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1 Introduction

The usual way to define the integrals using Riemann approach, is through the

Riemann sums
S(f,D) = (D) > f(E],

where D = {(¢,1)} is the division of domain [a, b], with some control condition
on D. The well-known integrals using Riemann approach are the Riemann inte-
gral, the McShane integral and the Henstock integral, see, for example, [1I]. The
Henstock integral, also known as the Kurzweil-Henstock integral, is non-absolute
integral, while the McShane integral, equivalent to the Lebesgue integral, is an
absolute integral.

The point-interval pairs (£, 1) in the division D are chosen by taking the tag
point & first. After that we always use some control condition to choose an associ-
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ated interval I. For example, for the Henstock case, for each point £, an associate
interval I must satisfy the condition

§elC(§£—0(8),6+6(8))s

where §(§) is a positive number depend on the tag point . For the Riemann
integral, 0(§) is the positive constant, i.e., §(§) = d for all € € [a, b]. The McShane
integral relaxes the condition of the Henstock such that £ may or may not be
contained in 1.

In this paper, we change the way to define the division D of [a,b]. We shall
choose an interval [ first, then choose tag point £ under some condition. We shall
use the interval-point pair (I,§) instead of point-interval pair (£, I).

2 Riemann B-integral on [a, b]

In this note, let R denote the set of all real numbers and |I| denote the length
of interval I C R.

A set-valued function v defined on the set of all non-degenerate closed subin-
tervals of [a,b] is called a tag function on [a,b] if v(I) C [a,b] for all I C [a,b].
An interval-point pair (I,£), where I C [a,b] and £ € [a,]], is said to be v-fine if
Eenv(l) #£0.

A finite collection of interval-point pair, D = {(I,€)}, is called to be v-fine
partial division of [a,b] if {I} is a partial partition of [a, b], that is, their union
is a subset of [a,b], and each (I,€) is v-fine. In addition, if {I} is a partition of
[a,b], then D is said to be a v-fine division of [a,b].

A tag function v is said to have the division property if for every subinterval
[e,d] of [a,b], there exists a v-fine division of [¢, d].

Let B be a collection of tag functions on [a, b], with the division property. Let
v1, U2 € B, we say that ve is finer than vy, denoted by v < wva, if vo(I) C v1(I) for
all non-degenerate closed subintervals I of [a, b]. Clearly, the collection B together
with the relation < on B, (B, <), is a partially ordered set. B is said to be a
filtered set on [a,b] if the partially ordered set (B, <) is directed, i.e., for any
v1,v2 € B, there exists v € B such that v; < v and vo < v. We note that the
division and filtering properties play very important role in the proofs.

Definition 2.1 (Riemann B-integral). Let B be a filtered set on [a,b]. A real
valued function f defined on [a, b] is said to be Riemann B-integrable to A on

[a, b] if for every € > 0, there exists a tag function v € B such that for every v-fine
division D = {(I,&)} of [a, b], we have

[S(f,v,D) — A| <e,
where S(f,v, D) = (D) f(€)|I]. We denote A by (B) f; f.

Note that, ideas of Riemann B-integrals are given in [2[3]. We can prove easily,
by using Cauchy’s Criterion, that the Definition 2J]and the definition using Upper
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and Lower Riemann sums in [2/[3] are equivalent. The Definition 2] we use here
is the usual way to define the integral using Riemann approach. The proof of all
basic properties such as uniqueness, linearity, etc., are straightforward.

Theorem 2.2 (Cauchy’s Criterion). Let B be a filtered set on [a,b]. A function f
is Riemann B-integrable on [a,b] if and only if for every e > 0, there exists a tag
function v € B such that for every v-fine two divisions D and D’ of [a,b], we have

1S(f,0,D) = S(f,v,D')| <e.
Proof. The proof is standard (see [I]). O

Theorem 2.1 (Henstock’s Lemma). Let B be a filtered set on [a,b]. If f is
Riemann B-integrable to F on [a,b], for every e > 0, there exists a tag function
v € B such that for any v-fine partial division D of [a,b], we have

