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1 Introduction

Let E be a nonempty subset of a normed space X. The set E is called g-
starshaped with q € E if the segment [¢, 2] = {(1 — k)q + kz : k € [0, 1]} joining ¢
to = is contained in F for all x € E. Let A, S and T be selfmaps on E. We say
that a selfmap A is affine if E is convex and A(kz 4+ (1 —k)y) = kAz+ (1 — k)Ay
for all z,y € E and for all k € [0,1]. We say that a selfmap A is g-affine if E
is ¢-starshaped and A(kz + (1 — k)q) = kAz + (1 — k)q for all x € E and for all
ke [0,1].

Here we note that every convex set is g-starshaped with respect to any g €
but its converse need not be true. Also every affine map is g-affine, but its converse
need not be true.

Example 1.1. Let X = R? with the usual metric, where R} = [0, 00).

We write By = {(1+a,2+3a): o € Ry}, Ea = {(1+20,2(1+a)) : @« € Ry}
and E = E; U Ey. Then F is g-starshaped subset of X with ¢ = (1,2). But E is
not convex, for, by taking z = (2,5) € E and y = (3,4) € E and k = %, we get
kz + (1—k)y = (3,3). We observe that (3, 2) is not an element of E.

We define a map A: E — E by

(1,2 i (v,y) e E
Az, y) = { 2(z,y) — (1,2) if (z,y) € E;

Then A is g-affine with ¢ = (1,2) while A is not affine since E is not convex.

A selfmap T on FE is said to be A-contraction if there exists k € [0,1) such
that ||Tx — Ty|| < k||Ax — Ay|| for all xz,y € E. If k = 1, then T is called A-
nonezpansive. The set of all fixed points of A (resp. S and T') is denoted by F(A)
(resp. F(S) and F(T)). A point x € F is a common fized (coincidence) point
of A, S and T if Axv = Sz =Tx =z (Az = Sz = Tz). The set of coincidence
points of A and S (resp. A and T') is denoted by C(A,S) (resp. C(A,T)). The
set Pg(u) ={z € E : ||z —u|| = d(u, E)} is called the set of best approximants to
u € X out of E, where 6(u, E) = yllelg lly — ul|.

Though out this paper, we denote the closure of E by E, the boundary of E
by OF and the set of all nonnegative integers by Z.

A pair of mappings (A4,T) is called

(1) commuting if ATx =T Ax for all z,y € E.

(2) R-weakly commuting (Pant [§]), if there exists a positive real number R
such that d(ATxz, T Az) < Rd(Az,Tx) for each z € X.

(3) compatible (Jungck [12]) if nh_)ngo d(ATz,,TAzx,) = 0 whenever {z,} is a

sequence in E such that lim Az, = lim Tz, =t for some t € E.
n— o0 n— o0

(4) weakly compatible (Jungck et. al. [7]) if ATz =T Az for all z € C(A,T).

(5) Cy-commuting (Al-Thagafi et. al. [2]) if E is ¢- starshaped and ATz =
TAz for all z € Cy(A,T), where Cy(A,T) := U{C(A,Tx) : k € [0,1]} where
Tpx = kTxz+ (1 —k)q.
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We note that each pair of C;-commuting mappings is weakly compatible but
its converse need not be true in general as shown by the following example.

Example 1.2. Let ' = R, with the usual metric. Then F is g-starshaped with
q = 0. We define mappings A,T: E — E

0 fo<z<? fo<az<?

1
_ 3
Iy jf2<r<o e T { 2 if2<r<oo

A ={

Then C(A,T) = {2} and ATz = T Az for all x € C(A,T) so that the pair
(A,T) is weakly compatible. We note that Cy(A,T) = {3 —2k:0 <k < 1}. Now

ifk=1

3 ifk#1
and ATz = 2 which shows that ATz # T Az for all z € C¢(A,T) — {2}. Hence,
the pair of mappings (A,T) is not Cy-commuting maps.

A Banach space X is siad to satisfy Opial’s condition (Opial [13]) if for every
sequence {z,} in X weakly convergent to € X, the inequality

2
let @ € Cy(A,T). Then Az = 2k and T = £ so that TAx = { 3

liminf ||z, — 2| < liminf ||z, — y||

holds for all = # y.

