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1 Introduction

Let H be areal Hilbert space with inner product (-) and norm ||-|| , respectively.
Let K be a nonempty closed convex subset of H. Let F' be a bifunction from C'x C
into R, where R denotes the set of real numbers.

An equilibrium problem in the sense of Blum and Oettli [ is stated as follows:

Find z* € C such that f(z*,y) >0 for all y € C. (1.1)

Problem of the form () on one hand covers many important problems in opti-
mization as well as in nonlinear analysis such as (generalized) variational inequal-
ity, nonlinear complementary problem, nonlinear optimization problem, just to
name a few. Convex minimization problems have a great impact and influence in
the development of almost all branches of pure and applied sciences.

Recall that a mapping S : K — K is said to be nonexpansive if

15z =Syl < llz =y, Vo,ye K.

A subset K C H is called proximal if for each x € H, there exists an element
y € K such that

dist(z, K) := ||z — y|| = inf{[|z — 2| : 2 € K}.

We denote by B(K), C(K), and P(K) the collection of all nonempty closed bounded
subsets, nonempty compact subsets and nonempty proximal bounded subsets of
K, respectively. The Hausdorff metric H on B(H) is defined by

H(Ky, K>) := max{ sup dist(z, K»), sup dist(y, K1)}, VK1, K, € B(H).
rzeKy yeKo

Let S : H — 2% be a multivalued mapping, of which the set of fixed points
is denoted by Fix(S),i.e., Fix(S) := {x € Sz : ¢ € K}. A multivalued mapping
S: K — B(K) is said to be nonexpansive if

Existence theorem for fixed point of multivalued contractions and nonexpan-
sive mappings using the Hausdorff metric have been proved by several authors;
see,e.g., |2, B]. Later, an interesting and rich fixed point theory for such maps and
more general maps was developed which has applications incontrol theory, convex
optimization, differential inclusion, and economics.

Lately, the problem of finding a common element of the set of solutions of
equilibrium problems and the set of fixed points of nonlinear mappings has become
an attractive subject, and various methods have been extensively examined by
many authors; see,e.qg., [@, B, B, [, 8, 9, [0]. It is noteworthy to mention that almost
all the existing algorithms for this problem are based on the proximal point method
applied to the equilibrium problem combining with a Mann iteration to fixed point
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problems of nonexpansive mappings, of which the convergence analysis has been
considered if the bifunction F' is monotone. The reason is that the proximal
point method is not valid when the underlying operator F is pseudomonotone.
Another basic idea for solving equilibrium problems is the projection method; see,
e.g., [, ©2]. Nevertheless, Facchinei and Pang [[3] present that the projection
method, in general, is not convergent for monotone variational inequality, which
is a special case of monotone equilibrium problems.

In 2008, Tran etal. [4] introduced an extragradient method for pseudomono-
tone equilibrium problems, which is computationally expensive because of the two
projections defined onto the constrained set. Efforts for deducing the computa-
tional costs in computing the projection have been made by using penalty function
methods or relaxing the constrained convex set by polyhedral convex ones; see,
e.g., [Ih, 06, 7, IR, 19].

In 2011, Santos and Scheimberg [19] further proposed an inexact subgradi-
ent algorithm for solving a wide class of equilibrium problems that requires only
one projection rather than two as in the extragradient method, and of which
computational results show the efficiency of this algorithm in finite dimensional
Euclidean spaces. On the other hand, iterative schemes for multivalued nonexpan-
sive mappings are far less developed than those for nonexpansive mappings though
they have more powerful applications in solving optimization problems; see. e.g.,
[20, P, 22] and the references therein.

In 2014, Wen [23] introduce a hybrid subgradient method for finding a common
element of the set of solutions of a class of pseudomonotone equilibrium problems
and the set of fixed points of a finite family of multivalued nonexpansive mappings
in Hilbert space. He proposed the following iterative method:

Wy, € 8€W,F(xn, ’)Ina
Un = Pr(Tn — YnWn), Y= ma (1.3)
Tptl = QpZp + (1 - Oén)Zn, n >0,

where 0. F(z,-)(z) stands for e- subdifferential of the convex function F(z,-) at
2, T, = Th(modnN)s 2n € Tnup such that T; is a finite family of multivalued non-
expansive mappings for i = 1,2,... N, and {«a,},{6,}, and {e,} are nonegative
sequences satisfying the suitable conditions. Moreover, he futher proved the weak
and strong convergence theorems of the iterative sequences under the condition of
pseudomonotone definded on a bifunction F.

