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1 Introduction and preliminaries

Metric spaces are very important in various areas of mathematics such as
analysis, topology, applied mathematics etc. So various generalizations of metric
spaces have been studied and several fixed point results. Recently, Sedghi, Shobe
and Aliouche have defined the concept of an S-metric space [0]. This notion is
a generalization of a G-metric space [2] and a D*-metric space [8]. Some pa-
pers dealing with fixed point theorems for mappings satisfying certain contractive
conditions on S-metric spaces can be referred in [4-8|.

Alber and Guerre-Delabriere [d] introduced weakly contractive maps in Hilbert
spaces as a generalization of contraction maps and established a fixed point the-

orem in the Hilbert spaces. Rhoades [IT] extended this idea to Banach spaces
and proved existence of fixed points of weakly contractive self maps in Banach
space setting. Dutta and Choudhury [[1] proved the existence and uniqueness of

fixed points and generalized the results of Alber and Guerre-Delabriere and Khan
Swaleh and Sessa [TZ]. Since then different types of weakly contractive maps have
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been considered in several works to establish the existence of fixed points. For
more works on weakly contractive maps we refer [[3-I5H].

Motivated by the above studies, we extend the notion of generalized weakly
contractive mappings to S-metric spaces and define a new type of contractive
mappings.

Now we provide some preliminaries and basic definitions which we use through-
out this paper.

Definition 1.1 ([I2]). An altering distance function is a function ) : [0,00) —
[0, 00) which satisfies
(i) ¢ is continuous (i) v is non-decreasing and (iii) ¥(t) = 0 if and only if t = 0.
We denote the class of all altering distance functions by V.
We denote ® = {¢ : [0,00) — [0,00) : (i) ¢ is continuous and (i) ¢(t) =0 if
and only if t = 0}.

In the following, Dutta and Choudhury [I1] established the existence of fixed
points of (¢, ¢)-weakly contractive maps involving two altering distance functions
1 and ¢ in complete metric spaces.

Theorem 1.2 ([I]). Let (X,d) be a complete metric space and let T : X — X
be a self-map of X. If there exist 1, p € U such that

Y (d(Tx, Ty)) < (d(z,y)) — o(d(z,y))
forallx,y € X. Then T has a unique fized point.
In 2012, Sedghi, Shobe and Aliouche [@] introduced S-metric spaces as follows:

Definition 1.3 ([I]). Let X be a nonempty set. An S-metric on X is a function
S : X3 — [0,00) that satisfies the following conditions, for each x,y,z,a € X.

(S1) S(z,y,2) = 0;
(52) S(z,y,2)
(S3) S(z,y,2) < S(x,z,a)+ S(y,y,a) + S(z, 2, a).
Then the pair (X, S) is called an S-metric space.

=0 if and only if v =y = z;

The following is an intuitive geometric example for S-metric spaces.
Example 1.4 ([0]). Let R be the real line. Then
S(aj,y,z) = |‘T_Z‘ + |y—Z|

for all x,y,z € R is an S-metric on R. This S-metric on R is called the usual
S-metric on R.

Lemma 1.5 ([0]). Let (X,S) be an S-metric space. Then S(z,z,y) = S(y,y,x)
forallz,y € X.
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Remark 1.6. Let (X,S) be an S-metric space. From Definition I3 we have,
S(x,2,z) < 28(z, x,y) + S(y,y,2)

then .
gS(IL‘,I‘, Z) < max {S(’I’,l’,y), S(yaya Z)}

forallz,y,z € X.

Definition 1.7 ([M]). Let (X,S) be an S-metric space.

(i) A sequence {z,} C X is said to converge to x € X if S(xn,zn,x) = 0 as
n — oo. That is, for each ¢ > 0, there exists ng € N such that for all n > nyg
we have S(xy, x,,x) < e. We write x,, — x for brevity.

(ii) A sequence {x,} C X is called a Cauchy sequence if S(zn, Ty, Tm) — 0 as
n,m — oo. That is, for each € > 0, there exists ng € N such that for all
n,m > ng we have S(Tp, Tn, Tm) < €.

(iii) The S-metric space (X, S) is said to be complete if every Cauchy sequence
18 a convergent sequence

Lemma 1.8 ([0]). Let (X,S) be an S-metric space. If x,, — = and y, — y, then
S(@n; Tn,yn) = Sz, 2,Y).

