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1 Introduction

Let A denote the class of the functions f normalized by
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which are analytic in the open unit disk U={z € C: |z| < 1}.

Given two functions f and F, which are analytic in U, we say that the function
f is subordinated to F, and write f(z) < F(z), if there exists a function w analytic
in U such that |w(z)| < 1, z € U, and w(0) = 0, with f(z) = F(w(z)) in U.

In particular, if F'is univalent in U, then f(z) < F(z) if and only if f(0) = F(0)
and f(U) C F(U).

Definition 1.1. (Miller and Mocanu [1]) Let ¢ : C*> — C and let h be univalent
in U. If p is analytic in U and satisfies the following differential subordination

b(p(2), 2p'(2)) < h(2), (1.1)

then p is called a solution of the differential subordination (LI). A univalent
function ¢ is called a dominant of the solutions of the differential subordination
(@TI) or, more simply, a dominant if p(z) < ¢(z) for all p satisfying (LI). A
dominant ¢ that satisfies (z) < ¢(z) for all dominants ¢ of (L)) is said to be the
best dominant of (ILT)).

Definition 1.2. Let P denote the class of all functions ¢ which are analytic and
univalent in U, with ¢(0) = 1.

Definition 1.3. (i) The generalized hypergeometric function (Fy is defined by

(arg)n z"

(ﬁs)n n!’

qFS(Z): qu(ala'"7aq;ﬂ17"'7ﬂs;z):Z (al)n ZGU;
G

where a; € C (j = 1,...,q9), 8 € C\Zy, Zg = {0,-1,...} (j = 1,...,9),
qg<s+1,q,s €Ny, and (a) is the Pochhammer symbol defined by
(@)o=1, () =afa+1)-...-(a+k—1), ke N.

(ii) The general Hurwitz-Lerch Zeta function ¢(z,s,b) is defined by (cf., e.g.
(Srivastava and Choi [2] p. 21 et seq.])

despy=3 L= 2
T = (bn)s bt (4D (240 T

with b€ C\ Z;, s € C when |z| < 1, and Res > 1 when |z| = 1.

These general Hurwitz-Lerch Zeta function ¢(z,s,a) is also contains as its
special cases, well-known functions as the Riemann and Hurwitz (or generalized)
Zeta function, Lerch Zeta function, the Polylogarithmic function and the Lipschitz-
Lerch Zeta function. One may refer to the Srivastava and Choi [2] (see also Sri-
vastava and Attiya [3]) for further details and references to these functions.

Srivastava and Attiya in [3] (see also Prajapat and Goyal [4]), introduced the
following family of linear operator

Js,b A — A,
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which is defined by

Jopnf(2) =Gsp(2)x f(2) (beC\Zy, s€C), (1.2)

where the symbol “«” denotes the Hadamard product (or convolution) of analytic
functions, and function G is given by

Gsp(2) = (b+1)° [qb(z, 8,b) —b~° z+ Z (b+ 1) n (1.3)

b+n

From (L2) and ([L3), we get
S (b+1)°
Jspf(2) =2 Z <L> anz", z € U. (1.4)

The Srivastava-Attiya operator .Js; contains among its special cases, the inte-
gral operators introduced and investigated by Alexander [5], Libera [6] and Jung
et al. [7].

Using the relation (I4)) it can be easily verified that the linear operator Jg
satisfies the following differentiation formula:

2 (Jor1f(2) = (b+ D)o f(2) = blss1sf(2), 2 € U. (1.5)

Now we will introduce the following subclasses of A, involving the operator
s b

Definition 1.4. Let ¢ € P, s € C, and b € C\ Z; . Then the function f € A is
said to be a member of the class M(s, b; ¢), if it satisfies

Js,bf(z)

Trof(@) 00

Further, we set

A—-B =z

1
“M(Sb 11T B:

) : M (s,b; A, B)

and
20l—ao) =

i [ Rk S/, VSV .
M(s,b, + b1 12) (s,b, )