Motivated by the work of D-J Wen [Z3], in this paper, we first introduce an
iterative algorithm for finding a common element of the set of solutions of a class
of pseudomonotone equilibrium problems and the set of fixed points of two finite
families of multivalued nonexpansive mappings in Hilbert space. Moreover, we
prove that the proposed iterative algorithm converges weakly and strongly to a
common element of the set of solutions of a class of pseudomonotone equilibrium
problems and the set of fixed points of two finite families of multivalued nonex-
pansive mappings under some suitable conditions.
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2 Preliminaries

Let H be a real Hilbert space with the norm || - || and the inner product (-, )
and let K be a closed convex subset of H. For every point x € H, there exists a
unique nearest point in K, denoted by Pk (x), such that

[ = Pr ()] < llz =y, vy € K.

Py is called the metric projection of H onto K. In addition, Pk (x) is characterized
by the following properties: Pk (z) € K and

(x = Pr(x),y — Px(x)) 2 0, (2.1)
lz = ylI* > llo = Pc(2)|* + lly — Pr(2)|?, Vo€ H,y € K. (2.2)
Recall that a bifunction F': K x K — R is said to be
(i) monotone on K if
F(z,y)+ F(y,z) <0, Va,y€ K,
(ii) pseudomonotone on K with respect to z € K if

F(z,y) >0 = F(y,z)<0, VyeK. (2.3)

It is clear that (i)=-(ii), for every z € K. Moreover, F is said to be pseudomonotone
on K with respect to A C K, if it is pseudomonotone on K with respect to every
x € A. When A = K, F is called pseudomonotone on K.

To study the equilibrium problem (), we may assume that A is an open
convex set containing K and the bifunction F': A x A — R satisfy the following
assumptions:

(C1) F(z,z) =0 for each z € K and F(x,-) is convex and lower semicontinuous
on K;

(C2) F(-,y) weakly upper semicontinuous for each y € K on the open set A;

(C3) F pseudomonotone on K with respect to EP(F, K) and satises the strict
paramonotonicity property,i.e., F(y,2) = 0 for z € EP(F,K) and y € K
implies y € EP(F, K);

(C4) if {z,} € K is bounded and ¢, — 0 as n — oo, then the sequence
{w,} with w, € O, F(xy,-) is bounded, where J.F(z,-)x stands for the
e-subdifferential of the convex function F(z,-) at z.

The following lemmas will be useful for proving the convergence result of this
paper.

Lemma 2.1. ([27]) Let H be a real Hilbert space. Then, for oll x,y € H and
A € R, we have

A2+ (1= Nyll* = Ml + @ = NIyl = A1 = Nz =yl
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Lemma 2.2. ([26]) Let H be a real Hilbert space. Then for all z,y € H,

Iz = yl* = llz[I* — ly]I* — 2(z — v, 9).
Lemma 2.3. ([2Z4]Opial’s condition) Let H be a real Hilbert space. If for each
sequence {x,} in H which converges weakly to a point x € H, then

liminf ||z, — z|| < liminf ||z, —y||, Yy € H,y # x.

Lemma 2.4. ([2R]) Let {ay,} and {b,} be two sequences of nonnegative real num-
bers such that
ap+1 < ap + bn, n >0,

where Y b, < co. Then the sequence {a,} is convergent.
Lemma 2.5. ([Z1]) Let K be a nonempty closed convexr subset of a real Hilbert

space H. Let T : K — C(K) be a multivalued nonexpansive mapping. If x, — q
and limg, s oodist(x,, Tx,) = 0, then q € Tq.

3 Main Results

In this section, we first introduce the following iterative algorithm.

Algorithm 3.1. Let K be a nonempty closed convex subset of a Hilbert space H.
Let F be a bifunction from K x K into R. Let {S;}N., and {T;}}¥., be two finite
families of multivalued nonexpansive mappings from K into C(K). For a given
xo € K, arbitrarily, suppose the sequence {xyn}, {yn}, {un} and {w,} are generated
iteratively by

Wy, € Oc, F(Tp,y ) Tn;
Up = PK(:CTL - Vnwn)v Yn =

Tpy1 = QuYn + (1 — an)z,, n >0,

B .
max{on;llwn|}’ (31)

where S, = n(modN); Un € Splp,, Ty = n(modN),?n € T {an}v{ﬁn}v{)‘n}
and {e,} are nonnegative sequences.