A selfmap T : E — FE is said to be demiclosed at 0 if every sequence {x,}
in F such that {x,} converges weakly to x and {T'z,,} converges to 0 € E, then
0 =Tx. A selfmap T : E — FE is said to be weakly continuous if Tx, — Tx
weakly whenever z,, — = weakly. If {z,} converges weakly to x as n — oo, we
write it by £ = w — limy, 00 Tn, -

In 1998, Jungck et. al. [7], introduced the notion of weakly compatible maps
which is found to be very helpful in obtaining coincidence points and common
fixed points of various classes of mappings on a metric space. For example we
refer Abbas [14], Ahmed [15], Al-Thagafi et. al. [2], Aydi et. al.[I6], Bari et. al.
[1I7], Beg et. al. [18], Ding et. al.[19], Jha [20], Khan et. ol. [21I], Karapinar et.
al.[22], Song [23]and the references therein.

In 1994, Pant [8] proved the following common fixed theorem for a pair of
selfmaps.

Theorem 1.3. (Pant [§]). Let (X,d) be a complete metric space and let A and
T be R-weakly commuting selfmaps of X satisfying the condition:

d(Tz, Ty) < p(d(Az, Ay))
for all z,y € X, where ¢ : Ry — Ry is a continuous function such that p(t) <t
for each t > 0. If T(X) C A(X), and if either A or T is continuous on X, then
A and T have a unique common fized point in X .

In 2006, Al-Thagafi et. al. [2] proved the following theorem.

Theorem 1.4. (Al-Thagafi et. al. [2]) Let E be a subset of a metric space (X,d),
A and T be selfmaps of E such that T(E) C A(F). Suppose that A and T are
weakly compatible on E, T is A-contraction and T'(E) is complete. Then F(T) N
F(A) is a singleton.
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In 1963, Meinardus [24] combined the concepts of existence of fixed points and
best approximation, and in 1969, Brosowski [3] extended and simplified the result
established by Meinardus as follows.

Theorem 1.5. (Brosowski [3]) Let T be a linear and nonexpansive operator on
a normed space X and let E C X with T(E) C E. Let u € F(T). If Pg(u) is
nonempty, compact and convex, then Pg(u) N F(T) # (.

In 1979, Singh [11] relaxed the linearity of the operator T' and the convexity
of Pg(u) in Brosowski’s theorem and proved the following theorem.

Theorem 1.6. (Singh [11]) Let X be a normed space, T : X — X a nonexpansive
operator. Suppose that E C X with T(E) C E and v € F(T). If Pg(u) is a
nonempty compact and starshaped, then Pg(u) N F(T) # 0.

Hicks et. al. [5] relaxed the condition T(E) C E by T(OFE) C E in Singh’s
result. In 1988, Sahab et. al. [I0] generalized the results due to Brosowski [3] and
Singh [I1], and proved the following theorem.

Theorem 1.7. (Sahab et. al. [10]) Let T and A be selfmaps on a normed linear
space X with E C X such that T(OE) C E and v € F(T) N F(A). Suppose T
is A-nonexpansive on Pp(u) U{u}, T and A are commuting on Pg(u) and A is
linear and continuous on Pg(u). If Pg(u) is nonempty compact and q-starshaped

with ¢ € F(A) and if A(Pg(u)) = Pg(u), then Pg(u) N F(T)N F(A) # 0.

In 1995, Jungck et. al. [25] proved the following result which extends the
aforementioned theorems.

Theorem 1.8. (Jungck et. al. [25]) Let T and A be selfmaps of a Banach space
X with E C X such that T(OE) C E and u € F(T) N F(A). Suppose that Pg(u)
is g-starshaped with ¢ € F(A) and A(Pg(u)) = Pg(u), A is affine and continuous
in the weak topology and strong topology on Pg(u). If A and T are commuting on
Pgr(u) and T is A - nonexpansive on Pg(u)U{u}, then Pg(u)NF(T)NF(A) #0
provided either

(i) Pr(u) is weakly compact and I — T is demiclosed; or

(ii) Pr(u) is weakly compact and E satisfies Opial’s condition.