We observe that the classes M(s, b; ¢), M (s, b; A, B), and M (s, b, ) generalize
several previously studied classes, and we will show some of the interesting cases
as follows:

(i) The classes

M(=1,0;¢) = 5%(¢) and M(=2,0;¢) = C(¢)
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has been studied by Ma and Minda [§];
(ii) The class

M(~1,0: A, B) = S[A, B]
was studied by Janowski [9];
(iii) The classes

M (1,0; w> =M(=1,0;1—2a,-1) =M (-1,0,a) = S*(a)

and

M <2, 0; #_50‘)2) = M (=2,0;1—2a,—1) = M(-2,0,0) = K(a),

are the familiar subclasses of A of starlike and convex functions of order o (0 <
a < 1), respectively (see Srivastava and Owa [10]).

In the present paper we derive various useful and interesting properties and
characteristics of the above defined function classes by using the subordination
principle.

The following lemmas will be required in our present investigation.

Lemma 1.5. (Miller and Mocanu [Il p. 132]) Let ¢ be analytic and univalent in
U. Also, let 8 and ¢ be analytic in a domain D containing q(U), with ¢p(w) # 0
when w € q(U). Set

Q(2) = 24 (2)¢(q(2)), h(z) =0(q(2)) + Q(2),
and suppose that

(1) @ is univalent and starlike in U,
2 (2) 0'(a(z)) | 2Q'()
2 " e * o

If p is analytic in U, with p(0) = ¢(0), p(U) C D, and
0(p(2)) + 2p'(2)d(p(2)) < 6(a(2)) + 2¢'(2)$(q(2)) = h(2),
then p(z) < q(z) and q is the best dominant.

Lemma 1.6. (Miller and Mocanu [I1]) If -1 < B < A <1, 8 > 0 and the complex
number 7 satisfies Rey > —B(1 — A)/(1 — B), then the differential equation

2q'(z) 14 Az
az) + Bq(z)+~ 1+ Bz’

has a univalent solution in U given by

(1) Re >0, zeU.

z e U,

B+ B(A-B)/B
Zz (1+ Bz2) e if B£0
B t5+771(1 + Bt)ﬁ(A*B)/B dt p
q(z) = 0 B+
27 exp(fAz) - % if B=0.

B/OZ thtr—1 exp(BAt)dt
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If ¢(2) = 1+ c12 + 22?2 + ... is analytic in U and satisfies

z¢'(z) 1+ Az
+ Bo(z) + = 1+ Bz’

¢(2)

then
1+ Az

1+ Bz’

¢(2) <q(2) <
and q 1s the best dominant of (L4).

Lemma 1.7. (Wilken and Feng [12]) Let v be a positive measure on [0, 1], and let
h be a complex valued function defined on U x [0, 1], such that h(-,t) is analytic
in U for each t € [0,1], and h(z,-) is v-integrable on [0,1] for all U. In addition,
suppose that Re h(z,t) > 0, h(—r,t) is real, and

1 1

> < .
Reh(z,t)_h(fr,t)’ for |z|<r<1 and te€]0,1]

If the function H is defined by

H(z):/o h(z,t)dv(t),
then
1 1

— > < 1.
Re’H(z) Z W=y for |z|<r<

Lemma 1.8. (Whittaker and Watson [I3]) For real or complex numbers ay, by
and ¢1 (1 #0,—1,-2,...), the following identities hold:

bl)F(Cl — bl)

1
I(
Tl — el — )T dt = F bi; e
\/0 ( ) ( Z) F(Cl) 2 1((11, lyclyz)a

if Reci >Reby >0,

oFi(a1,bi;¢1;2) = 2Fi(b1,a15¢1;2),

_ z
oFi (a1, biser;2) = (1—2)"" oy (a1,01 —byyer; — 1) :

Lemma 1.9. (Royster [14]) The function q(z) = (1 — 2)72% is univalent in U if
and only if |2ab—1| <1 or [2ab+ 1] < 1.

