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1 Introduction

Let K be a nonempty subset of a real normed linear space X and let T : K —
K be a mapping. Denote by F (T') the set of fixed points of T, that is, F (T') =
{z € K : Tz = z}. Throughout this paper, we always assume that F'(T) # 0.
T : K — K is said to be nonexpansive if |Tz — Ty|| < ||z —y|| holds for all
z,y € K. The mapping T : K — K is said to be asymptotically nonexpansive [I]
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if there exists a sequence {u,} C [0,00), lim, o u, = 0 such that
|T"z =Ty < (1 +un) lz -yl

for all z,y € K and n > 1. The mapping T': K — K is said to be uniformly
Lipschitz with a Lipschitzian constant L > 0 if ||T"z — T"y|| < L ||z — y|| holds
for all z,y € K and n > 1.

Note that every asymptotically nonexpansive mapping is uniformly L-Lipschit-
zian with L = sup {1 + u,, : n > 1}.

Recently, Temir [2] [3] introduced the following definitions which generalize
notion of asymptotically nonexpansive mapping:

Definition 1.1. Let 7,1 : K — K be two mappings. 7T is said to be I-
asymptotically nonexpansive [2, 3] if there exists a sequence {v,} C [0,00) with
lim,, o v, = 0 such that

[Tz =Tyl < (1 +vn) [I"z — "y (1.1)

for all z,y € K and n > 1. T is said to be [-uniformly Lipschitz if there exists
I" > 0 such that

Tz —T"y|| <T|I"x—I"y|, x,y € K and n > 1. (1.2)

It is obvious that, an I-asymptotically nonexpansive mapping is I-uniformly Lip-
schitz with Lipschitz constant I' = sup {1 + v, : n > 1}.

We know that Picard and Mann iteration processes for a mapping T : K — K
are defined as:

r1 =z € K,
{ Tpy1 =Txn, n2>1 (13)
and
r1=x €K,
n>1, 1.4
{ Tn+1 = (1 - an) ZTn + Ty, B ( )
where {a,} is in (0,1).
In 2007, Agarwal et al.[4] introduced the following iteration scheme:
T =€ Ka
Tnitl1 = (]- - an)Tnxn + anTnyn; n > 1) (15)

Yn = (1 - Bn) Tn + BT " 2,

where {a,} and {f,} are in (0,1). They showed that this scheme converges at
a rate same as that of Picard iteration. Khan and Kim [5] continued to work in
this direction and proved that this process also converges faster than Mann and
Ishikawa iteration process.



Common Fixed Points of a Finite Family I-Asymptotically ... 675

Temir [2] introduced an iteration process for a finite family of I-asymptotically
nonexpansive mappings as follows:

l‘lil‘EK,

Zosr = (1= an)zn + anliVyn, 0> 1, (1.6)

K3
Yn = (]— - ﬂn)xn + ﬂnTZIE,(,S):Ena
where {a,}, {fn} are two real sequences in [0,1] and n = (k(n) — 1)N + i(n),
i(n) €{1,2,...,N}.

We introduce the following iteration scheme to compute the common fixed
points of a finite family of asymptotically I-nonexpansive mappings.

Let K be a nonempty subset of a Banach space X. Let {Tz}f\lz1 be finite family
of I;-asymptotically nonexpansive self-mappings and {Ii}ﬁvzl be finite family of
asymptotically nonexpansive self-mappings of K. Let {a,,} and {3, } are two real
sequences in [0,1]. Then the sequence {z,} is generated as follows:

{xnﬂ R R e (1.7)

Yn = (1 - Bn)xn + BnIZLIn,

where n = (k — 1)N +4, i = i(n) € Iy := {1,2,..., N} is a positive integer and
k(n) — oo as n — oo. Thus, (7)) can be expressed in the following form:

Tnt+1 = (1 - an)I,Lk((nT;)xn + OénTZES;)ym

Yn = (1= Bn)zn + BnIik((T:;)xn, n>1.
Our purpose in the rest of the paper is to use the scheme (7)) to prove some weak

and strong convergence results for approximating common fixed points of a finite
family of I-asymptotically nonexpansive mappings.

