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1 Introduction

By w, we shall denote the space of all real or complex valued sequences. Any
vector subspace of w is called a sequence space. We shall write ., ¢o and ¢ for
the spaces of all bounded, null and convergent sequences respectively. Also by bs,
cs for the spaces of all sequences associated with bounded and convergent series.
A sequence space is called an F'K—space if it is a complete metrizable locally
convex space (F'—space) with the property that convergence implies coordinatewise
convergence (K —space). A normable FK —space is called a BK—space. The
sequence spaces £, ¢ and ¢y are BK —spaces with the usual sup-norm given by
|z|le., = supy |xk|, where the supremum is taken over all k& € N, where N =
{0,1,2,...}.

Let 1 and v be two sequence spaces and A = (anx) be an infinite matrix of real
or complex numbers a,j, where n,k € N. Then, we say that A defines a matrix
mapping from p into v and we denote it by writing A :  — -, if for every sequence
x = (x1) € p the sequence Az = {(Ax),}, the A—transform of z is in ~y; where

(Ax)n = amar  (n €N). (1.1)
k

The notation (u : ) denotes the class of all matrices A such that A : u — ~. Thus,
A € (p: 7y) if and only if the series on the right hand side of (II]) converges for
each n € N and every = € p and we have Ax = {(Az),}nen € v forall z € p. A
sequence x said to be A—summable to a if Ax converges to a which called as the
A—limit of . If (i : v) are equipped with limits ¢ — lim and v — lim, respectively,
A€ (p:v) and v — lim, (Ax), = p — limy a2, for all z € u, then we say that A
regularly maps g in to v and we write A € ({4 : ¥)reg. The matrix domain pa of
an infinite matrix A in a sequence space p is defined by

pa ={zx=(z1) €w: Az € p}. (1.2)

A linear topological space X over the real field R is said to be a paranormed space
if there exists subadditive function g : X — R such that g(8) =0, g(—x) = g(x)
and scalar multiplication is continuous, i.e., |a, —a] — 0 and g(z, —z) — 0
imply g(apz, —ax) — 0 for all o’s in R and all 2’s in X, where 6 is the zero
vector in the linear space X.

Assume here and after that p = (px) be a bounded sequence of strictly positive
real numbers with suppy = H and M = max{1,H}. Then, the linear spaces
L (p), co(p) and c¢(p) were defined and studied by Maddox, Simons and Nakano
[1, 2, [3] as follows:

loo(p) = qax= (1)) Ew: sup|3:k|pk<oo}

{
co(p) = {:c w: lim |z |P* —O},
k—o0

x = w: lim |z —1|P* =0 for somelER}.
k—o0
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which are the complete paranormed by

g(x) = sup [z, [P+/M.
kEN

Throughout the article by F and Ny, respectively, we denote the collection of all
subsets of N and the set of all n € N such that n > k. In the literature, by using
the matrix domain over the paranormed spaces, many authors have defined new
sequence spaces (see[dl [5] 6] [7, [§]).

Let « = (x) be a sequence in C, the set of all complex numbers and Ry
be the least convex closed region of complex plane containing =y, Tg4+1, Tk42, - - -
The Knopp Core (or K — core) of x is defined by the intersection of Ry for all
(k=1,2,...), (see [9 pp.137]). In [10], it is shown that

K — core(z) = m B.(z)
z€eC

for any x € ls, where By(z) = {w € C: |w — z| < limsup,, |z — 2|}

Let K be a subset of N. The natural density §(K) of K C N is lim,, n~!|{k <
n : k € K}| provided it exists, where |E| denotes the cardinality of a set E. A
sequence x = (zy) is called statistically convergent (st—convergent) to the number
[, denoted st — limz, if every € > 0, 6({k : |z — | > €}) = 0, [11]. We write st
and sto to denote the sets of all statistically convergent sequences and statistically
null sequences. In [I2], the notion of the statistical core (or st-core) of a complex
valued sequence has been introduced by Fridy and Orhan and it is shown for a
statistically bounded sequence x that

st — core(z) = m C.(t)

teC

for any x € ls, where Cy(t) = {v € C: |v —t| < st — limsupy, |z — t|}.