Next, we prove the weak convergence of Algorithm BT is investigated under
certain assumptions.
Theorem 3.2. Let K be a nonempty closed convex subset of a Hilbert space H
and F : K x K — R be a bifunction satisfying (C1)-(C4). Let {Si}£i1 and {Tz}i\i1
be two finite families of multivalued nonexpansive mappings from K into C(K)
such that Q@ = Y, (Fix(Si) N Fix(n)) NEP(F,K) # ¢ and Si(q) = Ti(q) = {q}
fori=1,2,...,N and q € Q. Assume that 0 < ¢ < o, < o, {an}, {Bn}, {\n} and
{en} are nonnegative sequences satisfying the following conditions:
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(i) an €[a,b] C (0,1) ;
(11) ZZO:O ﬁ’ﬂ = o0, EZO:O 6721 < 00 and ZZO:O Bnen < 0.

Then the sequence {x,} generated by (Bdl) converges weakly to T € €.

Proof. We divide the proof into four steps as follows.
Step 1. For every p € € and every n, we show that

1 = plI* < [l = pI* +2(1 = o) ymen + 2(1 — ) By,

and there exists the limit
c¢:= lim ||z, —p|
n— o0

Let p € Q. Then by (8) and Lemma P, we have

IIyn*sz = ”)‘nanr(l*)‘n)vn*p”z
= [Aa@n —p) + (1 =) (00 —)|?
Anllzn _pH2 + (1= An)llon — pHQ_ n(1=An)[zn _UHHZ
= Anllzn 7p||2 + (1 — Ap)dist(vn, Snp) = A (1= An)[lzy — Un”2
< Al _pH2 + (1 = An) H(Shun, Snp) = A1 = An)l[2n — Un||2
< Anllzn = pl? 4 (1= M) lun = Pl = An(1 = Ao [0 — vnl[*. (32)

Using (B2) and Lemma 22, we obtain

|Tnt+1 — p”2 = |lan(yn —p) + (1 — an)(2n )H2

= an||yn—p||2+(1—an)” p|| _O‘n(l_an)Hyn_ZnH
anllyn — p||2 + (1 — o )dist(zn, np) —an (1l —an)llyn — Zn||2

< anllyn — p”2 + (1 — an)H(Tyun, np) —an(l—an)llyn — Zn||2

< anllyn = ol 4 (1= an)llun = p[* = an(l = @n)|lyn — 2

< ap (/\n”xn _pH2 + (1 - )‘n)Hun —p||2 - /\n(l - )‘n)Hxn - vn”Q)
+(1 — an)lun — ]0”2 — an(l —an)llyn — ZnH2

= anpllT, — pH2 + (1 = ann)llun — p||2 —anAn(l = An)llzn — ”n”Q
—an (1= an)lyn — Zn||2

= apAnllzn _pH2
+(1 - an)‘n)(”mn —p||2 — |z — un||2 +2(p — Un, Tn — Un>)
—apAn (1= Ap)|lzn — UnHQ —an(l—an)llyn — Zn||2

=z = D)2 + (1= andn) (2(@n =ty p — wn) — |20 — un %)
—anAn (1= Ap)l[2n — UnHQ —an(l —an)llyn — Zn||2

< ||xn*p‘|2+2(1 — QpAp )(Tn = Un, P — Un)

—anAn (1= Ap) ||z — UnH2 —an(l—ap)|lyn — Zn||2 (3.3)
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Using w,, = Px (2, — ypwy,) and (2.1), we have
(Tn —Un,p—Up) = (Tn— Pr(Tn — YnWn),p — Un)
< 'Yn<wn7p - un>' (34)
Using u,, = Px (2, — ypwy) and z,, € K, we obtain
||xn - un||2 = <xn — Up,Tp — un>
S '7n<wn7$n - un>

< Ynllwnll|zn — unl|

B
= - [wnl[[€n = un|
max{oy, [|wn|}

which implies that ||z, — u,| < 8,. By (B3), (84) and (BH), we obtain
lZnsr —2I* < llza — 21+ 2(1 — ) V0 (Wn, p — un)
—an A (1= X)) |z — va|)?
= lzn = 2> +2(1 — an) (W (Wns D — Tn) + VW T — un))
—anAn (1= \p)||lzn — vn||2
= |lon - p||2 +2(1 = ap) Vo (Wn, p — T0) + 2(1 — @) Vn {Wn, Tn — up)
— A (1 = X)) |20 — v ||?