2 Preliminaries

Let X be a Banach space with its dimension greater than or equal to 2. The
modulus of X is the function dx(¢) : (0,2] — [0, 1] defined by

. 1
sxte) =t {1 |3+ )< lell =1, Il =1 = =i }.

A Banach space X is uniformly convex if and only if dx(¢) > 0 for all € € (0, 2].
A Banach space X is said to have a Fréchet differentiable norm [6] if for all
reSx ={zxeX:|z| =1},

Ll tyl ]
t—0 t

exists and is attained uniformly in y € Sx.
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A mapping T with domain D(T') and range R(T") in X is said to be demiclosed
at p if whenever {z,} is a sequence in D(T) such that z,, — z* € D(T) and
Tz, — p then Tx* = p.

A mapping T : K — K is said to be semicompact if, for any bounded sequence
{zn} in K such that ||z, — Tx,|| — 0 as n — oo, there exists a subsequence say
{xn;} of {x,} such that {x,,} converges strongly to some z* in K.

A mapping T : K — K is said to be completely continuous if for every bounded
sequence {z,}, there exists a subsequence say {z,,} of {z,} such that {T'z,,}
converges to some element of the range 7T'.

Lemma 2.1 ([7]). Let {a,}, {bn} and {d,} be sequences of nonnegative real num-
bers satisfying the inequality

nt1 < (1 + 6n)an +bp, n2>1.

If 37 by <00 and Y07 | 6, < 00, then nlirxgo Gy, exists.

Lemma 2.2 ([8]). Suppose that X is a uniformly conver Banach space and
0<p<t,<qg<1foraln>1. Also, suppose that {x,} and {y,} are sequences
of X such that

limsup ||z, || <7, limsup||y.|| <r and lm |[tpx, + (1 —tn) ynl| =7
n—oo n—oo n—o0

hold for some r > 0. Then lim, o ||2n — ynl = 0.

Lemma 2.3 ([9]). Let X be a real uniformly convex Banach space, K a nonempty
closed subset of X, and let T : K — K be an asymptotically nonexpansive mapping
with a sequence {kp} C [1,00) and k, — 1 as n — oo, then (E —T) is demiclosed
at zero, where E is an identity mapping.

Lemma 2.4 ([I0]). Let X be a uniformly convex Banach space and K a convex
subset of X. Then there exists a strictly increasing continuous convez function
v : [0,00) = [0,00) with v(0) = O such that for each S : K — K with Lipschitz
constant L,

_ 1
Sz + (1= )8y Saz -+ (1= ayll < 127" ([l = ol + 7 152~ 5ol

forallz,ye K and 0 < a < 1.

Let wy, {z,} = {z : 3z,, — z} denote the weak limit set of {z,}.

A Banach space X is said to have the Kadec—Klee property if, for every se-
quence {z,} in X, z, — = and ||z,| — ||z|| imply ||z, — z|| — 0. Every locally
uniformly convex space has the Kadec-Klee property. In particular, L, spaces,
1 < p < oo have this property.
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Lemma 2.5 ([10]). Let X be a real reflexive Banach space such that its dual X has
Kadec—Klee property. Let {x,} be a bounded sequence in X and q1,qa2 € Wy {Tn}.
Suppose  limy,_,o0 ||axy, + (1 — @)1 — q2|| = O exists for all o« € [0,1] . Then
q1 = Qg2

The mapping T : K — K with F (T") # () is said to satisfy Condition (A) [11]
if there is a nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(t) > 0
for all ¢ € (0,00) such that ||z — Tz| > f(d(z, F (T))) for all n > 1. Senter and
Dotson [II] pointed out that every continuous and semi-compact mapping must
satisfy Condition (A). Khan and Fukharuddin [I2] modified the Condition (A)
for two mappings as follows: Two mappings 17, T5 : K — K are said to satisfy
Condition (A’) [12] if there is a nondecreasing function f : [0,00) — [0, 00) with
f(0)=0, f(t) >0 for all t € (0,00) such that

either max || — Thz| > f (d(z, F)) or max ||z — Tez| > f(d(z, F))

for all z € K, where d (z, F) =inf {|lx —p|| :p € F := F(Th) N F(1»)}.