2 Main Results
We first prove the following subordination theorem involving the operator Jg .
Theorem 2.1. Let ) € P and b € C\ Zg , such that

2’ (2)
¥(2)

is starlike in U, (2.1)



660 Thai J. Math. 15 (2017)/ J.K. Prajapat and T. Bulboaca

and
Re[(b+ 1)¢(z)] >0, z € U. (2.2)
If f € M(s,b;7) such that Jeyopf(2) # 0 for all z € U= TU\ {0}, and
. EECAC N
7(z) =(z) + ek

then f € M(s+1,b;%).

Proof. Let f € M(s,b;7), and define the function p by
Jst1,0f(2)
Js+2,bf(z) .

Then, the function p is analytic in U, and differentiating both sides of (Z3]) with
respect to z and making use of the identity (ILH]), we obtain that

Jonf(2) () + 2p/(2)

Jst1,0f(2) (b+1)p(z)
Since f € M(s,b;7), the above relation shows that

p(z) = (2.3)

2 (2)

p(2)

1
If we let O(w) = (b+ 1)w and ¢(w) = —, then 0 and ¢ are analytic in C\ {0}.
w
Setting

(b+ 1)p(z) + < (b+D(z) +

— (2 2)) = ZW(Z)
and ,
() = 0(0(2)) + Q) = b+ utz) + oL

from the assumptions it follows that the function @ is starlike, and
zh'(2) 0'(¥(z) , 2Q'(2) 2Q'(2)
R =R
Q) T lewe) ek Q)

Therefore, by virtue of Lemma we conclude that p(z) < ¥(z), that is f €
M(s +1,0;9). O

=Re[(b+ 1)y(2)] + Re

>0, ze U.

1—A
Corollary 2.2. Let -1 < B < A< 1, and b € R\ {0} with b > “1T— g Let

denote
_ A+bB _1+0z (C—B)z

“=T15 14+ Bz (1+B2)(1+Cz)’

1
If f € M(s,b;1(2)) such that Joyopf(2) # 0 for all z € U, then f € Mv(s +
1,b; A, B).

b )

and 1(2)
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Proof. If we choose in Theorem 2.1

A-B =z
=l+————, —-1<B<A<I1
vy =1+ 1+b 1+ Bz’ - -
then it is sufficient to show that the function v satisfies the conditions ([ZI) and
2.2).
First, we may easily see that the function
2 (z C — B)z
o) (©-B:
P(z) (1+Bz2)(1+C=z)
is starlike in U. Thus,
2Q'(2) 1 1 1 1
Re ———+=-1+R R > —1
‘0 TR B T T e T T T T
1—1|BC|

= , z € U.
(1+1B) A +]C)
From the assumptions we have |C| < 1, hence 1 — |[BC| > 0, and from the above
inequality it follows that @ is a starlike function in U.
Also, a simple computation shows that

1+Cz 1-C

Re[(b+ 1)u(2)] = (14 ) Re =5~ > (L+b)7—

>0, z€eU,

which completes the proof of our corollary. O

Remark 2.3. (i) Setting A =1—2a with 0 < a <1, and B = —1 in Corollary
22 we get an improvement of a result by Srivastava and Attiya [3].

(ii) Setting s =6 with§ >0,b=1, A=1-2c with0 < a <1, and B=—1,
Corollary (222 would yield the corresponding known result due to Attiya [15].

Theorem 2.4. Let ¢ € P and b€ C\ Z;, such that

2y’ (2)
X—b+ (1+b)v(2)

is starlike in U,
and

ReA—=b+ (1 +b)y(2)] >0, z€ U.
Let define the operator Fy : A — A by

)\ z
Frf(z) = ; /Otkflf(t)dt, Re\ > —1,

and let
2¢'(2)
A=b+ (14+b)Y(z)

If f € M(s,b; X) such that Je11 Faf(z) #0 forall z € U, then Faf € M(s,b;9).