(D)1 @MU = F(D)] < e
Proof. The proof is standard (see [1). 0

Let n be a positive constant. Let v be a tag function on [a,b] defined by
vy(I) = I if |I| < n; and v,(I) = () otherwise. Let § be a positive real values
function defined on [a,b]. Let vg(I) = {§ € [a,b] : I C (£ — B(£),€ + B(§))}. Let
d be a positive real-value function defined on [a,b]. Let vs(I) = {§ € [a,b] : £ €
IC(£—-6(8),6+0(8))} By Heine-Borel theorem, vy, vg and vs have the division
property. Let Bg = {v, : 7> 0}, Bar = {vg : B(§) > 0} and By = {vs : 6(§) > 0}.
Clearly that, Br, By and By are filtered sets on [a, b].

Example 2.3. Let f : [0,1] — R be defined by f(z) = 1 if = is rational; and
f(z) = 0 otherwise, i.e., f(z) = xq, where Q is the set of all rational number.

Let 0 < e < 1. Let v, € Bg. Let D = {(1,£)} and D' = {(¢',I')} be two v,,-
fine divisions of [0, 1]. Note that, if we take an interval I from interval-point pair
(I,€) € D, vy(I) # 0, whenever D is a v,-fine division, that is, by definition of v,
we have v, (I) = I for such I. Thus v, (I) is an non-degenerate closed subintervals
of [0,1]. Since Q is dense in R, we may assume that £ € Q for all (1,£) € D and
& eQeforall (¢,1') € D'. Hence

[S(f.0,D) = S(f,0, D) = |(D) Y11= (D) D0l =1 = 0] = 1 > .

Hence, by Cauchy’s Criterion, f is not Br-integrable on [0, 1].

Now we shall consider the collection Byr. Write QN [0,1] = {r1,72,...}. Let 8
be a positive function defined on [0, 1] defined by 3(r;) = 5 for all r; € QN [0, 1]
and 8(§) = lforallz € Q°N[0,1]. Let vg(I) ={£ € [0,1]: I C (§—p(8),E+8(€))}.
Clearly, vg € By
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Notice that for any I C [0, 1],
vg(I) ={€ €[0,1] : T C (£ — B(), £+ BE)}
={€eQn[0,1]: I C (§-B(£),£+B(£)} u{€eQ N0, 1] : T € (§-1,6+1)}
€ € .
:{Tj 1 C (5— gag‘i‘g)}U(Q n[0,1]).
Thus, there are two kinds of points in v,(I). The rational point r; such that
IC (5 — 57, &+ 2%) and the irrational points. However, for the irrational points

the function f vanishes there.
Let D = {(I,&)} be a vg-fine division of [0,1]. Hence,

€
5T = 2e.

(D 3HGIIES IS SR GIH KN I SR GHIES S

£€QN(0,1] £€Q°NI0,1]
Therefore, f is Bys-integrable on [0, 1].

From the above example, we can see that the Riemann B-integrability of f
does not only depend on the function f itself but also depend on the choice of the
collection of tag functions B.

Notice that for every two filtered sets B and B’ on [a,b] if B C B, then every
tag function v in B is again a tag function in B’. Therefore we get the following
theorem.

Theorem 2.4. Let B and B’ be two filtered sets on [a,b] such that B C B’ and
f i la,b] = R. If f is Riemann B’-integrable on [a,b], then f is Riemann B-

integrable on [a,b] and
b b
® [ 1= [+

It is easy to see that division induced by the tag functions v,,, vg and vs above
are equivalent to divisions induced by Riemann, McShane and Henstock integrals,
respectively. Hence, we have the following theorems.

Theorem 2.5. A real valued function f define on [a,b] is a Riemann integrable
on [a,b] if and only if f is Riemann Bg-integrable on [a, b).

Theorem 2.6. A real valued function f define on [a,b] is a McShane integrable
on [a,b] if and only if f is Riemann Byr-integrable on [a,b].

Theorem 2.7. A real valued function f define on [a,b] is a Henstock integrable
on [a,b] if and only if f is Riemann By -integrable on [a,b).