Let {T; :i € Iy} and {I; : i € Iy} be two family of mappings of K with nonempty
fixed points set F. These families are said to satisfy Condition (B) if there is a non-
decreasing function f : [0,00) — [0,00) with f(0) =0, f (¢) > 0 for all t € (0, 00)
such that

cither max [lz — T > f (d(z, F)) or max|lz - La|| > f (d(z, F)).
1€lo 1elo

3 Main Results

Lemma 3.1. Let X be a real Banach space, K be a nonempty closed convex subset
of X, {T; :i € Iy} be N I;-asymptotically nonexpansive mappings with sequences
{lﬁf)} C [0,00) and {I; :i € I} be N asymptotically nonexpansive self-mappings

, N
of K with sequences {k’,(f)} C [0,00) such that F = (| F (T;)NF (I;) # 0. Suppose
i=1

that for any given x, € K, the sequence {x,} is geﬁemted by (L0) satisfying the
conditions:

1) io: ln, < 0o and § k, < oo, where I, = max{lg) 21 € Ip}, ky = max{k,(f) :
i€ IQ};n ' "

2) there exist constants 11,72 € (0,1) such that 71 < (1 — ), (1 — By) < 7o,
Vn > 1.

Then

i) im0 ||n — pl| exists for each p € F;

1) limy o0 d (xp, F) exists for p € F, where d (z,, F) = inf,ep ||z, — p|| -
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Proof. Let p € F. From (1), we have

lyn =2l = (1= Bn)zn + Buli'zn —pll < (1 = Bn) llzn — pll + Bn |1} 2n — pll
< (L= Bn) lzn = pll + Bn(l + En) [l2n — p
< llen = pll + Bukn [lzn — pll
< (14 Bukn) lzn — pll (3.1)
By (1) and 31]), we obtain
[Ent1 =pl = (1= an)fen + anTyn — pl|
< (U= an) ' en = pll + o | T yn — p
< (= an)(L+Ea) llzn —pll + on (1 + 1) [yn — pl
< (=o)L 4 k) [lzn = pll + an(l + ) (1 + kn) lyn — pll
< (k) [(1 = an) lzn = pll + an(1 4 1n) (1 + Bukn) |20 — pll]
< (14 kp) [(1 4 anlp + anBnkn + anBrknls) |20 — D]
< (L40n) zn =2l (3.2)

where 6,, = {kn + anBrkn + anly + (@ Bn + an) knly + anfnk? + anﬂnkflln} )
o) o0 o)
Since Y I, < oo and > k, < oo, we obtain > 4, < oco. Thus by Lemma

n=1 n=1 n=1
2 lim,, 00 ||2n — p|| exists. Taking the infimum over all p € F in the inequalities

B2, we get

d(zpi1, F) < (14 6,)d(zn, F) (3.3)
Now applying Lemma[ZTlto (B:3]) we get the existence of the limit lim,, o0 d (2, F).
This completes the proof of Lemma. O

We first prove a strong convergence theorem of the sequence {z,} which de-
fined by (L1) in a real Banach space.

Theorem 3.2. Let X be a real Banach space, K be a nonempty closed convex
subset of X, {T; :1 € Iy} be N I;-asymptotically nonexpansive mappings with se-

quences {ZS)} C [0,00) and {I; : i € Iy} be N asymptotically nonexpansive self-

, N
mappings of K with sequences {k,(f)} C [0,00) such that F = (| F(T;)NF(I;) #
i=1

(0. Suppose that for any given x1 € K, the sequence {z,} is_genemted by (L)
satisfying the conditions:

o0 &) . .
1) Y Iy <ooand Y ky < oo, where l,, = max{lﬁf) st € o}, ky = max{ksf) :
n=1 n=1

1€ IQ},

2) there exist constants 11,72 € (0,1) such that 71 < (1 — ), (1 — Bn) < 7o,
Vn > 1.

Then {x,} converges strongly to a common fized point of {T;:i € Iy} and
{I; : i € Iy} if and only if liminf, . d(z,, F) = 0.
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Proof. The necessity is obvious.

