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Abstract : The aim of this article is to present some common fixed point theo-
rems for multivalued (8, —1-contractive mappings. We also prove the existence and
uniqueness of common fixed point for multivalued a.-admissible mappings with
respect to the function 7,. Our results extend several results in the literature.
Suitable examples are presented to substantiate our main results.
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1 Introduction

There has been considerable interest in the field of fixed point theory of non-
expansive/contractive mappings in Functional Analysis. The classical contraction
mapping principle was introduced by the great mathematician Stefan Banach in
1922. After that lots of generalization of this principle have been done in different
directions by several mathematicians sometimes by changing the structure of un-
derlining space or weakening the contraction condition (see, for example, ([I]-[16])
and references therein). In 2012, Samet et al. [I] introduced a new concept of a—1p
contraction for single valued mappings and proved some theorems related to such
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type of mappings. The authors of [2] extended these results from single valued
function to multivalued function. The concept of oz — v-contraction principle was
modified by Hussain et al. [3] by introducing a new function 7 and they proved
some fixed point results for such multivalued mappings. Very recently Berzig et al.
further modified and generalized the concept of o —-contraction principle as 8 —
contraction mappings in [4]. Hussain et al. [5] presented some common fixed point
results for single valued o — 1-contractions on a complete metric space. In this
paper, we discuss common fixed point results for multivalued £, — -contraction
mappings in complete metric space. Again we prove the same result for a pair
of multivalued mappings which are a,-admissible with respect to the function 7,.
Moreover, some examples are presented to illustrate our main results.

2 Preliminaries

For the organization of the paper, we present some lemmas and definitions.
Notations have their usual meaning in this sequel. Denote with ¥ the family of
nondecreasing functions 1 : [0, +00) — [0, +00) such that X2 ;9™ (t) < 400 for

n=1
all t > 0, where 9" is the n'" iterate of ). Then the following lemma is obvious.

Lemma 2.1 ([T]). For every function ¢ : [0,+00) — [0,+00) the following holds:

if ¥ is mondecreasing, then for each t > 0, liIJIrl Y™ (t) = 0 implies ¥(t) < t.
n—-+0oo

Definition 2.1 ([6]). Let T be a self mapping on a metric space (X,d) and let
a,n: X x X — [0,400) be two functions. We say that T is an a-admissible
function with respect to 7 if for all x,y € X

a(r,y) > n(x,y) = Tz, Ty) > n(Tz,Ty).

If n(z,y) = 1, then T is an a-admissible mapping. Also if a(x,y) = 1, then T is
an n-subadmissible mapping.

Definition 2.2 ([5]). Let S,7 : X — X and o,n : X x X — [0,4+00) be two
functions. We say that the pair (S,T) is a-admissible with respect to 7 if for all
z,y € X

a(z,y) = n(z,y) = a(Txz, Sy) > n(Tz, Sy);
a(Sz, Ty) > n(Sz, Ty).

Note that if n(z,y) = 1, then the pair (S,T) is a-admissible mapping. Also if
a(z,y) = 1, then the pair (S,T) is n-subadmissible mapping.

Definition 2.3 ([2, B]). Let T : X — P(X) be a close valued multifunction and
a,m: X x X = [0,4+00) be two functions. We say that T is an a,-admissible
function with respect to n, if for all z,y € X

a(z,y) > n(r,y) = Tz, Ty) > n.(Tz, Ty),
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where
ax(Tz, Ty) = inf{a(a,b) : a € Tx,b € Ty};
n«(Tx, Ty) = sup{n(a,b) : a € Tx,b € Ty}.
If we take n(z,y) =1, then T is called a,-admissible function.

Definition 2.4 ([2]). Let (X, d) be a complete metric space; 8 : X x X — [0, +00)
be a mapping and T : X — P(X) be close valued multifunction and ) € ¥. We
say that T is B, — ¥-contractive multifunction whenever

where 8. (Tz,Ty) = inf{8(a,b) : a € Tx,b € Ty}.