For the definitions of Riemann, McShane and Henstock integral, see [I].
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3 Fundamental Theorem of Calculus

A collection B of tag functions on [a, b] is said to has a local character if for
each £ € [a, ], a tag function ve € B is given, then there exists a common v € B
such that v(I) C ve(I) whenever & € v(I).

We remark here that the filtered set By, and By have a local character, but
Br does not. For example, for each & € [0,1], let ve(I) = T if |I| < € and ve (1) = 0)
otherwise. Clearly that ve € By for all £ € [0, 1]. We shall point out that Br does
not have local character. Suppose that Br has a local character, i.e., there exist
a positive constant 7 such that v(I) = I if |I| < n and v(I) = () otherwise, and
v(I) C ve(I) whenever £ € v(I). Choose v = § and I = [0,2]. So, |I| =3 >z,
that is, v, (I) = 0. Hence x € v(I) but v(I) € v,(I). Contradict to the assumption
that v is a local character. Therefor Br does not have a local character.

A local character plays very important role in the proofs of the Fundamental
Theorem of Calculus.

Example 3.1. Let By = {vs : 6(§) > 0} be a filtered set on [a,b] defined as
above. For each § € [a,b], choose vs, € By. Let § : [a,b] — (0,00) be defined by

5(¢) = Ge(€). Clearly,
vs(I) ={€ €a,b] : £ € I S (£ —0(£),§ +6(6))}
={felab]: £ €T C(§—0:(5),&+0:())}
= s, (I)

for all I € Z. Thus vs(I) C vs,(I) whenever { € vs(I). Hence By has a local
character.

Let Z be the collection of all subinterval of [a,b]. An interval function F': Z —
R is said to be additive if F(IUJ) =F()+ F(J) forall I,J € Z with INJ = (.

Definition 3.2. Let B be a filtered set on [a,b]. An interval function F' defined
on Z is said to be B-differentiable at ¢ € [a,b] with B-derivative f(&) if for
every € > 0, there exists a tag function v € B, such that for every non-degenerate
closed subinterval I of [a, b] with £ € v(I), we have

[E(I) = FOII] < el].
We write F5[I] = f(&).

Theorem 3.3. Let B be a filtered set on [a,b] and F an additive B-differentiable on
[a,b]. Suppose B has local character. Then f(§) = Fg[I] is Riemann B-integrable

on [a,b] and
b
B) [ 1= F(ab).

Proof. Let € > 0 be given. For each { € [a, b], there exists vg € B, such that for
every non-degenerate closed subinterval I of [a,b] with £ € ve(I), we have

[E(I) = FOII] < el].
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Since B has local character, there exists v € B such that v(I) C ve(I) whenever
& ev(I). Let D ={(I,&)} be a v-fine division of [a,b]. Then, for every (I,&) € D,
we have € € v(I) C ve(I). Hence,

(D) F(©)11] — F(la. 1| < (D) Y 1)1~ F(D)] < (D) Y | = e(b — ).
Therefore, f(§) = F4[I] is Riemann B-integrable to F([a,b]) on [a, b]. O

Example 3.4. Let f : R — R with antiderivative F' : R — R, that is F'(§) = f(§)
for all £ € R. Let F([z,y]) = F(y) — F(x) for all subinterval [z,y] in R.

Let £ € R. Since F'(€) = f(&), then for each € > 0, there exists d¢ > 0 such
that for any I = [z,y] € (§ — d¢, & + 0¢) with € € I, we have

[F(I) = fOUI = [F(y) = F(x) = f(&)ly — || < ely — ] = €[I].

Let [a,b] CR. Let ¢ : [a,b] — R defined by 6(€) = d¢. Let vs(I) = {£ € [a,b] : { €
IC(£-06(8),£+6(€))}. Then vs € By and for any subinterval I of [a,b] with
& € v5(I), we have

[E(L) = fOU]] < ell].

Thus, for each £ € [a,b], F is B-differentiable at £ with B-derivative f(£). Example
3.1 shows that By has a local character. Hence, by Theorem B.3] f is Riemann
B-integrable on [a, b] and

b
(Bu) / f = F(a,b]) = F(b) - F(a).