2 The Paranormed Sequence Spaces (. (p), C(p)
and ¢(p)

In this section, we define the sequence space Ti(p), where p € {{, co, ¢} and

prove that this sequence space according to its paranorm is complete paranormed

linear space. In [I3], Mursaleen and Noman defined the matrix A(r,s,t) = (@ni)
defined by

G0 — Snfktk/rna 0<k< n,
nk 0, k> n.

Throughout this paper r; # 0, tx # 0 and sg # 0 for all k£ € N.
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Now, we introduce the new sequence spaces /o (p), o(p) and &(p) as follows:

n Pn
_ 1
goo(p) = xr = (ﬂfk) cw:sup|— anfkthk <0,
neN | Tn k=0
Lo Pn
co(p) = {33 = (ap) Ew: nh_)ngo . anfkthk = 0} ;
k=0
1< o
clp) = {x = (o) Ew: nhﬁrr;o - kz_osn_kthk = for somel € R} .

By the notation of (I2]), we can redefine the space fi(p) as follows:

A(p) = (1) A(r .0

Then, we have the following special cases.
(i) If r, = >p_oSn—kti # 0 for all n, then A(r,s,t) reduces to the matrix
(N,r,s,t) of generalized Norlund means [14], 15]. If ¢t = e, then A(r, s,t) reduces
of the famous matrix (N, s) of Noérlund means [16] [17].
(i) If s = e, tn, > 0 and 7, = >.p_otx # 0 for all n, then ls(p) = i (p),
co(p) = rj(p) and ¢(p) = ri(p) [18]. _
(tit) If s =€, rp, = 1/v, and tg = vk, then Lo (p) = loo(u, v; p), To(p) = cou,v;p)
and ¢(p) = c(u,v;p) [19].
(iv) If s =e, 7, = Ap and tp = A\, — Ax_1, then loo (D) = Loo(N; D), Co(p) = co(A; p)
and ¢(p) = ¢(A; p) [20].
(W Ifo<a<l, s=e, t, =1+a*and r, =n+1, then A(r,s,t) reduces to the
matrix A [21, 22, 23)].
(i) If r =t = e and s = (/,s,t,0,0,---), then loo(p) = loo(B;p), Co(p) =
co(B;p) and ¢(p) = c(B;p) [24].
(vii) 0 < a <1 and r, = 1/k!, sp = (1 — )*/k! and t;, = o* /k! then, A(r, s,t)
reduces to the matrix (F, «) [25 26].

Define the sequence y = (y), which will be frequently used, as the A—transform
of a sequence z = (zy), i.e.,

k
1
=— _itix;. 2.1
Yk Tkj:ZOSk VAR (2.1)

Theorem 2.1. We have the following

(a) 7m(p) is the complete linear metric space paranormed by h, defined by

Pn

n M

1
. Z Spn—ktkTy

k=0

h(z) = sup

n

)

where 0 < p, < H < > for alln € N.
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(b) Then, i(p) is BK—space with the norm |||z = [[A(r, s, t)a|¢. . That is,

|2llp) = sup| (A(r,s,t)z),, | (2:2)

Proof. (a) Since this can be shown by a routine verification, we omit the detail.
(b) Since the sequence space p endowed with the norm |.||. are BK-spaces

(see27, Example 7.3.2(b),(c)]) and the matrix A(r, s, t) is triangle, Theorem 4.3.2

of Wilansky [28] p.61] gives the fact that the spaces Ti(p) is BK-spaces with the

norm in (22). O

Theorem 2.2. The sequence spaces loo(p), To(p) and &(p) of none-absolute type
is linearly isomorphic to the spaces € (p), co(p) and c¢(p), respectively, where 0 <
pr < H < 0.

Proof. To prove the fact that Zy(p) = co(p) we should show the existence of a
linear bijection between the spaces ¢o(p) and co(p), where 0 < pp, < H < oo.
Consider the transformation 7' defined with the notation of (L2) from ¢y(p) to
co(p) by  + y = Tx = A(r,s,t)x. The linearity of T is trivial. Further, it is clear
that x = § whenever Tz = 6 and hence T is injective.

Let y = (yx) € co(p) and define the sequence z = (xy) by

k
1 .
Tp = — Z(—l)k_JD,i_ ir;y; for each k € N, (2.3)
ty 4 !
7=0
where
S1 S0 0 0 te 0
1 59 S1 So 0 T 0
Dfs?« = Sn+1
0
Sn—1 Snpn—-2 Sn—-3 Spn—4 - S0
Sn Sp—1 Sp—2 Sp-3 S1

for n = (1,2,3,...) and D§ = 1/so. Then, we have
_ Pn Pn
h(z) = sup [[A(r, s, t)a]n| ™ = suplya|™ = g(y).

