/O At,5)(f1(s,z0(s)) + f2(s,0(s)))ds

T
Yo(t) < q(t) +/O AL, 8)(f1(5:90(s)) + fa(s, 2o(s)))ds.

Then the system of Volterra type integral equation 1 has a unique solution in

X x X with X = C([0,T],R).
Proof. Define the mapping F': X x X — X by
F(u,v)(t) = q(t) +/0 A(t, s)(fi(s,u(s)) + fa(s,v(s)))ds (4.2)

for all u,v € X and t € [0,T).
Now we have to show that all the conditions of Corollary B4 are satisfied.
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From (iv) of the Theorem B, clearly F' has mixed monotone property.
For z,y,u,v € X with x > v and y < v, we have

A(F(z,y), F(z,y), ..., F(z,9), F(u,v)) + A(F(y,z), F(y, x), ..., F(y, z), F (v, u))
=(n—-1) tgﬁ%UF(%y)(t)—F( V)| + |F(y, z)(t) — F(v,u)(t)])

~

=(n—-1
n=1) g

/ At ) (fa(5,2(5)) + a5, 5(s)))ds — / At )(f2(5,u(s)) + fals, v(s)))ds
0 0

=1 e | [N (o006 + ol = [ A5, 009) + fals )i

T
< (n—1) max (/O [f1(s,2(s)) = fr(s, u(s)) | [A(E, 5)| ds

t€[0,T]

T
T / Fa5,5(s)) — fals,0())] [A(E, 9)] ds
0

T

+ / (s, 9(5)) — Fuls,0()] I\, 5)] ds + / fals,2(s)) — fols, u(s))] |A<t,s>ds)

< (n—1) max ca; ( / [2(s) — uls)| A2, 8)] ds + / ly(s) — v(s)] IA(L )| ds

te[0,T]
T

T
+ / lu(s) — v(s)| I\, 5)] ds + /
<(n-1) (tmax fo(t) — wu(®) + max ly(t) —v(t)

€[0,1] t€[0,T7]

la(s) — u(s)] |A(1.5)| ds)

T
+ max |y(t) — v(t)] + max |x(t)—u(t)|> cas /0 [A(t, )| ds

te[0,T] te[0,T

T
s2<n—1>(max 2(t) — u(t)] + max |y(t) - <t>|)ca2/0 A(L 9)] ds

t€[0,T] t€[0,T)
<2(n—-1)as (Alz,z,....,z,u) + A(y,y, ..., y,v))
:2(71—1) az D(('Tay)v(xay)7 """ (m,y),(u,v))
Therefore

A(F(z,y), F(z,y), ..., F(z,y), F(u,v)) + A(F(y,z), F(y, x), ..., F(y, z), F (v, u))
<2(n—1) as D((x,y), (x,y),...... (z,9), (u,v))

For n=2, ay < % < 1. Which is the contractive condition in Corollary B=.
Thus, F' has a coupled fixed point in X.

That is, the system of Volterra type integral equations has a solution. O
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