By Example 23] f is Henstock integrable on [a, b] and

() / f = F(b) - F(a).

The property discussed in this example is also known as Fundamental Theorem of
Calculus for the Henstock integral, see [I].

Given a pair of functions f and F on [a,b] and € > 0, define
Fe={(,8) - [F(I) = f(OI| = elI]}-

Lemma 3.5. Let B be a filtered set on [a,b] and f be B-integrable on [a,b] with
primitive F, i.e., F(I) = (B) [, f for all subinterval I of [a,b]. If B has local
character, then for every € > 0, there exists a tag function v € B, such that for
every v-fine partial division D = {(I,£)} C T of [a,b], we have

(D) Y IFOHI <€ and (D)) |F(I)] <e. (3.1)
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Proof. Let 0 < € < 1 be given. By Henstock’s Lemma, for every n € N, there
exists a tag function v, € B such that for any v,-fine partial division D of [a, b],
we have

2
D) S IFW) - FOUI < ey

For each n € N, let
Xn={z€a,b:n—1<|f(x)] <n}.

For each £ € X,,, let v¢ = v,. Since B has a local character, there exists v € B such
that v(I) C ve(I) whenever § € ve(I). Let D = {(I,£)} be a v-fine partial division
of [a, b] such that D C T'.. Note that for every (I,€) € D, £ € v(I) C ve(I) = v, (1)
for some n € N. For each n, let D,, = {(I,§) € D : £ € X,,}. Hence,

D)Zlf(é)lflléz )Y 1) |I|<Zn ) Y.

Since D,, C D C T, we have

[E() = FOI] €
D3I < (D)3 < T

Thus,
D) If(¢ |I||<Zn Z|I|<Zn 2n+1:_

Notice that

D)) |F(D| < (D) Y [FI) = fEUI| + (D) Y F @M.

Consider the first sum on the right hand side, we have

& 2
D)y |F(1) |1||<Z )Y IE() |I||<Z#<§
n=1 n=1

Hence

(D)> |F(I)] < 5tz =¢

(|
The inequalities ([B]) are also known as the double Lusin condition, see [4].

Lemma 3.6. Let B be a filtered set on [a,b]. If for every e > 0, there exists a tag
function v € B, such that

D)> |f(©OH < e and (D)) |F(I)| <€

whenever v-fine partial division D = {(I1,£)} C T of [a,b], then f is B-integrable
on [a,b] with primitive F.
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Proof. Let ¢ > 0 and v € B satisfying the double Lusin condition above. Let
D = {(I1,£)} be a v-fine division of [a,b]. Let Dp, = {(I,§) € DNT} C T, and
Df = D\ Dr,. Hence

(D)~ 1)1 = Flla.b)| < (D) I£(©)1T] — F(1)]
< (D) SO + (Dr) S IF ()
+(DF) D IFO] = F(D)]
<ete+ (DE)Y eIl =(2+[b—al)
Therefore, we get the required result. o
We may rewrite Lemma together with Lemma as follows.

Theorem 3.7. Let B be a filtered set on [a,b] with a local character. Then f is
B-integrable on [a,b] with primitive F if and only if for every e > 0, there exists a
tag function v € B, such that

D)y f ()l < e and (D) Y |F(I)] <€
whenever v-fine partial division D = {(I,€)} C T¢ of [a, b)].

Given a pair of functions f and F on [a,b] and a tag function v € B, for each
n € N, define

IV(f,n,v) = sup{ Z IO : D €Ty, is a v-fine partial division of [a, b]}

and

IV(F,n,v) = sup{ Z |F(I)| : D €Ty is a v-fine partial division of [a, b]} .

Define
V(f,n) = inéIV(f,n,v) and IV (F,n) = inéIV(F,n,v).
ve ve

The following theorem is a consequence of Lemma

Theorem 3.8. Let B be a filtered set on [a,b] and f be B-integrable on [a,b] with
primitive F'. Suppose B has a local character. Then for each n € N, we have

IV(f,n) =0 and IV(F,n) = 0.