X(2) = () +
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Proof. From the definition of F and (L) we obtain that

(1 + N Jsr1,6f(2) = Meg16 Faf(2) + 2 (Jop1,0 Faf(2))
=(A=0)Jsqy1s Faf(z) + (1 +b)Jsp Faf(2). (2.4)

Defining the function p by

Js,b }—/\f(z)

p(Z) = m7

then p is analytic in U, and from (Z4) we deduce that

Jerl,bf(Z)
Jox1.6 Faf(2)

Differentiating both sides of (Z3) with respect to z and using the identity (3]
and (24), we obtain that

(14X =A—b+ (1+b)p(2). (2.5)

Js,bf(z) _ (Z) Zp/(Z)

Jst16f(2) A=b+ (1+b)p(z)
From the above relation, since f € M(s,b; X), we deduce
zp'(2) 2Y'(2)

< (z) +

p(2) +

A—b+ (1+b)p(z) A=b+ (1+b)w(z)

Letting

f(w) =w and o¢(w)= m,

we have that § and ¢ are analytic in C\ {b—i——l

}. If we set

2! (2)
A—b+ (1+b)(z)

Q(2) = 29/ (2)d(¢(2)) =

and
z¢'(2)
A=b+ (1+b)Y(z)’
from the first of our assumptions, the function @ is starlike, and combining this
fact with the second assumption we deduce that

h(z) = 0(¢(2)) + Q(2) = ¥(2) +

zh'(z) 2Q'(2)
Q(2) Q(2)

Now, according to Lemma we conclude that p(z) < v¥(z), that is Faf €
M(s,b;9). O

Re =Re[A=0)+ (1 +b)¢(2)] + Re >0, z€U.
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Theorem 2.5. Let o, € C, and b € C\ Z, . Suppose that p € P is a convex
function in U satisfying the inequality

(L+0) (a+28¢(2))  29"(2)

5 Y'(2)

If f € A satisfies the subordination

Jsr1,0f(2) n Jsnf(2)

Re +1{ >0, zeU. (2.6)

o < ap(2) + B2 (2) + 2 (2),
Jor2f(2) Jsr2pf(2) V() +BY(E) 1+b vz
then f € M(s+1,b;%).
Proof. If we define the analytic function p by
Jsr1,0f(2)
z) = ———=,
P = el )
using the relation (CH]) a simple computation shows that
Jsr16f(2) Jsnf(2) 2 /
« ’ + ’ =ap(z) + z)+ Zp (2).
Toant () P Toanf ) p(2) + Bp7(2) + P (2)

Setting O(w) = aw + Bw? and ¢(w) = i, the convexity of the function 1

1+
together with the assumption (28] show that the conditions (¢) and (¢7) of Lemma
[LH are satisfied, hence p(z) < ¥(z), and thus f € M(s+ 1,b;9). O

Corollary 2.6. Let o, € C,be C\Zy, and —1 < B < A <1, such that

> 0. 2.
-5 11" 27)

e [2b+ a(l +b)] 21— A4) 1-|B|

B
If f € A satisfies the subordination

Jerl,bf(Z) Js,bf(z)
v ) Toranf (2)

then f € M(s+1,b; A, B).

(a+20)(A-B)z  B(A~B)[(A-B)z +1]z
(1+0b)(1+ Bz) (14 0)2(1 + Bz)? ’

< a+f+

Proof. If we choose in Theorem

A—-B =z
14+b 1+ Bz’

Yv(z) =14+

then it is sufficient to show that 1) is a convex function in U which satisfies the
inequality (26). We may easily check that

2)"(z)\ L, 1—Bz 1—|B|
V' (2) =ReiT g 1+ B

Re<1+ >0,z€U,
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which shows that v is a convex function in U. According to the assumption (Z7),
we deduce that

1 2 "
EETEIGE T
8 P'(z)
B a(l+0b) 14+ Az 1— Bz
Re[2b+ }+2R61+Bz+ el+Bz
a(l+0b) 2(1-4) 1-—|B|
>

>Re[26+ 3 } T 1+|B|_O,Z€U7

and the proof is complete. O

Setting b = 0 and s = —2 in Corollary 2.6} we get following special case:
Corollary 2.7. Let a,5 € C and —1 < B < A <1, such that

a 2(1-4) 1—|B|
ReﬁJr ) +1+|B|_O

If f € A satisfies the subordination

21"(2) 2f'(2)
f(2) f(2)

then f € S*[A, B].