< lon — p||2 +2(1 = an) Vo (wn, p — T0) + 2(1 — an) v llwn | [|2n — un |
—anAn (1 = N |2 — v ||?
< on *p||2 +2(1 — ap)Vn{wn, p — Tn) +2(1 70%)53

—an A (1= N |70 — v |2 (3.6)
Since wy, € O, F(2n, )(xn) and F(z,z) = 0 for all x € K, so we have
(Wnyp — Tp) < F(xp,p) — Fxpn, Tn) + €5
< F(xp,p) + €n. (3.7)

On the other hand, since p € EP(F, K),i.e., F(p,z) > 0 for all z € K, by the
pseudomonotonicity of F with respect to p, we have F(z,p) < 0 for all z € K.
Replacing x by x,, € K, we get F(x,,p) < 0. Then from (88) and (822), it follows
that

i =pI* <l = plI* + 21 = an) o (wn, p — ) + 2(1 — an) B,
—anAn (1 = Ap)|lzn — Un”2
S p”2 +2(1 — an) v (F(@n, p) + €n) +2(1 — an)ﬁg
—anAn (1 = An)|[n — vn
= |z, — p||2 +2(1 = an) v F(2n,p) + 2(1 — an)ynen +2(1 — an)ﬁ?z
—an A (1 = N ||z — v ||?
S p||2 +2(1 — an)nen +2(1 - O‘n)ﬁi (3-8)
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Appply Lemma P4 to (BR), we get the existence of
c:= lim ||z, — p|.
n—oo

Step 2. For every p € Q, we show that limsup,,_, .. F(x,,p) = 0.
Let p € Q. Since F is pseudomonotone on K and F(p,z,) > 0, we have
—F(zy,p) > 0. From (B3R), we have

2(1 — )y [ - F(:L‘n,p)] < |lzp *p”Q — [|Tnt1 *p”Q +2(1 = an)ynen +2(1 — an)ﬂi
= Jlzn = plI* = zns1 — pII° + (1 — o) (27nen + 282)
< 2w = plI* = |ns1 — plI* + 27nen + 282 (3.9)

Summing up (B9) for every n, we obtain

0<2 Z(l — ) Yn| — F(zn,p))

n=0
<3 fan—plP = Joner —plP+23 e +23 62
n=0 n=0 n=0 n=0
= llzo —pl* +2) men +2) 42 < +o0 (3.10)

n=0 n=0

By the assumption (C4), we can find a real number w such that ||w,| < w for
every n. Setting L := max{o, w}, where o is a real number such that 0 < o,, < &
for every n, it follows from (i) that

n=0

<2(1-0b ns
=2 max{aw}Z Fan,p)]

F(xn,p)]

<23 (0w~ Flanp)] < +oc,
which implies that
ﬁi@J—F@mm]<+m. (3.11)
n=0
Combining with —F(z,,p) > 0 and Y~ , B, = oo, we can deduced that

lim sup F(z,,p) =0.

n—oo
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Step 3. We show that any weak subsequential limit of the sequence of {z,} is
an element of . To do this, suppose that {z,,} is a subsequence of {z,}. For
simplicity of notation, without loss of generality, we may assume that z,,, — Z as
1 — 00. By convexity, K is weakly closed and hence & € K. Since F'(-,p) is weakly
upper semicontinuous for p € 2, we have

F(z,p) > lim sup F(z,,,p) = lim F(z,,,p)

71— 00 71— 00

ILm sup F(xnvp) =0. (312)

By the pseudomonotonicity of F with respect to p and F(p,Z) > 0, we obtain
F(z,p) <0. Thus F(z,p) = 0 Moreover, by assumption (C3), we can deduce that
Z is a solution of EP(F, K). On the other hand, it follows from (83) and condition
(ii) that

nhﬁngo |xn — un| = 0. (3.13)
From (BR) and conditions (i)-(ii), we have
2

(1= Aoz = val* < [l = plI* = 201 = plI* +2(1 — an)ynen +2(1 — ) B2,

taking the limit as n — oo yields

nh%rrgo |xn —vnl =0, (3.14)
and thus
lim dist(xy,, Spu,) < lim ||z, — v,|| = 0. (3.15)
n— o0 n—oo