An interval function F' defined on Z is said to be B-differentiable with B-
derivative f(€) almost all interval-point pairs (I,€) € Z X [a,b], abbreviated a.a.
onZ x [a,b], if IV(f,n) =0 and IV(F,n) =0 for all n € N.

Theorem 3.9. Let B be a filtered set on [a,b] and f be B-integrable on [a,b] with
primitive F. Suppose B has local character. Then Fg(I) = f(§) a.a. onZ x [a,b].
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4 Convergence Theorems

Definition 4.1. Let B be a filtered set on [a,b]. A sequence of function {f,}
defined on [a, b] is said to be Riemann B-equiintegrable to sequence {F,} on

[a, b] if for every e > 0, there exists a tag function v € B such that for every v-fine
division D = {(1,£)} of [a, b], for every n € N, we have

|S(fn,v, D) — F,| <e,
where S(f,v, D) = (D). fu(E].

Example 4.2. Let Q be the set of all rational number. Write Q N [0,1] =
{r1,r2,...}. For each n € N, let f, : [0,1] — R be defined by f,(z) = 1 if
v € {ry,re,...,rn} and f,(x) = 0 otherwise, i.e., fu(®) = X{r1,rs,....r03 (T)-

Let € > 0 be given. Let

ve(I) = {rj;.rg (5— ;,g+§)}u(@m[o,1]).

Let B = {v. : € > 0}. Note that B C Bys. It is easy to see that the sequence of
function { f,} is Riemann B-equiintegrable to sequence {F,, = 0} on [0, 1], because

(D) s < (D) 32 @I +](D) 32 £l <22J "

£€Qnlo,1] £€€Qen(o,1]

whenever D is a v-fine division of [0, 1]. We also note that f,, — xg on [0, 1]. The
next theorem shall guarantee that the xqg is Riemann B-integrable on [0, 1] and

(B’)/O1 xq = lim (B /fn—O

Theorem 4.3. Let B be a filtered set on [a,b]. If {f»} is Riemann B-equiintegrable
to {F,} on [a,b] and f, — f on [a,b], then f is Riemann B-integrable on |a,b)

and
(B )/a f= lim (B /fn

Proof. Let € > 0 be given. There exists a tag function v € B such that for every
v-fine division D = {(I,£)} of [a,b], for every n € N, we have

|S(fn,v,D) — F,| <e.

Let D = {(I,£)} be a v-fine division of [a,b]. Note that the division D = {(I,&)}
is fixed. So, the set of tax point {£ : (I,£) € D} is finite. Since the sequence of



816 Thai J. Math. 15 (2017)/ V. Boonpogkrong

function {f,} is pointwise convergent and { : (I,§) € D} is finite, there exists
N(D) € N such that for every m,n > N(D),

1S(fins v, D) = S(fu v, D)| = |(D) 32 (Fnl&) = )] <.
Thus, for every m,n > N (D), we have

|Fm_Fn| S |S(fm7v7D)_Fm|+|5(fm7U7D)_S(fnavaD”+|S(fn7U7D)_Fn|
<e+|S(fm,v, D) — S(fn,v,D)| + € < 3e.

Note that N(D) depend on D. However, |F,,, — F},| does not depend on D. We
use D to find N. Hence the sequence {F,} is a Cauchy sequence in R. There
exists a real number F' such that F,, — F as n — oo.

Again, let D = {(I,£)} be a v-fine division of [a,b]. There exists N € N such
that for every n > N,

|S(fm,v, D) = S(f,v,D)| < € and |F,, — F| <e.
Hence,
|S(f7U7D)_F| < |S(f7U7D)_S(fn7U7D)|+|S(fn7U7D)_Fn|+|Fn_F| <367

that is, f is Riemann B-integrable to F' on [a,b] and

b b
(B)/sz: lianzlim(B)/ I O

n—oo n—00

Given a sequences of functions {f,} and {F,} on [a,b], define

Pen = {8 [Fa(l) = fn(OUI] = €|1]}.