Now we prove the sufficiency of Theorem. By Lemma B} lim, o d(zy, F)
exists. It follows from liminf,, . d(x,, F) = 0 that lim, . d(z,, F) = 0. Next,
we prove that the sequence {x,} is a Cauchy sequence in K. In fact, since > 4, <

n=1

00, 1+t <exp{t} for all t > 0, and ([B3), therefore we have

[#nt1 = pll < exp{on} lzn — pll- (3-4)

Hence, for any positive integers n, m, from (B3] it follows that

Hxn-i-m - p” < exp {5n+m—1} Hxn—i-m—l _pll
< exp{dntm-1}[exp {Ontm—2} |Tntm—2 — ]
= ¢©exp {5n+m71 + 5n+m72} ||xn+m72 *p” <
n+m—1
< expa Y 8¢ lwn —pll < M, —pll,
j=n
)
where M = )~ §; < oo.
j=1

Since limy, o0 d(2y, F') = 0, for any given & > 0, there exists a positive integer
ng such that d(z,, F) < HLM, Vn > ng. Therefore there exists p; € F' such that
d(Tn,p1) < 137, Y1 > no.

Consequently, for any n > ng and for all m > 1 we have

€ j—
1+M

This implies that {z,} is a Cauchy sequence in K. Thus, the completeness of X
implies that {z,} is convergent. Assume that lim, . z, = z*. Then z* € K,
because K is closed subset of X and lim,_,o d(2y, F') = 0 implies that d(z*, F') =
0. F is closed, thus x,, — z*. This completes the proof. [l

[€n-tm =2l < |Znsm —=prll + 20 —pr] < (LM [[2n—p| < (1+M) e

Lemma 3.3. Let X be a real uniformly convex Banach space, K be a nonempty
closed convex subset of X, {T; : i € Iy} be N I;-asymptotically nonexpansive map-

pings with sequences {lgf)} C [0,00) and {I; : i € Ip} be N asymptotically non-

expansive self-mappings of K with sequences {ky(f)} C [0,00) such that F =

N
N F(T;) N F(I;) # 0. Suppose that for any given x1 € K, the sequence {x,}
i=1

1=
is generated by (1) satisfying the conditions:

1) Yl <ooand Y ky < oo, where l, = max{l,(f) ci €I}, kn = max{kﬁf) :
n=1 n=1
s Io};
2) there exist constants 11,72 € (0,1) such that 71 < (1 — ), (1 — By) < 7o,
Vn > 1.
Then limy, o0 ||2n — Tizn|| = 0 and limy, o0 |20 — Lizn]| =0 for all i € Io.
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Proof. For any p € F, by Lemma BI, we know that lim, . ||z, — p| exists.

Assume lim,,_,« ||z, — p|| = d for some d > 0. By &I), we have

[yn =l < (1 + Bukn) lzn = pl-

Taking limsup on both sides in the above inequality, we obtain

lim sup |y, —p| < d.
n—oo
Also
112 = pll < (1 + kn) 2n —p
foralln=1,2,..., so
lim sup ||I]'z, —p| < d.
n—oo

Next,

1Ty —pll < A+ 1) [y — pll < (1 + 1) (14 k) [|yn — Pl

gives by (3.1 that
lim sup [T}y, —p| < d.

n—oo

Moreover, we have

d= T |lzn1 —pll = lim [|(1—an) ([]'zn —p) + o (Ti'yn — )| -
n— 00 n—r00

This together with ([B.6]), (37) and Lemma [22] imply that

lim ||z, — T]'yn| = 0.

n—oo

Now
lZnt1 —pll = (1= an) 'z + T yn — pll

= (Ian —p) + on (T/'yn — I'an)|
< I en = pll 4 o (|17 yn — L2y ||

yields that
d <lim inf |[Il'x, —p].
n—oo

Combining (3.0) and [B9), we obtain
lim ||z, — p| = d.
n—oo

Observe that

| 2 — Tyl + T3 yn — 2l
HIznxn - TznynH + (1 + Zn) HIznyn _pH
HIznmn - TznynH + (1 + Zn) (1 + kn) Hyn _pll .