Again from (B3), (84), (BH) and conditions (i)-(ii), we have
an(L = A)lyn = zall? < ll2n = 21 = 2041 = p1* + 2(1 = an)men +2(1 — an) B,

taking the limit as n — oo yields

Jim [y, — zn[| = 0, (3.16)
and thus
nh_)n;g dist(yn, Sntn) < nh_{lgo lyn — znll = 0. (3.17)
It follows that
Jim g =] = lm (1= ) on =2, = 0 (3.18)

Notice that
”Zn - an < ”ZTL - yn” + ”yn - an- (3'19)
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Combining and (BI8), we obtain

nl;néo |z, — 2, || = 0. (3.20)
Using (B) again, we obtain
[Znt1 = znll = [lanyn + (1 — an)zn — 20

o (yn = 2n) + (20 — T2 |

< anllyn — 2l + |70 — 24|
< anllyn = zall + |20 — yall + v — 2l (3.21)
From (8721), we have
|Tn1 —2nll < anllyn — 2zull + |20 — ynll + llyn — 2all, (3.22)

taking the limit as n — oo yields
nh_)ngo |znt1 — x| = 0. (3.23)
It follows that
lim [|Zpi; — 2] =0, i=1,2,...,N. (3.24)
n—oo
Notice that
[unt1 = unll < Junt1 = Togall + ([ Zns1 — 2ol + l2n — unl|-
Combining (3T3) and (B=23) we obtain
nl;rr;o [|tnt1 — unl| = 0. (3.25)
This implies that
lm |[tupys —unl| =0, i=1,2,...,N. (3.26)
n—oo

Notice that

dist(un, Snpittn) < |un — zp|| + |20 — Tnail| + dist(@ni, Sntitini)
+H(Sn+iun+ia Sn-l—zun)
< lun = zoll + |20 — Tyl + dist (@i, Snitingi)

Hlun+i — unll-
Together with (B13), (813), (B224) and (B2H), we have

lim dist(un, Spiittn) =0, i=1,2,...,N, (3.27)

n—oo
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which implies that the sequence

N
U{dist(un, Sptitin)In>0 = 0 as n— oco. (3.28)
=0

Fori=1,2,..., N, we note that

{diSt(un» Siun)}nzo = {diSt(una Sn+(i—n)un)}n20

= {diSt(Um Sn+inun)}n20
N

C (J{dist(tn, Snsitin) }nzo,
=0

where ¢ —n = i, (modN) and 4, € {1,2,..., N}. Thus, we have
lim dist(un, Sjun) =0, i=1,2,...,N. (3.29)

n—oo

Similarly, for i = 1,2,..., N, we obtain

dist(@n, Sixn) < ||2n — unl|| + dist(un, Siun) + H(S;un, Sity)
< 2|y — upll + dist(up, Siun)-

It follows from (BT3) and (B29) that

lim dist(x,, S;z,) =0, i=1,2,...,N. (3.30)
n—oo
Applying Lemma P73 to (B230), we can deduce that Z € Fix(S;) fori =1,2,..., N.
In a Similar way, we can show that Z € Fix(T;) for i = 1,2,...,N. So, we get

z €.

Step 4. Finally, we prove that {z,,} converges weakly to an element of 2. Indeed
to verify that the claim is valid it is sufficient to show that w,,(x,) is a single point
set, where wy(z,) = {z € H : z,, — z} for some subsequence {x,,} of {x,}.
Indeed since {x,} is bounded and H is reflexive, w,(z,) is nonempty. Taking
P1,P2 € wy(wy) arbitrarily, let {z,,} and {z,,} be subsequences of {z,} such
that z,, — p1 and x,; — po respectively. Since lim,, , ||z, — p|| exists for all
p € Q and p1,p2 € Q, so we get lim,, o ||z, — p1]] and lim, o0 ||x — p2|| exist.
Now let p; # p2, then by Opial’s condition this yields

Jim 2y —pofl = lim |z, —pa
< lim [z, —pofl
k—o0
= lim ||z, — pa|
n—0o0
= lim [z, — pof|
Jj—oo
< lim [z, —; —pa
n—0o0

= lim |z, —pi||
n—00
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which is a contradiction. Thus, p; = pa. This shows that w,,(x,) is a single point
set, i.e.,x, — . This completes the proof. O

Putting A, = 1 for all n € N and S; = I which is the identity operator in
Theorem B2 for ¢ = 1,2,..., N, we obtain the following results.