Definition 4.4. Let B be a filtered set on [a,b]. Sequences of function {f,}
and {F,} on [a,b] are said to satisfy the uniform double Lusin condition,
introduced in [4], if for every € > 0, there exists a tag function v € B, such that
for every v-fine partial division D = {(I,£)} C T, of [a, b], we have

(D) D 1fa(@ < e and (D) Y [Fu(I)] < e.
Example 4.5. Let QN [0,1] = {r1,r2,...}. For each n € N, let g, : [0,1] = R

be defined by g,(rn) = 1 and g,(x) = 0 otherwise, i.e., gn(z) = Xx{r,1(x). Let
G, : T — R be defined by G,,(I) = 0 for all I C [0,1]. Then

Pen =L, : 1Gn(I) = ga(OIII| = €lI]} = {(1,€) : lgn (]| = €lI[} = {(L,mn)}-

if 0 <e<1andI, is empty set if € > 1.
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Let B be a filtered set on [0, 1] defined in Example[d.2] that is, B is the collection
of all function ve(I) = {r; : I C ({ — 5,6+ &)} U(Q°N ).

Let € > 0. We only consider the case when € < 1, because if € > 1, then
Cepn =0. Let D ={(I,£)} be a partial division of [0,1] such that D C I'¢,,. Thus

D)) lgn(é I = 1gn(ra)lll = |I] < =g < e

and
Z|G ) =0<e.

So, the sequences of function {g,} and {G,} satisfy the uniform double Lusin
condition.

Lemma 4.6. Let B be a filtered set on [a,b]. If sequences of function {f,} and
{F,} satisfy the uniform double Lusin condition on [a,b], then {fn} is Riemann
B-equiintegrable to {F,} on [a,b].

Proof. Follow the proof of Lemma [3.6] replace f and F by f,, and F,,, respectively.
O

The following convergence theorem is a consequence of Theorem (3] and
Lemma [£.6]

Theorem 4.7. Let B be a filtered set on [a,b]. If sequences {fn} and {F,} satisfy

the uniform double Lusin condition on [a,b], then f is Riemann B-integrable on

la,b] and
(B) /a f= lim (B / -

Lemma 4.8. Let B be a filtered set on [a,b]. If sequence of Riemann B-integrable
function {fn} to {F,} on [a,b] converge to [ uniformly on [a,b], then {f,} is
Riemann B-equiintegrable to {F,} on [a,].

Proof. Let {f.,} be a sequence of Riemann B-integrable to {F,,} on [a,b] and
fn — f uniformly on [a,b]. Let ¢ > 0. There exists N € N, such that for every
n > N, we have

HfN - fn”oo <e.
So, for any division D of [a, b], we have

(D) HOUI = fv@ITI| < 1 = fulle - (D) YNT < € [ —al.

For n > N, we also have

y[m—wl?

b
Fy — Fu| = |(B <(B) [ iy - full < - p=al.
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For each n € N, f,, is Riemann B-integrable to F), on [a,b], then there exists
a tag function v, € B such that for every v,-fine two divisions D of [a, ], we have

|S(frnsvn, D) — F| <e.

Let v € B such that v finer than v and v, for all n < N. Let D be v-fine
division of [a,b]. Thus, for n < N, we have

|S(fn,v, D) — F,| <e
and, for n > N, we have
1S(fn, v, D) = Fu| < IS(fmv D) —S(fN,v D)[+[S(fn,v, D) = Fn|+ |Fn — Ful
D)y fEU] = x| +e+e-|b—al
<e-|b—a|+€+e~|b—a|:e(2|b—a|+1).

Hence, the sequence { f,,} is Riemann B-equiintegrable to sequence {F,,} on [a, b].
o

The following convergence theorem is a consequence of Theorem and
Lemma (4.8

Theorem 4.9. Let B be a filtered set on [a,b]. If a sequence of Riemann B-
integrable function {fn,} on [a,b] converges to f uniformly on [a,b], then f is
Riemann B-integrable on [a,b] and

@ [ f= 1m (3 /fn

a n—00
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