[ 1720 — pl|

IAINCIA

(3.5)

(3.6)

(3.7)

(3.9)
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Hence, we have
d <lim inf [y, —p|. (3.10)

By (33) and (3I0), we obtain
Jim (ly, — pll = d. (3.11)
On the other hand, || Iz, —p|| < (14 k») ||zn — p|| gives that

lim sup ||I['z, —p| < d.
n—oo

Thus d = lim, 00 |y — p|| = limp—oo [|[(1 — Bn) (@n — p) + B (I]'xy, — p)|| gives
by Lemma 2.2] that

nILrI;O I xy — x| = 0. (3.12)

Next,
lyn = @nll = Bn l|n — 1@yl
gives by (BI12) that
Jimlyn — @ = 0. (3.13)
From [B38) and 3I2), we have
[T —anll = (1 —on)lan + anTyn — 24|
< Rz =zl + o [ a0 — Tyl (3.14)

—- 0, n— o0.

Thus from || Zp+1 — Ynll < [[Tnt1 — ol + |20 — ynl|, we get

lim ||@nt1 — ynl = 0. (3.15)
n—o0
Furthermore, we have
|20 — Tynll < | — Ll @nll + |20 — T"ynll — 0 as n — oo. (3.16)

By the triangle inequality,
|Tn1 — Tznyn” < @ng1 — || + |2n — Tznyn” .
Therefore, by (B.14)) and ([BI8]), we obtain
lim ||zp41 — T 'ynl| = 0. (3.17)
n—oo
We shall now make use of the fact that every asymptotically nonexpansive mapping
is uniformly L-Lipschitzian. Then
[#ns1 — Lizng1] < |Jonss — I?+1$n+1H + HI?HInH - IZ."“an

+ Hfinﬂxn - Ii$n+1||

IN

||xn+1 - Iz'rl+1$n+1H + L[ #ns1 — ol + LI @0 — 2na|

Hxn+1 - Iz'n+1$n+1H + L[ Zns1 — @l
+Lay, ||IZL$n - TznynH )
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yields
ILm lzn — Lizy|| = 0. (3.18)

From 313), 3I4) and BI7) we have

[n =T on| < llon = gl + [2ngs = Tynll + 1T yn — T 20|
< on = Zpga | F 1z = Tyull + (14 1) (1 + kn) [yn — @l
and so
lim ||z, — T]'@,|| = 0. (3.19)
n—oo

Finally, from

[#nt1 = Tiwnrall < (@ = T @ || + | T g1 — Tz ||
<l = T ana | + T 2 = Lz |
< lensr = T apga || + TL P @ng1 — 2|
< Jomes ~ T o]

AL ([ wpt1 — L@l + [ 2n — 2o |])
< ||In+1 - TinJrlxn+1H +TIL? lZns1 — zal|

Loy |1 en = T ynl|,

with 38), BI4d) and (3I9), we obtain
lim ||, — Tiz,| = 0. (3.20)

n—oo

This completes the proof. O

Applying Theorem [B2] we obtain a strong convergence of the scheme ([7)
under the Condition (B) as follows.

Theorem 3.4. Let X be a real uniformly conver Banach space, K be a nonempty
closed convex subset of X, {T; : i € In} be N I;-asymptotically nonexpansive map-

pings with sequences {lgf)} C [0,00) and {I; : i € Iy} be N asymptotically non-
expansive self-mappings of K with sequences {k’,(f)} C [0,00) such that F =

N

N F(T;) N F(I;) # 0. Suppose that for any given x1 € K, the sequence {x,}
i=1

is generated by (L) satisfying the conditions:

o0 &) . .
1) Y ly<ooand Y ky < oo, where l,, = max{lﬁf) ci €}, ky = rnax{ksf) :
n=1 n=1

xS IQ},

2) there exist constants 11,72 € (0,1) such that 71 < (1 — ), (1 — Br) < 7o,
Vn > 1.