Lemma 1.9. Let (X,S) be an S-metric space and {x,} be a sequence in X such
that
lim S(zn,%n, Tny1) = 0. (1.1)

n— oo

If {x,} is not a Cauchy sequence, then there exists an ¢ > 0 and two sequences
{my} and {ny} of positive integers with ny > my, > k such that

S(Tmg> Tmg> Tng) > € and  S(Tmp—1,Tmp—1,Tn,) < € (1.2)
and
(1) klgx;o S( Ty T s Ty ) = € (iii) kll}nolo S( Ty Tmgs Tng—1) = €

(i) Hm S(Tmp—1Tmu—1,%n,) =€ (iv) Hm S(@m,—1, Tmp—1, Tny—1) =€
k—o0 k—o00

Proof. From (S3) in Definition of S-metric we have
S(xmk y Ty, » 'rnk) S 2S(xmk s Ty, xmk—l) + S(xmk—h Ty —1, xnk) (13)
By (I22) we have

£ S S(xmkaxmkaxnk) S ZS(xmkaxmmxmk—l) + £.
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Let k — oo and using (D)

IA
o)

e < lm S(Tm,, Tmy, Tny)
k—o0

Then lim S(Zpm,, Tm,, Tn,) = €.
k—o0
Next, we proof that klim S(Tmp—1sTmy—1,Tn,,) = €. From (I3) and using
—00
(I2) we have

€ S 2S($mk7$mk7xmk—l) + S(xmk—17$mk—lamnk) S QS(xmwxmwxmk—l) + €.
Let k — oo, using ()

e < lim S(Tmp—1;Tmy—1,%n,) < €.
k—o00

Therefore, (ii) is true.
Next, from (S3) and Lemma T3 we have

S(xmkaxmkvxnk) - 2S(x7‘bk 7xnk7xnk—1) S S(xmkaxmkvxnk—l)
S QS(xnkflﬂ mnk717x’ﬂk> + S(xmkaxmk7x’ﬂk)'
Let k — oo, using ()

Hm S(Zm,, Ty Tng—1) = €.
k—oo

Therefore, (iii) is true.
For the last item, from (S3) and Lemma I3 we have

S(xmkaxmk7xnk) < QS(xmkammkaxmk—l) + S(xnkaxnk7xmk—1)
< 25(Tmys Ty s Timg—1) + 25(Tnyy Tgy s Trgo—1) (1.4)

+ S(xmkfla mmk717$nk71)~
and

S(:Emkfhxmkfhxnkfl) S 2S($mk717mmk717xmk) + S(mnkfhxnkflyxmk)
S QS(xmkflvwmkflammk) + 2S(‘rnk717mnk717xnk)

+ STy, Ty » Ty, )-
(1.5)

Let k — oo in (IA),(I3), using (i) and () we have

lim S(xmk_l,xmk_h a:nk_l) =E.
k—o0
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2 Main Results

Definition 2.1. Suppose that a mapping T : X — X, where X be an S-metric
space. If there exist ¢ € U and ¢ € ® such that

(S(Tx, Ty, Tz)) < p(m(z,y,2)) —o(m(z,y,2)), (2.1)
where
m(z,y,2) = max {S(z,y, 2), $(v, 2, Tw), S(y,y, Ty), S(2, 2, T2),
18(Tx, Tx,y), £5(Ty, Ty, 2), 1 S(Tz, Tz, x), (2.2)
L(§(Tx, Ta,y) + S(Ty, Ty, 2) + S(T'z, Tz, x))}

forall x,y,z € X, then T is called an generalized weakly contractive map on X.

Theorem 2.2. Let (X, S) be a complete S-metric space and let T' be an generalized
weakly contractive map. Then T has a unique fized point x* and T is continuous
at x*.

Proof. Let ©y € X be arbitrary. We define a sequence {z,} by x,11 = T,
forn =0,1,2,.... If z, = x,,41 for some n, then z,, is a fixed point of T and
we are through. Now we assume that z, # x,41 for all n. By substituting
T =Y =2xy_1,2 = 2, in (E0), we have

V(S (@, Ty 2ns1)) = P(S(Txn—1,Trn_1,Txy))
< ¢(m($n—1,$n—1,$n)) - ¢’(m(xn—1a$n—17xn))v (2.3)
where
m(Tp—1,Tn—1,%n)
= max {S(mn,l,xn,han S(Tn-1,Tn-1,TTn-1),S(Tn-1,Tn—-1,TTn—1), S(Xp, Tp, TTp),
28(Txy—1, TTp—1,Tn-1), %S(Txn_l,Tmn_l,a:n), %S(Txn,Ta:n,a:n_l),
%(S(T:vn,h TCn-1,Tn-1)+S(T2xp_1,Txp_1,2,) + S(Txp, Ty, xn,l))}