Corollary 3.3. (Dao-Jun, Wen [23, Theorem 3.1]) Let K be a nonempty closed
convex subset of a Hilbert space H and F : K x K — R be a bifunction satisfying
(C1)-(C4). Let {Tz}i\]:1 be a finite family of multivalued nonezpansive mappings
from K into C(K) such that = ﬂf\il Fix(T;) NEP(F,K) # ¢ and T;(q) = {q}
fori=1,2,...,N and q € Q. For a given point g € K,0 < ¢ < o, < 0, let {z,}
be defined by

W, S aenF(xny ')xnv
Un = Pk (Tn = Wn)y Yo = mafe o] (3.31)
Tpt1 = anZp + (1 —ap)z,, n >0,
where Ty, = Tyy(modN), Zn € Tntin, {an}, {Bn}, and {e,} are nonegative sequences
satisfying the following conditions:

(1) ap €a,b] C (0,1) ;

(2) Donto B = 00,2 020 B < 00 and 3277 Buen < 00
Then the sequence {x,} generated by (B=3) converges weakly to T € ().
Corollary 3.4. Let K be a nonempty closed convex subset of a Hilbert space H
and F : K x K — R be a bifunction satisfying (C1)-(C4). Let S and T be two
multivalued nonexpansive mappings from K into C(K) such that Q = Fix(S) N
Fix(T) NEP(F,K) # ¢ and S(q) = T(q) = {q} for all ¢ € Q. Assume that

0<c<on <o {an}, {Bn},{ M} and {e,} are nonnegative sequences satisfying
the following conditions:

(i) an €[a,b] C (0,1) ;
(i) YooioBn =00, 3020 Bn < 00 and 307 Bren < 00.
Then the sequence {x,} generated by (B) converges weakly to T € Q.

Proof. Putting N =1 in Theorem B=2. O

Next, we prove the strong convergence of proposed algorithms is investigated
under certain assumptions.

Theorem 3.5. Let K be a nonempty closed convex subset of a Hilbert space H
and F : K x K — R be a bifunction satisfying (C1)-(C4). Let {Si}iil and {Tz}i1
be two finite families of multivalued nonexpansive mappings from K into C(K)
such that Q = Y, (Fix(Si) N Fix(Ti)> NEP(F,K) # ¢ and Si(q) = Ti(q) = {q}
fori=1,2,...,N and g € Q. Assume that 0 < ¢ < o, < o, {an}, {Bn},{\n} and
{en} are nonnegative sequences satisfying the following conditions:
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(i) an €[a,b] C (0,1) ;

(i) D07 g Bn =00,> 00 B2 <00 and Yo7 Bnén < 00.
Then the sequence {x,} generated by (B) converges strongly to T € Q.
Proof. By a similar argument to the proof of Theorem B2 and (E4), we have

lyn — Pa(za) I < llyn — 2l® = |20 — Pa(z,)|?
< ”yn - xn||2 (3.32)
and
2 2 2
[z = Palzn)[I” < ll2n — znll” = [lzn — Pa(za)|" (3.33)

It follows from (B=32) and (B=33) that

H2 ||anyn+(1_an)zn_PQ(xn))H2

|Zn+1 — Pa(Tny1)

< lan(yn = Palxa)) + (1 = an) (20 — Po(z,))||*
< anHyn_Pﬂ(xn)||2+(1_an)||zn_P9($n)H2
< anllyn _xn”2

+(1 - an)(llzn - anQ - Hxn - Pﬂ(mn)HQ)
< anHyn_$n||2+(1_an)||zn_xn”2

—(1 = ap)||zn — Pala,)|*. (3.34)

Combining (BIR), (B220) and the boundedness of the sequence {z, — Po(zn)} ,
we obtain

B [t — Palea)]| = 0. (3.35)

By the assumptions (C1) and (C2), the set Q is convex. For the simplicity of
notation, let s, := Pq(z,) for each n > 1. Then, for all m > n we have

1
—(8m + 8n) € Q,

2
and thus
2 2 1 2
= sull? = 2l|2m — sl + 2lam — snl* = 4| — 5 (5m + 5)]|

2 2 2

< 2l|zm = smll” + 2[zm — snll” — 4llzm — sl
2 2

=2||xm — Snll” — 2/|Tm — sm||”- (3.36)

Using (BR) with p = s, we have
me - Sn||2 S ||:Em71 - Sn||2 + 2(1 - O‘mfl)’}’mflemfl + 2(1 - amfl)ﬁgnfl