In 1996, Al-Thagafi [I] extended, generalized and unified the works of Brosowski
[3], Hicks et. al. [5], Sahab et. al. [I0] and Singh [I1] as follows:

Theorem 1.9. (Al-Thagafi [1]) Let A and T be selfmaps of a normed space X
with w € F(A)NF(T) and E C X with T(OENE) C E. Suppose that D =
Pr(u) N Ca(u), where C(u) = {x € E: Az € Pg(u)}, is closed and q-starshaped
with ¢ € F(A). Let T be A-nonexpansive on D U {u} with T(D) is compact, A
be continuous, linear, A(D) = D and A commutes with T on D. Then Pgr(u) N
F(T)NF(A) £0.
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Throughout this paper, let ® be the set of all continuous selfmaps ¢ : Ry —
R, satisfying

(i) o is monotone increasing; and

(i) 0 < () <t for all t > 0.

Lemma 1.10. (Singh et. al. [26]) If ¢ € @, then ILm ©"(t) = 0 for any t €

(0,00), where @™ denotes the n-times repeated composition of ¢ with itself.

In section 2 of this paper, we prove the existence of common fixed points for
three selfmaps A, S and T defined on a nonempty subset E of a metric space
(X,d) under the assumption that (i) A, S and T satisfy a contractive condition
given by (2.1.1); (ii) S(F) C A(FE) and T(F) C A(E); and (iii) the pairs (A,.5)
and (A, T) are weakly compatible. We use this result to find common fixed points
of three C;-commuting continuous selfmaps defined on g-starshaped subset E of
a normed space X satisfying certain nonexpansive inequality involving rational
expressions. In section 3, we apply the results of section 2 to prove the existence
of common fixed points from the set of best approximations. These results extend,
generalize and unify the works of Al-Thagafi [1], Al-Thagafi et. al. [2], Brosowski
[3], Habiniak[4], Hicks et. al. [5], Jungck [6], Jungck et. al. [25], Pant [8], Sahab
et. al. [9], Sahab et. al. [10] and Singh [IT].

2 Main Results

Theorem 2.1. Let E be a nonempty subset of a metric space (X,d) and A, S,T :
E — E be three selfmaps such that S(E) C A(E) and T(E) C A(E). Assume that
there exists a ¢ € ® such that
d(Az, Sz) d(Ay, Ty)
d(Sz, Ty) < p(maz{d(Az, Ay), T+ d(Az, Ay) ,
d(Az, Ty) d(Ay, Sz)
1+ d(Az, Ay) H
for all x,y € E. Assume also that the pairs of mappings (A,S) and (A,T) are
weakly compatible. If A(E) is complete, then A, S and T have a unique common

fixed point in X.

(2.1.1)

Proof. Let xy € E. Since S(FE) C A(E), we can find 21 € F such that Szg = Az
and since T(E) C A(F), we can find 2 € F such that Tzy; = Axs. Continuing
this way inductively, we get a sequence {x,} in F such that Az, = Sz, if n is
odd and Axz,, = Ta,_1 if n is even. Now we claim that the sequence {Ax,}52, is
Cauchy in F.

Case (1): Az, = Axy,41 for some n.

Without loss of generality, we assume that n is even. Then n = 2m for some
m € Zi. So Axoy = ATomy1-

Thus, we have
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d(Az2mi1, ATomy2) = d(ST2m, TTomy1)
d(Azam, Szom) d(Azomy1, TTami1)
1+ d(Axopm, ATomy1)
d(Azam, Tromy1) d(Azomy, Swzm)})
1+ d(AIQm, A.IQerl)
d(ATom, ATomy1) d(ATamy1, ATomy2)
1+d(Azom, ATam41) ’

d(Ame, AI2m+2) d(A$2m+1, AI2m+1)})
1+ d(Az2m, Aromyr)

< p(max{d(Azom, Axomi1),

)

< p(maz{d(Azam, ATomi1),

= ¢(0)

This implies that d(Azom+1, ATom2) = 0 and hence Axopmi1 = Axomio, le.,
Axpy1 = Axpyo which shows that Az, = Ax,ys. Repeating this procedure
inductively, we get Ax,, = Ax,4\ for k > 1.

Hence, { A%y, }m>n is a constant sequence and hence is Cauchy in E.
Case (ii): Az, # Axpyq foralln=1,2,---.