= max {S(xnfl,anﬂrn), S(Tp—1,Tn—1,2n), S(Tn-1,Tn—1,Tn), S (Tn, Tn, Tny1),
%S($n7xnaxn71)) %S(-’En7mnamn); %S(xn+17xn+17mn71)7
%(S(xnaxnvxnfl) + S(l'rmxn;xn) + S($n+1,$n+1,$n71))}

= mmax {S(mn—17$n—17xn)7 S(l‘n,l‘n,In+1), %S(xn; $n,$n—1),

%S($n+17 Tn41, -’L’nfl)a %(S(l‘nz L, $n71) + S(anrla LTn+1, xnfl))}
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= max{S(Jcn_l,mn_l,xn),S(mn,xn,an),%S(aﬁnﬂ,xnﬂ,xn_l),
§(S(@n, T, p1) +5($n+1axn+17xn—1))}
%S(Invznaxn—l) = %S(In—laxn—lyfpn) < 5(17n—1,$n—1,$n))
= max {S(Jcn_l, Tn—1,%n), S(Tns T, Tnt1)s § (S(Tn, Tny T—1) + S(Tng1, Tnst, xn_l))}
( %S(xnﬂ,xnﬂ, Tp—1) <max{S(zp_1,Tn-1,%n), S(xmmn,xnﬂ)})
= max{S(:cn_l,xn_l,xn),S(zn,xn,xn_,_l))} (2.4)

o1 1 M, M,
< . Es(xnyl‘nyxn—l) + gS(l‘n+1,.’L‘n+1,$n_1) S Tn + 2n7

where M,, = max{S(zp_1,Tn_1,%n), S(xn,xn,xn+1)}).
From (233) and (2Z4) we have

V(S (@n, wn, wnt1)) < (M) = ¢(Mn), (2.5)

where M,, = max{S(zn_1,Tn-1,%n), S(Xn,Tn, Tnt+1)}. Suppose that, for some n,
M, = S(xp,Zpn,xns1). Therefore from (E3), it follows ¢(S(xn,xn,xn+1)) = 0.
Hence z,, = x,,+1, a contradiction since x,, and z, 41 are distinct elements. Thus,
M, = S(zp—1,%n—1,%,). Hence, from (E33), we have

¢(S(J?mﬂ?m$n+1)) S w(S(xn—laxn—laxn)) - ¢(S(xn—17xn—l7xn))

2.6
< ¢(S($n_1,$n_1,zn)) ( )

Now, by the non-decreasing property of ¢ , it follows that S(xy,,xn, zpe1) <
S(Tn-1,Zn-1,%,) for all n € N. Therefore {S(xy,zn,Tnt1)} is a decreasing se-
quence of positive real numbers. Hence there exists r > 0 such that

lim S(zp, Tn, Tnt1) =7 (2.7)
n—oo

On letting n — oo in (Z0) and using (P74), we obtain

U(r) < P(r) —o(r), (2.8)

so that ¢(r) = 0. Hence r = 0.

We now show that {z,} is an Cauchy sequence. If possible, suppose that
{zn} is not Cauchy. Therefore by Lemma [9, there exists an ¢ > 0 and two
sequences {my} and {ny} of positive integers with ny > mj > k such that
S(Tomgs Tmgs Tng) = €S (Xmy—1, Tmp—1, T, ) < € satisfying the identities (i) to
(iv) of Lemma [9. Taking = y = @, -1, 2 = Tn,—1 and applying the inequality
(), we have
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w(s(xmk » Ly, 5 xnk)) = ’L/)(S(Tl'mk,h T.’L'mkfl, Txnkfl))

S w(m(xmkflzxmkflyxnkfl)) - ¢(m(mmk717xmk71axnk71)>7
(2.9)

where
MLy, —15 T —1 Trng—1)
= max {S(wmrhxmrl»xnrl)y S(@my—1 =1, Ty )> STy —15 Tn—1, Tny )
5Ty, Trnger Tr—1)> 59 T s T s Tg—1)s 59 @ s Ty Trnge—1),

%(S(*/L’mkawmk7xmkfl) + S(xmkaxmkaxnkfl) + S(./L'nk,flink,l'mkfl))}.

(2.10)

On letting k£ — oo in (Z10) and using Lemma 1.26, we get
MLy —1, Trmg—1, Tnjp—1) = Max{e, %5} =g,

then
Y(e) < () — d(e) < v(e),

a contradiction. Hence {z,} is Cauchy. Since X is complete, there exists z* € X
such that z,, - x* as n — oco.