[ Zm—2 — Sn||2 +&m-1+&m—2

INIA

m—1
< lzn — STL”2 + Z & (3.37)

Jj=m
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where & = 2(1 — a)y;€; + 2(1 — a;)37. Tt follows from (B=30) and (B3B) that

m—1

[$m — 5n||2 < 2|z, — SnH2 +2 Z & = 2lzm — 3m||2- (3.38)

j=n

Together with (B33) and 3.7 '¢; < oo this implies that {s,} is a Cauchy se-

J=n

quence. Hence {s,} strongly converges to some point x* € 2. However, since
Sn, := Pq(xy,), letting i — oo, we obtain in the limit that
¥ = lim Pq(z,,) = Pa(Z) = 7, (3.39)
1—00

which implies that Po(z,) — 2* = Z € Q. Then, from (830), (B=33) and (8=39)
we can conclude that x,, — x*. This completes the proof. O

Putting A\, = 1 and S; = I which is the identity operator for i = 1,2,..., N

and lim,, . o, = 3 in Theorem B4, we obtain the following results.

Corollary 3.6. (Dao-Jun, Wen [23, Theorem 4.1]) Let K be a nonempty closed
convez subset of a Hilbert space H and F : K x K — R be a bifunction satisfying
(C1)-(C4). Let {Tl}f\fz1 be a finite family of multivalued nonexpansive mappings
from K into C(K) such that Q = ﬂf\[:l Fix(T;) NEP(F, K) # ¢ and T;(q) = {q}
fori=1,2,...,N and q € Q. For a given point zg € K,0 < ¢ < o, < 0, let {z,}
be defined by

Wn, S aenF(xna ')ifn,
Up = Pr(Tn — Ynwpn), Yn = ma (3.40)
Tnt+1 = OpTp + (1 - an)zna n > 0’

where Ty, = Ty(modNys Zn € Tntin, {an},{Bn}, and {e,} are nonegative real se-
quences satisfying the following conditions:

1
27
(2) S0 ) Bn=00,> 00 o B2 <00 and Y oo Bnén < 00.

Then the sequence {x,} generated by (BZMO) converges strongly to x* € Q.

(1) an €a,b] C (0,1) and limy, o0 vy, =

Theorem 3.7. Let K be a nonempty closed convex subset of a Hilbert space H and
F: K x K — R be a bifunction satisfying (C1)-(C4). Let {Si}f\;l and {E}fil be
two finite families of multivalued nonexpansive mappings from K into C(K) such
that Ps, = {y € Sz : dist(x, S;z) = ||z — y||}, Pr, :== {y € Tiz : dist(z, Tiz) =
|z —y||} and Q = ﬂfil (FiX(Si) N FiX(’E)) NEP(F, K) # ¢. Assume that 0 <
¢ < op <o {an}, {Bn},{\n} and {e,} are nonnegative sequences satisfying the
following conditions:
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(i) o €fa,b] € (0,1) ;
(i) 3o0zoBn = 00,2252 Bn < 00 and 37,7 Bnen < 00

Then the sequence {x,} generated by (B) converges strongly to T € .

Proof. Taking p € Q, then Ps, (p) = Pr, (p) = {p}. By substituting Ps instead of
S and similar argument as (B=30) in the proof of Theorem B2 we obtain

lim dist(xy,, S;(x,)) < li_>m dist(ay,, Ps, (25)) = 0. (3.41)
n— oo n o0

By compactness of K there exists a subsequence {x.,, } of {z,} such that limg_, o0 ©p, =
x* for some z* € K. Since Pg, is nonexpansive for ¢ = 1,2, ..., N, we have
dist(z*, S;(z*)) < dist(x*, Ps, (z*))
< ||$* = Ty, ” + diSt(w’ﬂk’PSi (mnk)) + H(Psi (mnk)’ Ps, (:1?*))
<2|a* — g, || + dist(xn,,, Ps; (%n,))- (3.42)

It follows from (BZ) and (BZ2) that
lim dist(z*, S;(z*)) =0, (3.43)

k—o0
which implies that z* € ﬂf;l Fix(S;). In a similar way, we can show that z* €
ﬂivzl Fix(T;). Since {x,,, } converges strongly to z* and lim,_, ||z, — 2*|| exists
(as in the proof of Theorem B3), we find that {z,} converges strongly to z*. This
completes the proof. O
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