First we assume that n is even. Then n = 2m for some m € Z,.
Now consider

d(A$2m+17 Aﬂ?zm) = d(S:Eva T$2m71)

d(Azaym, Stom) d(Azam—1, TTam—1)
1+d(Azam, ATam—1) ’

< p(maz{d(Azam, ATom—1),

d(A:E27n) Tm27n71) d(A12m71; Sanl)})
1+d(Az2m, Azam—1)

d(Azom, Azam41) d(Azam—1, Azom)
1+d(Az2m, ATam—1) ’

= p(maz{d(Azom, Axom—1),

d(A:E27n) AIQWl) d(AwQMLfl; A12m+1)})
1+d(Azam, Azam—1)

< p(maz{d(Azgm, Av2m—1), d(Azom 1, AT2m)}).

Hence,
d(Azomi1, Axom) < p(d(Azam, Axom—1)), m=1,2,--, (2.1.2)
since the other possibility leads us to a contradiction.
Similarly, if n = 2m + 1 for some m € Z, we get
d(Azomi2, Axoms1) = d(AZomt1, ATomt2)
< o(d(Ar2m, AT2my1))
= p(d(Azami1, ATom)), m=1,2,---. (2.1.3)
Hence, from (2.1.2) and (2.1.3), we get
d(Azpy1, Azy) < o(d(Azp, Az,—1)), for alln =2,3,---. (2.1.4)
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This implies that
d(Axpy1, Azy) < d(Azy, Axy_q), for alln =2,3,---. (2.1.5)
Hence, {d(Axnt1, Ax,)}52, is a decreasing sequence of nonnegative reals.
Now by repeated applications of (2.1.4), we get
d(Azpi1, Azy) < " H(d(Azg, Axq)), for alln = 2,3, . (2.1.6)
Letting n — oo, by Lemma 1.10, the right hand side of (2.1.6) tends to zero, i.e.,
limy, 00 d(AZp 41, Azy) = 0. (2.1.7)

By (2.1.5) and (2.1.7), it is sufficient to show that {Axa,} is Cauchy. Otherwise,
there exists an € > 0 and there exist sequences {my} and {ny} with my > ny > k
such that

d(A.Ika,A.Ian) > € and d(AIka,Q, AZEan) < E. (218)
Hence,
e < likm inf d(Azom, , Azan, ). (2.1.9)
— 00

Now for each positive integer k, by triangle inequality, we get

d(Azom,, , Azaon, ) < d(Axom, , ATom,—1) + Ad(AZom, —1, ATom, —2)
+d(A£L‘2mk_2, Al‘gnk)

On taking limit supremum of both sides, as kK — oo, we get

lim sup d(Azxom,, , Ao, ) < €. (2.1.10)

n—oo

Hence, from (2.1.9) and (2.1.10), we have
lim d(Azom, , Azon, ) = €. (2.1.11)
k—o0

Now from the triangle inequality, we have
d(A.Ika ) A.Ignkfl) S d(AIka ) A.Ignk) + d(AIan y AIanfl).
On taking limit supremum, as k — oo, we get

lim sup d(Azam, , Axon,—1) < €. (2.1.12)

n—roo

Again from the triangle inequality, we get
d(Azam,, ATan, ) < d(AT2m,, ATon, 1) + d(AT2p, —1, ATop, );
On taking limit infimum, as k — oo, we get

e <liminf d(Azam, , AT2n, —1)- (2.1.13)

n—roo

Hence, from (2.1.12) and (2.1.13), we have
lim d(Azom, , ATon, —1) = €. (2.1.14)
k—o00
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Similarly, using the triangle inequality and (2.1.11), we obtain
lim d(AIkaJrl, AIanfl) =¢&. (2115)

k—o00

Now consider

d(Azam, , Axap, ) < d(Axom, , ATom, +1) + d(AZ2m, +1, AT2n, )

d(Azom,, , ATom,+1) + d(Sxam, , Tx2n,—1)
d(Az2m,,, ATam, +1) + p(maz{d(Azzm, , ATon, 1),
d(AIkav Smek) d(Afl?znk—l, sznrﬂ

1+ d(ALL‘gmk, A,Tgnk_l) ’
d(AI2mk7 TI2nk71) d(sznk—l, Smek)})