Definition 2.5 ([7]). Let (X, d) be a complete metric space; 8 : X x X — [0, +00)
be a mapping and T : X — P(X) be close valued multifunction and ¢ € ¥. We
say that T is 8 — ¥-contractive multifunction whenever

B(Tz, Ty)H(Tx,Ty) < ¢(d(z,y)) Vr,ye X.

Definition 2.6 ([7]). Let T : X — P(X) be a close valued multifunction and
a: X x X —[0,00) be a function. We say that T is S-admissible function if for
all z,y € X

B(z,y) > 1= B(a,b) >1 YaeTx, beTy.

Definition 2.7 ([§]). Let S,T : X — P(X) be two functions. A point z € X is
said to be fixed point of S if z € Sz and a point x € X is said to be common fized
point of S and T if x € Sx N Tx.

3 Main Results

We start this section with some definitions and lemmas and then we present
our main results.

Lemma 3.1. Let A,B € CL(X) be two compact subsets of X. Then for each
a € A there exists b € B such that d(a,b) < H(A, B).

Proof. The proof is easy. It is obvious from the Lemma 2.1 of [§]. O

Definition 3.1. Let S,7: X — P(X) and 8: X x X — [0,400) be a function.
We say that the pair (S,T) is 8. —admissible if for all z,y € X

Bx,y) > 1= B.(Tz,Sy) > 1;
Bi(Sz, Ty) > 1.

Again the pair (S, T) is said to be S-admissible if
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B(x,y) > 1= B(a,b) >1Va e Sx,beTy.

Definition 3.2. Let S,T : X — P(X) be two multifunctions. a,n: X x X —
[0, +00) are two functions. We say that the pair (S,7T) is a.-admissible with
respect to n, if for all z,y € X

a(z,y) 2 n(@,y) = a(Tz, Sy) = n.(Tz, Sy);
. (Sz, Ty) > n.(Sz, Ty).

If we take n(x, y) = 1, then the pair (S5, T) is called a..-admissible and for a(z,y) =
1, the pair (S,T) is called n.-subadmissible mapping.

Definition 3.3. Let (X, d) be a complete metric space and S : X x X — [0, +00)
be a mapping. Let S,7T : X — P(X) be multifunctions and ¢ € ¥. We say that
the pair (S,T) is B« — ¥-contractive multifunction whenever

Be(Tx, Sy)H(Tx,Sy) < ¢(d(z,y)) Va,yeX;
where 8. (Tz,Sy) = inf{8(a,b) : a € Tx,b € Sy}.
Now we are in a position to state our main result.

Theorem 3.2. Let (X,d) be a complete metric space. S,T : X — P(X) are two
compact valued multifunctions. Assume that the pair (S,T) is B« — ¥-contractive
mapping. If the following assertions hold:

1. (xy) is a sequence in X such that B(xy,xny1) > 1 for alln € NU {0} and
Tp = as n— oo then B(xn,x) > 1 for alln € NU{0};

2. there exists some xo € X such that B(xo,y) > 1 whenever y € Txg or y €
S,TO

then S and T have a common fived point i.e. there exists x € X such that x €
SxNTx.

Proof. By the hypothesis of the theorem suppose zg € X and 1 € Txy. So
B(xo,21) > 1 which implies B.(Tzo,Sz1) > 1. Again Tzy and Sx; are compact
subsets and for x1 € T'xg, we can find zo € Sx1, such that,
d(:vl N ,TQ) S H(Txo, Sl‘l)
Since the pair (S,T) is 8+ — ¥-admissible mapping so we get
d(Il, .IQ) S ﬂ* (TIQ, S.Il)H(T.Io, SIl) S 1/)(d($0, Il))

So for x1 € T'xg, x2 € Sx1, we have,

/B(xl,IQ) >1= /B*(S.Il,TIQ) > 1,
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and we get
Bi(Sx1, Two)H(Sw1, Tw2) < Y(d(21, 22)).

Again by the Lemma 2.1, for x5 € Sx1, we can find x5 € Txs, such that
d(xa,23) < H(Sx1,Txs).
Therefore we obtain
(w2, w3) < Bu(Sz1, Tao)H(Sw1, Txa) < 9(d(21,72)) < ¢*(d(w0,21)).