We now show that z* is a fixed point of T. Here by Lemma T3 we note that

lim S(xp,xn, Tx*) = S(a*, x*, Tz*). We now consider
n—oo

w(S(Tx*,Tx*,mn)) = w(S(Tx*,Tx*,Tmn,l))
< w(m(x*,x*wn,l)) — gb(m(x*w*,xn,l)), (2.11)
where
m(z*, ", xp_1)
= max {S(x*,x*,xn_l), S(z*, z*, Tx*), S(Tpn-1,Tn-1,Tn),
LS(Ta*, Ta*,a*), LS(Ta*, Ta*, 1), 1S (2, 2y 27),
(S(Ta*, Ta*,2*) + S(T2*, Ta*, 20 _1) + S(wn, 2n, z")) }

(2.12)

= wl

On letting n — oo in (1), we get
m(z*, 2", xp_1) = max{S(z*, x*, "), S(z*, *, Ta*)} = S(a*, ™, Ta"),

then
Y(S(a*, 2%, Ta*)) < o(S(a*,2*, Ta*)) — ¢(S(2*, 2%, Tz")),
so that ¢(S(z*,z*,Tx*)) = 0. Hence z* = Tz*.
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We now prove uniqueness of fixed point. If u and v are two fixed points of T
with u # v, then we consider

(S(u,u,)) = Y (ST, Tu, Tv)) < (mlu,u,0)) — d(m(u,u,v)),  (213)
where
m(u,u,v) = max {S(u, u,v), S(u,u, Tu), S(v,v, Tv), %S(Tu, Tu,u), %S(Tu, Tu,v),
%S(T’U, Tv,u), %(S(Tu, Tu,u) + S(Tu, Tu,v) + S(Tv, Tv, u))}

= S(u,u,v).
(2.14)

Then
w(S(u,u,v)) < w(S(u,u,v)) — ¢(S(u,u,v)) < z/J(S(u,u,v)),

a contradiction. Therefore u = v.
Finally we prove that T is continuous at z*. Let {x,} be a sequence in X such
that x,, — 2* as n — co. We consider

V(S(z*, 2, Tay)) = (S(Ta*, Ta*, Txy)) < v(m(z*, 2", 2,)) — ¢(m(z*, 2%, z2)),

(2.15)
where
m(z*, =%, x,)
= max{S(x*,m*,xn),S(x*,x*,Tx*),S(mn,mn,xnﬂ),
%S(Tx*,Tm*,m*), %S(Tx*,Tx*, Tn), %S(l’n+1,xn+1, x*), (2.16)
é(S(Tz*, Tz*,x*) + S(Tx*, Tx*, z,) + S(Tpi1, Tri1, :c*))}
= max{S(z", 2", xy,), S(Tn, Tn,Tni1)}
From (E13) and (EI0) we obtain
w(S(x*,x*,Txn)) < w(max{S(Jz*,x*,xn),S(mn,xn,xn+1)})
- qﬁ(maX{S(a:*,x*,xn),S(In,xn,xn+1)})),
Now by taking the limits on both sides of (E7I4), we have

(2.17)

lim w(S(Tx*,Tx*,Txn)) =0.

n—oo
This implies that 1/1( lim S(Tx*,Tm*,Txn)) = 0, since v is continuous. Now by
n—oo
property of ¥ we have lim S(Tz*, Ta*, Tx,) = 0. Hence Tx,, — Tz* as n — oo.
n—oo
Therefore, T is continuous at z*. This completes the proof of the theorem. O
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Theorem 2.3. Let (X,S) be a complete S-metric space and let T : X — X be a
self-mapping. If there exist ¢ € U and ¢ € ® such that, for all x,y,z € X

where
m(@,y,2) = kmax {S(a,y,2). (2,2, T2), S(y,y, Ty), (2, 2, T2),

S(Tx,Tx,y),S(Ty, Ty, z),S(Tz,Txz, x)},

where 0 < k < 1/3. Then T has a unique fixed point x* and T is continuous at

T*.

Proof. Let A = 3k; then 0 < A < 1. Consider

kmax {S(z,y,2), S(, 2, Ta), S(y, 4, Ty), (2, 2,T),
S(Tw, T, y), S(Ty, Ty, 2), S(T=,T=) }

1 1 1
= Amax {gS(.’L‘, Y, Z)a §5($7 xz, Tl‘)7 gs(yvyaTy)a (218)

1 1 1 1
55(27 Z,TZ), gS(TJ),TJZ, y)7 gS(Tvaya Z)7 gS(TZ,TZ,JJ)}

< Am(z,y, 2).