1+ d(ALL‘gmk, A,Tgnk_l)
= d(Axom,, , ATom, +1) + (maz{d(Azam, , Axapn, —1),
d(AI2mk7 AmekJrl) d(AI2nk—17 Axan)

1+ d(ALL‘gmk, A,Tgnk_l) ’

d(Az2m,, Axon,) d(AT2n,—1, AT2m,+1) 1

1 + d(A{Eka, AIanfl) '

Letting k — oo, using the continuity of ¢, and using (2.1.7),(2.1.11), (2.1.14) and
(2.1.15), we get

IN

2
e <0+ p(maz{e, 1z, 157 1) = #(e),
a contradiction. Thus {Az2,}52, is Cauchy and hence {Az,}32, is a Cauchy
sequence in A(E).

As A(E) is complete, there exists z € A(F) such that lim Az, = z.

n—o0
Hence,
lim Azg,i1 = lim Szo, = 2. (2.1.16)
n— o0 n— o0
and
lim Azopio = lim Txony1 = 2. (2.1.17)
n—o0 n—o0
Since z € A(FE), there exists u € E such that z = Au. (2.1.18)

Now consider
d(Azapn, Sx2,) d(Au, Tu)
1+ d(Azay,, Au) ’
d(Azan, Tu) d(Sx2,, Au)
1+ d(Azoy,, Au) b

Letting n — oo, by using (2.1.16), (2.1.17) and (2.1.18) and the continuity of ¢,
we get

d(Szapn, Tu) < p(maz{d(Axa,, Au),
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d(z, z) d(Au, Tu) d(z, Tu) d(z, Au)

(2, Tu) < plmas{d(z, Aw), T35 20, S TR

b))

= (0).
Hence, z = Tu. (2.1.19)

Again consider

d(Au, Su) d(Azxspi1, Tron
d(Su, Txon+1) < p(maz{d(Au, Axapn41), ( 1+il(/(lu QAZ ) 2 +1),

d(Au, T$2n+1) d(Su, A$2n+1)})
1+ d(Au, A$2n+1) '

Letting n — oo, by using (2.1.16), (2.1.17) and (2.1.18) and the continuity of ¢,
we get

d(Au, Su) d(z, z) d(Su, z) d(Au, z)

d(Su, z) < p(mazid(Au, 2), 14+d(Au, z) ~  14+d(Au, z) b
= #(0).
Hence, z = Su. (2.1.20)
Hence, from (2.1.18), (2.1.19) and (2.1.20), it follows that
z=Au = Su =Tu. (2.1.21)

Since (A, S) and (A,T) are weakly compatible pairs of mappings, it follows
from (2.1.21) that ASu = SAu and ATu = T Au and hence, we have

Sz=85Au=ASu=Az=ATu=TAu="T=z.
Hence, Sz = Az =Tx. (2.1.22)
Now we claim that z is a common fixed point of A, S and T.

Consider

d(Az, Sz) d(Au, Tu)
14+d(Az, Au)

d(Az, Tu) d(Au, Sz)
14+ d(Az, Au) b

d(Sz,z) =d(Sz,Tu) < p(max{d(Az, Au),

= p(d(Sz,z2)).
Hence, d(Sz,z) =0, i.e., Sz = z.
Hence, Az =Sz=Tz = z.

Uniqueness of z follows from the inequality (2.1.1). Hence this completes the
proof of the theorem.
O

Corollary 2.2. Let E be a nonempty subset of a metric space (X,d) and A, S, T :
E — E be three selfmaps such that S(E) C A(E) and T(E) C A(E). Assume that
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there exists a k € [0,1) such that

d(Az, Sz) d(Ay, Ty)
1+ d(Az, Ay)
d(Az, Ty) d(Ay, Sw)}
1+ d(Az, Ay)
for all x,y € E. Assume also that the pairs of mappings (A,S) and (A,T) are

weakly compatible. If A(E) is complete, then A, S and T have a unique common
fixed point in X.

d(Sz,Ty) < k maz{d(Az, Ay),

(2.2.1)

Proof. Follows from Theorem 2.1, by taking ¢(t) = kt for some k € [0,1). O

Remark 2.3. By choosing S =T in Corollary 2.2, clearly Theorem 1.4 follows as
a corollary to Corollary 2.2. In Theorem 1.4, the assumption is T(E) is complete,
where as here A(E) is complete.