Continuing this process, we get a sequence (z,,) with zo,41 € T2, and Zo,12 €
STo,+1 such that

d($2n7 x2n+1) Sﬂ*(sx2n71; T.IQH)H(SIanL, Tx2n)
< Y(d(w2n—1,T2n))

< *"(d(xo, 1))
and

d(z2n+1, Tant2) < Bi(Txon, Stont1)H(Txon,, STont1)
< YP(d(x2n, Tant1))

< " (d(xo, 21)).
So for any n € N we get

d(Tn, Tnt1) < Y"(d(zo0, 71))

and
YT d(Tn, Tny1) < B2 (d(20,21)) < 00,

We now prove that the sequence (x,,) is a Cauchy sequence. For this let € > 0 be
fixed and n(e) € N such that X2°¢™(d(zo,z1)) < € for all n > n(e). Let n,m € N
such that m > n > n(e). Using triangle inequality, we get,

d(xmv xn) d({En, xn+1) + d(xn+17 xn+2) + -+ d(xmfla Im)
Iy (d(zo, 1))

€.

AN VANVAN

= (x,) is a Cauchy sequence. Since X is complete and (z,) is a Cauchy se-
quence in X, it converges in X.

Suppose z,, — z as n — co. Now we prove that z is a common fixed point of
T and S. For all n > 0, we get xa, 1 € Twa, and Zopta € S2,41. Since (z,,) is a
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convergent sequence converges to z and (X, d) is a To—space so every subsequence
of (z,,) also converges to z. Therefore

Ton+1 — 2 aS N — OQ;

Topt+2 —> 2 AS N —> 00.

Now for all n > 0, Tont2 € Sxon41. Hence
d($2n+2, TZ) S H(S$2n+1 N TZ)
Since z,, — z as n — 00 s0 B(xy,2) > 1 for all n which implies

ﬂ* (Sx?nJrla TZ)H(SI2'”«+17 TZ) < 1/}(d($2n+1 ) Z))

Therefore
d(xant2,T2) < Bu(Stons1, T2)H(Ston41,T2) < P(d(T2n41, 2)).

Taking n — oo, we get, d(z,Tz) < ¢(d(z,2)). Since ¥(t) < t, V¢t > 0 and
continuous so d(z,Tz) = 0 = z € Tz. Hence z is a fixed point of T. In a similar
fashion, we can prove that z is also a fixed point of S. Therefore we can conclude
that z is a common fixed point of 7" and S. O

Corollary 3.3. Let (X,d) be a complete metric space and S,T : X — P(X) are
two compact valued multifunctions. Assume that the pair (S,T) is B—1)-contractive
mapping. If the following assertions hold:

1. (xy) ts a sequence in X such that B(xy,xny1) > 1 for all n € NU {0} and
Ty, = x as n— 00 then B(zn,x) > 1 for alln € NU{0};

2. there exists some xg € X such that B(xo,y) > 1 whenever y € Txg or y €
S,TO

then S and T have common fized point.

Theorem 3.4. If we add the condition ‘xq is any other common fixed point of S
and T with B(z,x0) > 1 and d(z,x0) < H(Tz,Sxo) to the hypotheses of Theorem
then the functions S and T have a unique common fized point.

Proof. Given that xo is another common fixed point with 8(z,z9) > 1. For
z € Tz and z9 € Sz we have d(z,z9) < H(Tz,Sxzo). Again B(z,x0) > 1 =
B«(Tz,Sxo) > 1 and hence .(Tz, Sxo)H(Tz,Sxo) < ¥(d(z,x0)). Therefore, we
have,

d(z,0) < P(d(2,20)) < d(z,0),

which is a contradiction. Hence the proof follows. o
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Theorem 3.5. Let (X,d) be a complete metric space and S, T : X — P(X) be two
compact valued multifunctions. Suppose there exist two functions a,n: X x X —
[0,4+00) such that the pair (S,T) is a.-admissible with respect to n.. Assume that

a(z,y) = n(z,y) = H(Tz,Sy) < p(d(z,y));
H(Sz,Ty) < ¢(d(z,y)).
Suppose the following assertions hold:

1. there exists some xg such that a(zo,y) > n(zo,y) whenever y € Ty or
y € Sxo;

2. for any sequence (z,) such that a(xy, Tni1) > N(@n, Tny1) for alln € NU{0}
and x, — z as n — 400 then a(zy, z) > n(zy, z) for alln e NU{0}

then S and T have a common fized point.