Thus, we have that x € Ty(p). As a result, T is surjective. Hence, T is linear
bijection and this tells us the spaces ¢y(p) and co(p) are linearly isomorphic, for
0 < p < H < o as desired. This completes the proof. O

3 The Alpha-, Beta- and Gamma-Duals of the
Space 7i(p)

In this section, we give the theorems determining the a—, f— and y—duals of
the spaces Ti(p) for p € {lo, co, c}. We start with the definition of the alpha, beta
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and gamma duals. If x and y are sequences and X and Y are subsets of w, then
we write z -y = (zpyr)g, ¢ ' *Y ={a€w:a-z €Y} and

Y)= ﬂ:1:*1*Y:{a:a-xEonrallxeX}.
zeX

The a—, f—and y—duals of a sequence space, which are respectively denoted by
X XP and X7 are defined by

XY=M(X,0), XP=M(X,cs) and X” = M(X,bs).
Theorem 3.1. Let us define the matriv T = (T,1) by

o (—1)"FD3 g, 0<k<m,

bk = (3.1)
0, k> n.

Then,

{7(p)}* ={a=(a) €w:T € (u(p) : (1)}

Proof. Let a = (a,,) € w. Then by using ([23]), we immediately derive for every
n € N that

1 & n—k s _
AnTp = a Z(_l) ankykrkan - Tn(y) (32)

Thus, we observe that by ax = (anwy) € ¢1 whenever x = (xy) € f(p) if and
only if Ty € 1 whenever y = (yx) € u(p). This means that a = (ax) € {f(p)}* if
and only if T € (u(p) : £1). O

The result of the theorem above corresponds to the special case ¢, = 1 for all
n € Nin [29, Theorem 5.1 (1-3)].
As direct consequence of Theorem [3.I] we have following.

Corollary 3.2. LetK**Kﬂ{nEN:n—lngn}forKC}'andMeNQ.

Define the sets w1 (p), wa(p), ws(p) as follows:
wy(p) = m {a— ap) € w: sup Z Z T M/ P <oo}
M>1 KeF 0 lher
wa(p) = {a w:Z ank <oo},
M>1 n k
ws(p) = {a ) Ew: sup Z Z Lo M~1/Pe| < oo} .
M>1 KeF 0 lkek

Then, {lo(p)}* = w1 (p), {Co(p)}* = ws(p) and {c(p)}* = wa(p) Nws(p).
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Theorem 3.3. The matriz H = (hyy) is defined via the sequence a = (a,) € w

by
7 S EDE (1), 0<k<n,
Ak = J=k t; 77 '
for all n,k € N. Then, we have
()Y = {a= (@) €w: T € (up) : O},
(7)) ={a=(ax) ew:H e (up) : L)}
Proof. Let us consider the following equation
n n i 1 k ‘
Z“kxk = Z o Z(—l)k_]])zfﬁjyj a
k=0 k=0 | % j=0
= DD EVTED | e
k=0 | j=k J
k=0
= H(y) forall keN, (3.4)

where H = (hy) defined by ([B.3). We obtain from (4] that ax = (a,,) € cs
or bs whenever x = () € 7i(p) if and only if Hy € ¢ or £o, whenever y = (y) €
w(p). This means that a = (ax) € {fi(p)}? or a = (a) € {f(p)}" if and only if
H € (u(p):c)or HE (up): foo) - This completes the proof. O

As direct consequence of Theorem [3.3] we have following.

Corollary 3.4. Define the sets t1(p),ta(p), t5(p), ta(p) and t5(p) as follows:

— o
ti(p) = = (a;) Ew: Z t_]_D;?k(_l)] Fre b € cs
j=k 7
—r o
ta(p) = = (ag) Ew: Z t_]_D;?k(_l)] ka cbs Y,
j=k 7
" a; o B
ts(p) = U a=(ax) ew;z Zij—k(—l)J Frel B-UPE < 00 b

B>1 kE |j=k 7
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convergent uniformly inn
n
a; .
) = (1 {a= a0 s 330203 (1) B < oo
B>1 kE |j=k J

Then, we have {lx(p)}? = ta(p), {2o(p)}? = {20 (p)}” = t3(p), {c(p)}’ = ts(p) N
t1(p), {€(p)}” = t3(p) Nt2(p) and {{(p)}” = t5(p)-

4  A(r,s,t) — Core

Following Knopp, a core theorem is characterized by a class of matrices for
which the core of the transformed sequence is included by the core of the original
sequence. In the present section, we introduce a new type core, A(r,s,t)—core of
complex sequence and also determine the necessary and sufficient conditions on
matrix A for which A(r, s,t) —core(Az) C K —core(z) and A(r, s,t) — core(Az) C
st — core(z) for all x € fo.