If we relax the continuity condition of ‘either A or 7'’ and impose the assump-
tion ‘p is monotonically increasing on R;’ on ¢ in Theorem 1.3, the following
corollary suggests that the conclusion of Theorem 1.3 still holds.

Corollary 2.4. Let (X, d) be a complete metric space and let A and T be R-weakly
commuting selfmaps of X satisfying the condition:

d(Tz, Ty) < p(d(Az, Ay)) (2.4.1)

for all x;y € X, where ¢ : Ry — Ry is a continuous, monotone increasing
function such that o(t) <t for each t > 0. If T(X) C A(X), then A and T have
a unique common fized point in X .

Proof. Since A and T are R-weakly commuting, they are weakly compatible and
since the inequality (2.4.1) implies the inequality (2.1.1) with .S = T, the conclusion
of Corollary 2.4 follows from Theorem 2.1. O

Remark 2.5. Since Theorem 1 of Jungck [6] is a corollary to Corollary 2.4, it
also follows as a corollary to Theorem 2.1.

Example 2.6. Let X = R, the real line with the usual metric and E = [0,1]. We
define mappings A, S and T on E by

_J o zf0§x<§ % zf0§x<%
A(x)_{%—:v zf%ﬁxﬁl, S(x)_{l—%x zf%ﬁxﬁl
and
2 , 2
T(x)_{l—%x if%gxgl.
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Here A(E) = {0} U [3,2], S(E) = T(E) = [4, 2] so that S(E) C A(E) and
T(FE) C A(FE). Besides A(FE) is compact and the pairs of mappings (4, .5) and
(A,T) are weakly compatible. We also observe that the mappings A, S and T
satisfy the inequality (2.1.1) with ¢ : Ry — R4 defined by ¢(t) = %t, teRy.

Hence the mappings A, S and T satisfy all the conditions of the hypotheses of
Theorem 2.1 and % is the unique common fixed point of the mappings A, S and
T.

Further, we observe that the pairs of mappings (A,S) and (A,T) are not

compatible, for, ifxn—§+ n>3 Axn_g_ ,n>3, an:Tarn:%—%,nz
3 so that Az, — Sa:n £ and Tr, — 5 asn — oo. Now SAwx, = %,
ASz, = 0, TAz, = %, and ATz, = 0 50 that lim d(SAz,, ASzy) = 5 #

lim d(TAw,,, ATx,) = 2 # 0.
n—oo

ol

1
Here if we choose A as above and S(x) = T'(x) = { {1y if2 S <
the pair of mappins (A4,T) is not compatible which implies that (A,T) is not
R-weakly commuting. Hence Corollary 2.4 is not applicable. Also, since the

mappings A and T are not commuting, Theorem 1 of Jungck [6] is not applicable.

Example 2.7. Let X = R, with the usual metric and £ = X. We define

mappings A and T' on E by Az =z and Tz = .

Here if we choose S = T, though A and T are continuous and commuting
maps; A and T satisfy all the conditions of the hypotheses of Theorem 2.1 with
¢ : Ry — Ry defined by ¢(t) = %th

But T is not A-contraction, for, fixing y = 0 and for allx € X, [Tz—T0| =
and |Az — A0| = z. Hence, for all x € X, there does not exist a k € [0,1) satlsfymg
1 < kx. In fact, for all k£ € [0,1), T is not a A-contraction when y = 0 and

0<x< izt
Hence, Theorem 1.4 fails to hold.

THerefore, Example 2.6 and Example 2.7 show that Theorem 2.1 is a gener-
alization of Theorem 1.4, Corollary 2.4 and Jungck ([6], Theorem 1).

We now prove the following results as an application of Corollary 2.2.