Remark 3.6. Theorem[3.4 follows from the Theorem[3.3 if we take the particular
form of the function 8 : X x X — [0,4+00) as

[ 1 whenever a(z,y) > n(z,y);
Blz,y) _{ 0 otherwise.

Suppose all the conditions of Theorem are satisfied. We show that all the
conditions of Theorem are also satisfied.

1. Let the pair (S,T) is a,-admissible w.r.t the function 7.. So

a(,’E,y) 2 n(xuy) = Oé*(T,’E, Sy) 2 n*(Tan Sy)7
(S, Ty) > 1. (Sz, Ty).

Now
= a(a,b) > nla,b) Ya€Tx,be Sy
= B(a,b) = 1VaeTz,be Sy.

Thus f(x,y) = 1 = B.«(Tx,Sy) = 1 which shows that the pair (S,T) is
B«-admissible.

2. Suppose there exists zgp € X such that a(x,y) > n(xg,y) fory € Tzgor y €
Szg. Then clearly 3(zg,y) = 1 whenever y € Txg or y € Sxg.

3. Suppose for any sequence (z,,) such that a(z,, zn41) > (@, 2pe1) for all
n € N and z, — z as n — +oo then a(z,,z) > n(z,,2) for all n € N. So
0 ZTpy Tpy1) = N(Tn, Tnt1) = B(@n, Tnt1) = 1 and a(zn, 2) > n(z,, 2) =
B(xn,z) =1 for all n € N.
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All the conditions are satisfied and hence the Theorem follows from Theorem
Note: If we consider T' = S in the above theorem then we get the Result 4.1 of

3.

Corollary 3.7. Let (X,d) be a complete metric space and S,T : X — P(X) be
two compact valued multifunctions. Suppose there exists a function a: X x X —
[0,4+00) such that the pair (S,T) is a.-admissible. Assume that

a(z,y) > 1= H(Tz,Sy) < ¢(d(z,y));
H(Sz,Ty) < ¢(d(z,y)).
Suppose the following assertions hold:
1. there exists some xg such that a(xo,y) > 1 whenever y € Txy ory € Sxo;

2. for any sequence () such that a(zy,xnt1) > 1 for all n € NU {0} and
Ty, — 2 as N — +00 then a(xy,z) > 1 for alln € NU {0}

then S and T have a common fixed point.

Remark 3.8. Here if we consider the function §: X x X — [0,+00) as

[ 1 whenever a(z,y) > 1;
Blz,y) = { 0 otherwise.

Then Corollary [3.7 directly follows from the Theorem [3.2.

Corollary 3.9. Let (X,d) be a complete metric space and S,T : X — P(X) be
two compact valued multifunctions. Suppose there exists a functionn: X x X —
[0, +00) such that the pair (S,T) is n.-subadmissible. Assume that
n(x,y) <1= H(Tz, Sy) < P(d(z,y));
H(Sz, Ty) < ¢(d(,y)).

Suppose the following assertions hold:
1. there exists some o such that n(xo,y) < 1 whenever y € Tay ory € Sxo;

2. for any sequence (xy,) such that n(x,,xny1) < 1 for all n € NU {0} and
Ty, — 2 as n — +00 then n(zy,2) <1 for alln € NU {0}

then S and T have a common fixed point.

Remark 3.10. In similar fashion if we consider the function 8 : X x X — [0, +00)
as
| 1 whenever n(z,y) < 1;
Alz.y) _{ 0 otherwise.