(a+28)(A—B)> B(A-B)[(A—B)z+1]z

p (1+ Bz) (1+ Bz)? ’

+(a+pB)

< a+f+

Remark 2.8. (i) Taking « = X\ —1, and f =1 in Corollary[2.7, we get the result
due to Xu and Yang [16], p. 581, Theorem 1].

(i) Takingao=1—3,0< B8 <1, A=1, and B = —1 in Corollary [Z.7, we
get the result due to Padmanabhan [T7).

1—A
Theorem 2.9. Let -1 < B < A< 1,be R\ {0} withd > 15 and let

denote
_ A+bB

1+0b
(i) If f € Mv(s,b;A,B) such that Jsiapf(2) # 0 for all z € U, then

Jsr16f(2) 1 _ 1+Cz
Js+20f(2)  (b+1)Q(2) =4z = 1+ Bz’

(2.8)

where
(b+1)(C—B)/B

1
tb(HBtZ dt, if B0,
Qz) = / 1+ Bz Z (2.9)

/ tPexp[(b+1)(t — 1)C2]d¢t, if B=0,
0

and q is the best dominant of [2.3).
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B
(i) Supposing, in addition, that —1 < B <0, and C < e then

Jor16f(2) [ < (b+1)(B-C) B )]1
Re—————= > |1 (l,——— b+ 2; —— , z€U, 2.10

Tep2nf(z) ~ [ B B-1 (210
and this result is the best possible.

Proof. Let f € M(s, b; A, B), and define the function p by

Jerl,bf(Z)
Js+2,bf(z).

The function p is analytic in U, and differentiating both sides of (2I1]) with respect
to z, and using the identity (L) we obtain

Js,bf(z) o 5
Js+1,bf(2) B p( ) *

Since f € Mv(s, b; A, B), the above relation shows that

p(z) = (2.11)

2p'(2)
(0+1)p(z)

zp'(z) A-B =z 1+Cz

p(e) + 2 -1t

(b+1)p(2) b+11+Bz 1+ Bz
Therefore, by using Lemma for f =b+1 and v = 0 we obtain (28], where

the function @ is given by (29).
Next, if we set

b+1)(B —
013:%7 by:=b+1, and ¢ :=b+2,

then ¢; > b1 > 0, and according to Lemma [[.8 we deduce from ([29) that

~ 1 (b B
Q(z) = (1 +Bz)‘“/ "1+ Btz) " dt = &) L p, (17601;01;7'2) ;

0 I(c1) Bz+1
(2.12)
whenever B # 0.
In order to prove the inequality (ZI0), we need to show that
1 1
, (2.13)

Re = > =
Q(z) Q(-1)

If -1<B<0,and C < — , then ¢; > a; > 0, and from (ZI2]) we obtain

B
B b+1
that the function ) may be written as

Q) = / o(t, 2) d (),
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where

1+ Bz
t2)=—"122  g<i<1
92 =g 0SSt

and
I'(by)

" (L =) T dt
I‘(al)F(cl — al) ( )

dp(t) =
is a positive measure on [0, 1].
For —1 < B < 1 we have that Reg(t,z) > 0, g(¢t,—r) is real for 0 <r < 1 and
t €[0,1], and

1 1—(1—¢)Br 1
fe g(t,z) — 1—Br g(t,—r)’ or [z]<r< an € [0,1]

According to Lemma [[.7 we get
1 1

Re=——2> = , for |z| <r<1,
Qlz)  Q(=r)
and letting r — 1~ we conclude that the inequality ([2I3) holds. The result is
sharp because the function ¢ is the best dominant of ([2.8)). O