If {T;:i€ly} and {I; :i € Iy} satisfy Condition (B) then {x,} converges
strongly to a common fized point of {T;:i € Ip} and {I; : i € Ip}.
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Proof. From Lemma [3.3] we know that

lim ||z, — Tizp]| =0and lim |z, — Lizy| =0
n—oo n—oo
for all i € Iy.
Since {T; : i € Ip} and {I; : i € Iy} satisfy Condition (B), we get that

either f (d(zn, F)) < max ||z, — Tizy| or f(d(zn, F)) < max ||z, — Lx,| .
i€lg i€ly

In both cases, we get limy,_ o f (d(xy, F)) = 0. Since f : [0,00) — [0,00) is a
nondecreasing function satisfying f (0) = 0, f (¢t) > 0 for all ¢ € (0, 00), therefore
we have limy, o0 d (2, F) = 0.

Now all the conditions of Theorem are satisfied, therefore by its conclusion
{x,} converges strongly to a point of F. This completes the proof. O

Next, we prove a weak convergence of the iteration (I7)) in a uniformly convex
Banach space X whose dual X* has the Kadec—Klee property. Most weak conver-
gence theorems are proved in a uniformly convex Banach space and the presence
of Opial’s condition or the Fréchet differentiability of the norm.

In [13)], it is point out that there exist uniformly convex Banach spaces which
have neither a Fréchet differentiable norm nor the Opial property but their duals
do have the Kadec—Klee property. And the duals of reflexive Banach spaces with
Fréchet differentiable norms or the Opial property have the Kadec—Klee property.

The following lemma is our main tool for proving the weak convergence theo-
rem.

Lemma 3.5. Let X be a real uniformly convex Banach space, K be a nonempty
closed convex subset of X, {T; : i € Iy} be N I;-asymptotically nonexpansive map-
pings with sequences {lg)} C [0,00) and {I; : i € Iy} be N asymptotically non-
expansive self-mappings of K with sequences { ﬁf)} C [0,00) such that F =

N
N F(T;) N F(I;) # 0. Suppose that for any given 1 € K, the sequence {x,}
i=1

is generated by (LX) satisfying the conditions:

1) > I, <ooand Y k, < oo, where l,, = max{lg) 21 € Ip}, ky = max{k,(f) :
n=1 n=1
s IQ},
2) there exist constants T1,72 € (0,1) such that 71 < (1 — ), (1 = By) < 72,
Vn > 1.

Then limy, oo ||txy, + (1 — t) p1 — p2|| exists for all t € [0,1] and p1,p2 € F.
Proof. Setting ay, (t) = ||ty + (1 —t) p1 — p2||. Then

lim a, (0) = lim |jpy — p2l|,
n—oo n—00
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and by Lemma Bl lim, o an (t) = limy, o0 ||z — p2|| exists. Let ¢ € (0,1).
Define the mapping A,,, B, : K — K by

Apz = (1 — Bp)z + fpllx,
{ Bpx = (1—ap)Il'c + o, T Ap, nzl1, (3.21)
for all x € K. Then Bz, = xpt1, Bpp = p for all p € F. We have
[Anz — Apyll < [[(1 = Bp)x + Buli'z) — (1 = Bn)y + Buliy)|
< (1= Bn) (= y) + Bn (I'x = L'y)||
< (A=Bu)llz—yl+Bn (14 kn)llz -yl
< (I 4kn) |z =yl (3.22)

for all 2,y € K. By ([322]), we obtain

[ Bna — Bnyl < (1 — an)fj'z + an T Apz) — (1 — o)1}y + an T Any)|
= (1 — o) (Ii'z = Ij'y) + an (T} Apz — T Any) |
< —an) [z = Iyl + an | T Anz — T Any ||
(I —an) (T +kn) llz = yll + an (1 +1n) (1 + kn) [Anz — Ayl
(I —an) (L4 k) [z =yl + o (L+1n) (14 kn) (1 + kn) [l =yl
(14ky) [1+ankn + anly, + anlpnkn] ||z — yl|
(T4 kn) L+ kpn + 1+ Lkn] |2 — v
(14 k) (1 d) [l = ] (3.23)

IAIA

IN

For the sake of simplicity, set hy,, = max{ky,l,}, then obviously lim, . hy = 0.
Thus we have

1Bax = Bayll < (1+ ha)* [z = yll.