Theorem 2.8. Let E be a nonempty q-starshaped subset of a normed space X
and let S,T, A : E — E be three continuous selfmaps such that S(E) C A(E) and
T(E) C A(E) and satisfying
6(Az, [Sz, q]) 6(Ay, [Ty, q])
14 ||Az — Ayl ’
6(Az, [Ty, q]) 6(Ay, [Sz, q])
14 || Az — Ayl

1Sz = Ty|| < maz{||Az — Ayl

1(28.0)
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for all z,y € E. Suppose that both (T, A) and (S, A) are Cy-commuting and A is
q-affine. If A(E) is a compact subset of E, then F(T)N F(S)NF(A) # 0.

Proof. We choose a sequence {k,,} C (0,1) with ILm k, =1. Foreachn=1,2,---
and for all z € E, define mappings S,, and T,, by
Spx = kpSz+ (1 —ky)g and Thx = k,Te + (1 — ky)g.

Since E is g-starshaped, A is ¢g-affine, S(E) C A(F) and T'(F) C A(FE), we get
Spx € A(E) and T,z € A(E).

Hence, S, (E) C A(F) and T,,(E) C A(E).
Also, for all z,y € F,
[Snx = Toyll = kn| Sz — Tyl
< b ([ An — g, 242 52 ) 8(Ay. [Ty, d)

1+ ||Az — Ayl ’
6(Ax, [Ty, q]) 6(Ay, [Sa, q])}
14 ||Az — Ayl
|Az — Spz|l |Ay — Toyll [|Ax — Toyll || Ay — Snal]
<k, Az— Ayl ,
< kn maz{|[Az—Ay| 1+ [[Az — Ay 1+ [|[Az — Ay }

where §(Az, [Sz,q]) = inf{||Az —y|| : y € [Sz,q]} < ||Ax — Spz| for each n =
1,2,---.

Hence,for each n = 1,2, -- -, mappings Sy, T,, and A satisfy the inequality (2.2.1).

Since the pairs (T, A) and (S, A) are Cy-commuting and A is g-affine, if S,z =
Ax = Tyx, we get S, Az = AS,x and T,Ax = AT, x.

This implies that the pairs (S,, A) and (T,, A) are weakly compatible maps.
As A(E) is compact, then A(F) is complete. Therefore, maps S,,, T;, and A satisfy
all the conditions of Corollary 2.2 and hence for each n = 1,2, - -, there exists a
unique z,, € E such that S,z, = Ax, = Thx, = Tp.

Since A(E) is compact, there exists a subsequence {x,,} of {x,} such that
lim Az, = z (say) in A(E), and hence z,;, — z as j — oo.
Jj—o0
Now as j — oo, the continuity of A, S and T', we obtain

Txn, — Tz, Avn;, — Az, and Sx,, — Sz .

Hence,we have

z= lim z,. = lim Az, = Az;
J J*}OO J

Jj—o0

z= lim z,, = lim S, x,. = Sz; and
Jj—o0 7 Jj—o0 7 7

z= lim x,, = lim T, x,, =Tz.

J—0 J—o0
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Hence, z = Az = Tz = Sz. Hence the theorem follows.

Now we give an example in support of Theorem 2.8.

Example 2.9. Let X = [0,00) with the usual metric and E = [0, 3]. We define
mappings A, S, T : E — FE by

. 1 T ifo<z<i
aw={1,,, W5tz sw-{ b wbses)
2 4 2=-"=2 %x—k% if3<x<3
and

{omses)

5 if 5 << 3

1@ =1 i1 yiZez)

% ZflSZES%.

Here we observe that A(E) = [0,1], S(E) = [0, %] and T(E) = [0, 2] so that
S(E) C A(E) and T(E) C A(E). Also, E is convex and hence g-starshaped at any
q € F and A is ¢-affine with ¢ = % We also observe that the pairs of mappings
(A, S) and (A, T) are Cg-commuting with Cy(4, S) = C4(A,T) = {1} and A(E) is
compact. Further, the mappings A, S and T satisfy the inequality (2.8.1). Hence,
the mappings A, S and T satisfy all the conditions of Theorem 2.8 and % is the

unique common fixed point of A, S and T

Theorem 2.10. Let E be a nonempty q-starshaped subset of a Banach space
X and let S,T,A : E — E be three weakly continuous selfmaps satisfying the
inequality (2.8.1). Assume that S(E) C A(E) and T(E) C A(E). Further suppose
that the pairs (T, A) and (S, A) are Cy-commuting and A is q-affine. If A(E) is a
weakly compact subset of E, then F(T)NF(S)NF(A) # 0.