From Theorem 2, we can see that T" has a unique fixed point z* and T is con-
tinuous at z*. O

Example 2.4. Let X = [0, g] with the usual S-metric given in Example [4. Let
us define the function T : X — X as

R if x € [0,1]
T = {x—‘; Fac (2.19)

for all x € X. We now define functions i, ¢ : [0,00) — [0,00) by

6t ifte0,1
Y(t) = 3t for allt >0 and ¢(t):{53t Zt>[1. |

2(t+1)

We now show that T satisfies the inequality (271).
Case L. z,y,z € [0,1]. We assume, without loss of generality, that x >y > z

S(Tx, Ty, Tz) = 8(£,4,%) = §(lv—2l+ly—=2]) and m(z,y,2) > S(z,y,2) = |r—2|+]y—2]
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Subcase i) |z —z| + |y — 2| € [0,1].

(ST, Ty, T2)) = 3(5(lx — 2| + |y — 21)) = 35 (jx — 2| + ]y — 2]) = 5S(2,y. 2)
< %m(x,y,z) = %m(a:,y,z) - gm(ﬂ%%z)
=P (m(z,y,2)) — d(m(z,y,2)).
Subcase ii) |z — z| + |y — 2| > 1.

(S(Tx, Ty, Tz)) = 53 (5(|z — 2| + |y — 2))

=2ty — = )
1+ |z —z|+ |y — 2|

S(x,y,2) )7;),( S(z,y,2)? )

1+ 8(x,y,2))  2\1+S8(z,y,2)

2 3m(x,y, z)
<a( @Y. 2) Y __smzy,z)
-2 1+m(x,y,z)) 2@y, 2) 2(1 +m(z,y,2))

= w(m(x, Y, z)) — (;S(m(:c,y, z))

Case II. z,y,z € (1, g] We assume, without loss of generality, that x >y > z

and

B(S(Te, Ty, T2)) = 3(lo— 2l +ly—2) < §x 2= < ¥ =3(3- %)
S(x,x,Tx) ) _ §( S(x,z, Tx)? )
+ S(z,x,Tx) 2\1+S(z,2,Tx)

3m(z,y, z)

2(1 +m(z,y, 2))

= ¥(m(z,y,2)) — d(m(z,y,2))-

1
m(z,y, z)>
%( (z,9,2) )

-3 _
mey7)) ~ 200

Case III. z € (1, %} and y, z € [0,1]. We assume, without loss of generality, that
Yy>z

S(a Ty To) =S =4 8.8 =le—§ 5l + 1§ —3l=a+ - % - #<3

and
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Case IV. z,y € (1, g] and z € [0,1]. We assume, without loss of generality, that
x>y

S(Tx,Ty,Tz)=S(zx—3,y—32,2)=|z—2—Z[+|y—2—Z|=a+y—-2-8 <1

and

Cﬂ

) -

Similar to Case 11, we obtain 1/)( (TamTy,Tz)) < ¢(m(m,y, ( (m,y,z)),
Case V. z,y € [0,1] and z € (1, 2]. We assume, without loss of generality, that
x>y

S(Tx, Ty, Tz) = 5( ,%,z—%) =

and

V(S(Tx, Ty, Tz)) = 3 2z—u—% <3xi=08<%

Similar to Case II, we obtain 1 (S(Tx, Ty, Tz)) < (m(z,y,2)) — ¢(m(z,y, 2)).
Case VL z € [0,1] and y,z € (1, 2].
Subcase i) y > z.

S(Ta,Ty,Tz) =S(t,y—3.2—3) =1t - G- +ly—35- (-3
=lt-Gz-9Yl+ly-=2
ZZ—%—g—i—y—z
=y-§-5<3

and

Y(S(T2, Ty, Tz) =5(y—5-5)<sx2=3<g.

Similar to Case II, we obtain w(S(Tx,Ty,Tz)) < w(m(x,y, z)) — qb(m(x,y, z))
Subcase ii) z > y.

STz, Ty, T2) =S(5y—3.2—3) =1 - (=) +ly—5 - (2= 35)
=15- (= Dl+ly -zl
— T 4
=Z-F o5 tET
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and
m(x,y,2) > S(z,2,T2) =2z — (= — )| = 8

V(S(Tz,Ty,Tz) =3(y—£—-2) <3 xi=73 <%

Stmilar to Case II, we obtain w(S(T;U,Ty,Tz)) < w(m(aj,y,z)) - (/)(m(x,y,z)).
From all the above cases, we conclude that T is an generalized weakly contractive
map on X. Therefore, T, and ¢ satisfy all the hypotheses of Theorem B3 and T
has a unique fized point u = 0.

Remark 2.5. In Ezxample B4, we observe that Theorem B3 cannot be applied
since for all x,y,z € [0,1], we have m(x,y, z) = S(z,y, 2)
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