Then Corollary [3.9 directly follows from the Theorem [T 2.
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Remark 3.11. If we add the same additional hypothesis of Theorem to the
above theorem we get the uniqueness of common fixed point.

Note: Theorem 3.5 implies the Result 2.1 of [2] if we set S =T.

Now we construct examples to validate the theorems.

Example 3.12. Let X = [0, 00) be endowed with the usual metric d(z, y) = |z—y|.
Now we define two mappings S and T on (X, d) as S : X — P(X) defined by

L > 1

som{ D) Joaaz
{ 7ﬁ} ST >

and T : X — P(X) defined by

[z — ,100] for all x> 3;

Tz={ {0, 0<z<3;
{0} x = o0.
We define 8 : X x X — [0,00) by
1
ﬂ(xvy) = 2 V.I,y € [075]3

= 0 otherwise

and ¢ : [0,00) — [0, 00) is defined by

Now for all x,y € [0, %]’

T Y
B(z,y) > 1, Tz ={0,—)} and Sy = {0, =).
(z,y) > 1, Tz = {0, 12} Sy = {0, 12}

Therefore,

Zo Y Zo Y
d(z0, Sy) = max{0, |22 — L|} = :
mlglea%m ('IOa y) max{ ) | 12 12 |} | 12 12 3

T x
d(yo.Tx) = 0L Y2 _%,
Jnax d(yo, Tw) = max{0, |5 = T} =55~ 33

So we have, H(Tz,Sy) = |28 — L] for all z,y € [0, 3]. Now B(z,y) = 2 for all
z,y € [0, 3] which implies

Bi(Tx,Sy) =2>1and B.(Sz,Ty) =2 >1
i.e. the pair (S9,T) is S.-admissible mapping. Therefore
B«(Tx,Sy)H(Txz,Sy) = 2|—— =
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All the conditions of the theorem are satisfied. So .S and T have a common fixed

point that is x = 0 and obviously this is the unique common fixed point of S and
T.

Example 3.13. Let X = [0, +00) and we define a metric d : [0, +o0) — R by

| max{z,y} whenever z # y;
d(x,y)—{ 0 forx=y.

Now we consider two mappings S and T on X where S : X — P(X) is defined by

[x—1,2+1] forall z>1;

Sz =14 {0, 0<z <1y

{4} for x = 400
and T': X — P(X) is defined by

[1,z4+2] forallz>1,;
Tx=14 {0,%5} 0<z<1L
{0} for z = +o0.

We define a,n: X x X — [0, +00) by

[ 1422 +y* forall z,y€0,1];
o(z,y) = { 0 otherwise

and n(z,y) = 2% +y? for all z,y € X. Let ¢ : [0, +00) — [0, 4+00) is defined by

Clearly a(z,y) > n(z,y) for all z,y € [0, 1].
Again for all z,y € [0, 1], we have,

Sz = {0,475} and Ty = {0, {}.

For all z,y € [0, 1], we get,

. (Sz,Ty) = inf{l+a®>+b?:a€ Sx,be Ty}
1.
n.(Sz, Ty) = sup{a®+b®:a€ Sz,be Ty}
1
o162 82

So it is clear that for all x,y € [0,1]

ax(Sz, Ty) > 1.(Sx, Ty);
o (Tz, Sy) > n.(Tz, Sy),
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i.e. the pair (S9,T) is a,-admissible function with respect to 7,.

Now

d(0,Ty)

d(0, Sx)

Case-I: whenever x > 2y,

Therefore

H(Sz,Ty)

Case-II: whenever = < 2y,

= nf{d(0,0),d(0, )}

max{ sup d(a,Ty), sup d(a,Sx)}
a€ESx a€Ty

757
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Therefore

H(Sz,Ty) = max{sup d(a,Ty), sup d(a,Sz)}
a€Sx a€Ty

= P(d(z,y)). (3-2)
From equations (81)) and (3:2]), we have,
H(Sz,Ty) < ¢(d(z,y)) for all z,y € [0,1].

All the conditions of the above theorem are satisfied. So S and T have common
fixed points. Also notice that S and T have infinite number of common fixed
points.
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