Setting A =1 — 2§ with 0 < § < 1, and B = —1 in Theorem 2.9 we have:

Corollary 2.10. Let 0 <§ <1, andb> =5 withb # 0. If f € M(s,b7 0) such
that Jsyopf(2) # 0 for all z € U, then

Jerl,bf(Z)

Re
Jsr2.0f(2)

B -1
> |:2F1 <1,2(15),b+2,m>:| , 2 € U,

and this result is the best possible.
In the next result we will consider the inverse problem of Corollary 210

Theorem 2.11. Let 0<d <1, andb> —§ withb#0. If f € M(er 1,b,0), then
f €M(s,b,0) in |z| < R(b,0), where

2—-30—+/(2—8)2—(b+1)(1—b—26)

— L if b<1-2,
_ — 52 — —_ph—=
R(b,8) ={ 2-0+V(C f)_b_(b%l)(l b=20) e poq g (214)
1+b |
2 —1-26.
340 ¢o ’

The result is the best possible.
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Proof. For f € A, according to the differentiation relation (1)), it is easy to show

e (Juonf (2))' Jeeinf ()
2 (Jsyonf(2)) st1f(2)
Js+2,bf(2) B (b N 1) Js+2,bf(2) b
It follows that f € M(s -+ 1,b,0) if and only if
L Z(Js+2,bf(z))/ _ .
p(z) == Tl 0+ (1 —d)u(z), (2.15)

where v is an analytic function in U with u(0) = 1, and Reu(z) > 0, for z € U.
Using (LH)), form [210) we may easily deduce that

Z(Js+1,bf(z))/7 o o luls zu/(2)
Re[ Ternf (2) 5](1 OR [<)+5+b+<1_5>u<z>
|zu'(2)]

Z (1 -0)Re {“(z) BT 5)u(z)|]
|zu'(2)]

> (1—6)Re [u(z) } ,2€U, (2.16)

~ 54+b+ (1—06)Reu(z)

whenever 0 < § < 1, and b > —4§. Using in (ZI0) the well known estimates (see

[18])

2 1-—
|zu'(2)] < 7 77;2 Reu(z) and Reu(z)> 1+:, if |z]=r<1,
we obtain that
!
X 2
Re M_(; > (1) Reu(z) |1 - "

Jor16f(2) O+0)(1=r?)+ (1 -0)1-r)2]"

for |z| = r < 1, and the right-hand side of this inequality is positive if r < R(b, d),
where R(b,0) is given by (ZI4).

To show that the bound R(b, §) is best possible, we consider the function f € A
defined by

2 (Jopanf(2)) 1+2
— L =+ (1-94 , z€U.
Jsr2,0f(2) U=
Noting that
2 (o1 f(2)) 14z 2z
—— 2 5 =(1-9 =0,
T T T G Ao 2)
for z = —R(b, J), we conclude that the bound (2I4) is the best possible. O

Theorem 2.12. Let o, 3,7,6 € C, and let ¢ € P be a univalent function in U,
such that
z¢'(2)

¥(2)

is starlike in U, (2.17)
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and

e 2ot

() | ()
0 )

IffeA andbe C\Zy such that Joi1f(2) # 0 for all z € U, then

] >0, zeU. (2.18)

) !
o+8 (7‘]“’“2’“2)) y6(b+1) (7;“”{;2) - 1) < a+ﬂ¢(z)+’)’2$(z), (2.19)
then
(7Js+1’bf(z))6 < 9(2)

and 1 is the best dominant of (2I9). The power of the function is the principal
. (Js+1,bf(2))6
one, i.e. | 2T

z

=1.
z=0

Proof. If we define the function p by

p(z) = (‘“—“))6 |

z

then p is analytic in U. Differentiating the above definition formula with respect
to z, and using identity (CHl), we obtain that

a+p <JSH’#M)6 +~5(b+1) <M — 1> =a+ fp(z) +'yZ§/(Z).