Proof. We choose a sequence {k,} C (0,1) with lim k, = 1. Forn = 1,2,---
n—oo
and for all z € F, define mappings S,, and T,, by
Spx =k, Sz + (1 — ky)g and T,x = kp,Te + (1 — ky)g.

Here we note that A(E) is complete, since the weak topology is Hausdorff and
A(FE) is weakly compact. Hence by the proof of Theorem 2.8, for each n, there
exists a unique x,, € E such that S,z, = Ax, = Thx, = Tp.

Since A(E) is weakly compact, there exists a subsequence {x;} of {z,} such
that Axz,, — z (say) weakly in A(E) as j — ooand hence x,, — z weakly as
J — o0.

By the weak continuity of A, S and T', as j — 0o, we obtain

Tx,, — Tz weakly, Ax,, — Az weakly,and Sz,; — Sz weakly .
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Hence,we have

z=w— lim x,, =w — lim Ax,, = Az;
J—o0 7 Jj—o0 7

z=w— lim x,, =w— lim S,.z,, = Sz; and
J—o0 7 Jj—o0 7 7

z=w— lim x,, =w— lim T, .x,. =Tz.
j—oo 7 Jj—o0 7 7

Hence, z = Az = Tz = Sz. Hence the theorem follows. O

3 Invariant Approximation Results

In this section, we prove the existence of common fixed points in the set of
best approximations by using Theorem 2.8 and Theorem 2.10.

Theorem 3.1. Let E be a subset of a normed space X and A,S,T : E — E be
three continuous selfmaps such that w € F(T)NF(S)NF(A) for some uw € X and
S(OENE)C E and TOENE) C E. Assume that Pg(u) is g-starshaped, A is
q-affine and A(Pg(u)) = Pgr(u) is compact. Suppose the pairs (S, A) and (T, A)
are Cq-commuting and for all x,y € Pg(u) U {u}, satisfy the inequality

| Az — Au] iy =u
So — Tyl < 4 maz{||Az — Ay||,
[Sz — Tyl < 3(Az, [Sw, d]) 6(Ay, [Ty, d]) (3.1.1)
5(A [TH”?)IE(Q‘UI (S ])7 B
e iy € Pe(u).

Then Pg(u) N F(T)NF(S)NF(A) # 0.

Proof. Let x € Pg(u). Then ||z — u|| = 6(u, E). Since for any k € (0, 1),

ku+ (1 —K)z —ul| = (1 —k)||lz — u|| < §(u, E), the line segment {ku+ (1 —k)z :
0 < k < 1} and the set F are disjoint. Thus z is not an interior point of E and so
r€dENE.

Since S(OENE) C E and T(OENE) C E, we have Sx,Tx € E. Also, since
Ax € Pg(u), u € F(T)NF(S)NF(A), and S, T and A satisfy the inequality
(3.1.1), we have ||Sx —u|| < §(u, F) and ||u — Tz| < 6(u, E).
Hence, Sz, Tx € Pr(u) and hence S(Pg(u)) C A(Pg(u)) and T(Pg(u)) C A(Pgr(u)).
Therefore, by Theorem 2.8, there exists z € Pg(u) such that Sz =Tz = Az = z.

Hence, Pr(u) N F(T)N F(S)N F(A) # 0. O

Theorem 3.2. Let E be a subset of a Banach space X and A,S,T : F — FE
be three weakly continuous selfmappings such that w € F(T) N F(S)N F(A) for
some u € X and S(OENE) C E and TOENE) C E. Assume that Pg(u) is
q-starshaped, A is q-affine and A(Pg(u)) = Pg(u) is weakly compact. Suppose the
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pairs (S, A) and (T, A) are Cy-commuting and satisfy the inequality (3.1.1). Then
Pep(u)NF(T)NF(S)NF(A) #0.

Proof. Runs on the same lines as that of the proof of Theorem 3.1, where we use
Theorem 2.10 instead of Theorem 2.8. |

Remark 3.3. Theorem 8.1 extends Theorem 1.5, Theorem 1.6, Theorem 1.7,
Theorem 1.9 and Habiniak ([4], Theorem 8) to three selfmaps.
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