This implies that B, : K — K is Lipschitz with the Lipschitz constant (1 + h,,)?
and x,41 = Bpx,. Setting

Hn == H (]- + h/j)3 3 Rn,m == BnerlenerfQ e Bn; n,m Z ]-7
j=n

then H, — 1 (as n — o0) and R, ., : K — K is Lipschitz with the Lipschitz
constant H,,. Moreover, R, Ty = Tntm and Ry, ,,p = p for each p € F.

Letting

bn,m = ||tRn,mxn + (1 - t) Rn,mpl - Rn,m (txn + (1 - t) pl)H (324)
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From ([3:24) and Lemma 24 we have

n+m—1
b < [[ (40)* 77" < [#n — pa
j=n
—1
n+m—1
j=n
-1

00 )

<ITa+r)* 7 [len—pill = { TTO+8)" | [ Rum@n—Romps
j=n J=n

2y (lon = pill = HyHl@ngm — pall) -

It follows from Lemma Bl and lim,, o, Hy, = 1 that lim,_,« by, m = 0 uniformly
for all m. Observe that

antm () < [t@pgm + (L —1)p1 — p2
+ (Bnm (tzn + (1 = 1) p1) — tRpmTn — (1 — 1) Ry mp1) ||
+ |- (Rn,m (txn + (1 —1t)p1) — Ry mTn — (1-1) Rn,mPl)H
| R (txn + (1 = 1) p1) — pall + bpm

= ||Rn,m (trp + (1 —t)p1) — Rn,mp2H + bn,m
n+m—1

H (1+ hj)3 [tz + (1 — ) p1 — p2|l + bnm

j=n

IN

< H (1+hy)? |[twn + (1 — ) p1 — pall + bom = Hnan () + by

Consequently, limsup,,_, . an (t) <liminf,_,. a, (¢). That is
lim ||t$n + (1 — t) p1 — p2||
n—oo
exists for all ¢ € (0,1). This completes the proof. O

Theorem 3.6. Let X be a real uniformly conver Banach space such that its
dual X* has the Kadec—Klee property, K be a nonempty closed convex subset
of X, {T; :i € I} be N I;-asymptotically nonexpansive mappings with sequences

{ZS)} C [0,00) and {I; :i € I} be N asymptotically nonexpansive self-mappings

. N
of K with sequences {k,@} C [0,00) such that F = [ F (T;)NF (I;) # . Suppose
i=1

that for any given x1 € K, the sequence {x,} is ge;emted by (L0) satisfying the
conditions:
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1) Y 1y <ooand Y k, < oo, where l,, = max{lg) ci €I}, ky = max{k;,(f) :
=1

n= n=1
i€ Io};
2) there exist constants 11,72 € (0,1) such that 71 < (1 — ), (1 — Bn) < 7o,
Vn > 1.

Then {x,} converges weakly to a common fized point of {T;:i€ Iy} and
{Iz NS Io}

Proof. Let p € F. Then lim, o |2, — p|| exists from Lemma Bl and so {z,}
is bounded. We prove that {z,} has a unique weak subsequential limit in F'
For, let u and v be weak limits of the subsequences {z,,} and {zy,} of {z,},
respectively. By Lemma3] lim,, oo ||2n — Ti2n| = 0 and lim,—, o || 2n — Lizy || =
0 for all 7 € Iy. Lemma guarantees that I;u = w and T;u = u. Again in the
same fashion, we can prove that v € F. Next, we prove the uniqueness. Since
limy, o0 ||tz + (1 — ) u — v]| exists for all ¢ € [0, 1] by Lemma[30] therefore u = v
by Lemma Consequently, {z,} converges weakly to a point of F and this
completes the proof. O

Remark 3.7. Since iteration scheme (LT converges faster than Ishikawa iteration
process, therefore our results improve and generalize corresponding results of Temir
[2] and many other in the contemporary literature.

Remark 3.8. If we choose I; = E for all i € Iy, we obtain related results of the
previously known results for Mann Iteration in this area.

Remark 3.9. Under suitable conditions, the sequence {x,} defined by (L7) can
also be generalized to the iterative sequences with errors. That is, if the error terms
are added in (7)) and assumed to be bounded, then the results of this paper still
hold.

Acknowledgements : I would like to thank the referees for their comments and
suggestions on the manuscript.
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