Js+1,bf(z) (Z)
Now, by setting §(w) = a + Sfw and ¢(w) = 1, our assertion follows easily by
w
applying Lemma O

Setting in Theorem [2.12] the parameters a = =10, v = , and taking

1
s(b+1)

the function ¥(z) = (1 — 2)~20(1=%)we have the next result:
Corollary 2.13. Let 0 < a <1, 0< § <1, and satisfies either
201 —a)+ 1| <1 or |26(1—a)—1]<1.

If f e M (s,b,a), and b € C\ Zy such that Js41,f(2) # 0 for all z € U, then

z

)
IA—a)
Re <7‘]5“”’f(z)) >970 e, (2.20)

and the result is the best possible. (The power of the function is the principal one.)
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Proof. First, we remark that if 5 = 0, then the conditions (ZI7) and (ZIS) are
identical. Thus, we need to show that 1(z) = (1 — 2)~2°(1=%) is univalent in U,

2Y'(z)

is starlike in U.

and the function

According the Lemma[l.9 and the given hypothesis, the function v is univalent
in U. Also, since

2 (2) _ 20(1—a)z

h =
O
we have W) ) )
zh!(z
Re ") 7Re1_z>§,z€U,

which shows that h is starlike in U.
If f € M(s,b,a), according to Theorem we have

(Jerl,jf(Z))mléa) =< (1 _ 2)76.

Thus, there exists a Schwarz function w, that is analytic in U with w(0) = 0, and
|w(z)| < 1in U, such that

<7J5+1§f(z)) o =(1-wz)"’, 2€U.

Using the elementary inequality
ReC# > (Re()’% , for Re¢ >0, and m > 1,

we obtain that

() () ()

)
1 1
> — — U
—(1+|w<z>|> T FEY

for 0 < § <1, and this proves our corollary. ([l

Remark 2.14. By setting (z) = c with b € C\ {0}, b =0, s =—1,

-
(1-2)?

a=06=1,=0, and v = —, Theorem reduces to the result obtained by

1
n
Srivastava and Lashin [19].

Theorem 2.15. Let g € A that satisfies the inequality

e Jerl,bg(Z)
z

R >0, zeU.
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If f € A such that

Jot1 bf(z) ‘
SHOIE) 4l ) s e, 2.21
Ter109(2) 221)
then
~ V17T—-3
feM(s,b,a) in |z| < —

V17T -3

and the bound 1 is best possible.

Proof. Letting

_ srpf(z)
w(z) = Toroo() 1, (2.22)

then w is analytic in U with w(0) = 0, and |w(z)| < 1 for z € U. By applying the
familiar Schwarz Lemma, we get

w(z) = 2¢(z),
where 1) is analytic in U, and |[¢)(2)| < 1 for all z € U. Therefore (Z22)) leads us
Jor1,0f(2) = Jsr19(2) (1 4 29(2)),
which gives that
2(Jsr16f(2) _ 2(Jsr109(2)) | 2[0(2) + 29/ ()]

Torinf(2)  Jer109(2) + 200G (2.23)
Setting
_ Jering(z)
P(2) = —

then ¢ is analytic in U, ¢(0) = 1, and Re ¢(z) > 0 for z € U, and

z (Jsr1,69(2)) _z9'(2) +1. (2.24)

Js11,69(2) #(z)

Using (Z24) and the assumption (Z2ZI]), together with the well-known esti-
mates [18]

2¢'(2) 2r 2[Y(z) + 29’ ()] r
> — d > — f = 1
Re o) 2 1o and Re T+ 20(0) -1 for |z =r <1,
from (Z23) we deduce that
2 (Jop10f(2)) 2r r 1—3r— 272
: >1— — = = 1
Re Jop1uf(z)  — 1—72 1-—7r 1—7r2 7 ol =r<1,

and the right-hand side of the above inequality is positive, provided that |z| <

V17 -3
4

. This completes the proof. o
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