Now, let us write

(@) ={A(r,s, )z}, = ri Z Sn—ktkxr; (n,k € N).
" k=0

Then, we can define A(r, s,t)—core of complex sequence as follows:

Definition 4.1. Let G,, be the least closed convex hull containing f,, (z), Tn—i—l (x),
T,H_Q(:z:), ... Then, A(r, s,t)—core of x is the intersection of all G,,, that is,

A(r,s,t) — core(x) = ﬂ G.
n=1

Then, we have following special cases.
(i)If s=e,t, >0and r, =Y ,_,tx # 0 for all n, then A(r, s,t) — core reduces
to K, — core (see [30]).
(ii) If s = e, 1, = 1 /vy, and tg = vy, then A(r, s, t) — core reduces to Z — core (see
31)).
(i) f0<a<1,s=e,tp =1+af and r, =n+1, then A(r,s,t) — core reduces
to K, — core (see [32]).

In fact, we define A(r, s,t)—core of x by the K —core of the sequence (f,,(z)).
Therefore, we can establish the following theorem which is an analogue of K —core,
[10].
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Theorem 4.2. For any z € C, let

H,(z) ={w € C:|w—z| <limsup|f,(x) — 2|}

Then for any x € l,

A(r,s,t) — core(x) = ﬂ H,(z).

zeC

Now, we prove some lemmas which will be need to the main results of this
section. We define the matrix C' = (c,i) by

1 n
Cnk = 'r_ Z Sn—ktknk; (n, ke N) (41)
" k=0

Lemma 4.3. C € ({y : €) if and only if

|ICl = supz |enk| < oo, (4.2)
"ok
nhﬁngo Cnk = Q, (4.3)
limz |enk — ag| =0, (4.4)
k

where ¢ is defined in [I3].

Lemma 4.4. C € (c : €)peq if and only if the conditions [4.2) and {{-3) of the
Lemma [{-3 hold with ar, =0 for all k € N and

lim > enp = 1. (4.5)
"%
Proof. This may be obtained in the similar way as mentioned in the proof of

Lemma L3l So we omit details. O

Theorem 4.5. C € (st N Lo : )reg if and only if C € (¢ : C)reg hold and

lim " e =0 (4.6)
" keE

for every E C N with §(E) = 0.

Proof. Because of ¢ C st N4y, C € (¢ : €)reyg. Now, for every z € lo, and set
E C N with 6(F) = 0. Now define sequence s = (s) for all z € /o, as

_ LTk, kEE,
=10, k¢E.
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Then, since s € stg, C's € ¢, where ¢ is the space of sequences which defined [I3].

Then, since
E CnkSk = § CnkTk,
k kEE

the matrix F = (enx) defined by

- Cnk, kEE,
k=1 0, k¢E

for all n, must belong to the class (¢« : €). Hence, the necessity of ({6 follows
from Lemma 1.3

Conversely, let = (xg) € st N ls with st — limxz = p. Then, the set E is
defined by E = {k : |z, — p| > €} has density zero and |z, —p| < e if k ¢ E. Now,

we can write
chkxk = chk(l’k -p) +p20nk- (4.7)
k

k k
Since
> ennzi| = 2] Y cnzi + )| C, (4.8)
k keE
letting n — oo in ([@1) and using (L5), ([4.6) we have
lim Z CnkTkp = D. (4.9)
"%
This implies that C' € (st N ¢ : €)reg and this step completes the proof. O

Now, we may begin with quoting the following lemma (see[33]) which is needed
for proving our main theorem.

Lemma 4.6. Let A = (ank) be an infinite matric satisfying Y, |ank| < oo and
lim,, anr = 0. Then, there exists y € Lo with ||y|| < 1 such that

lim su a = limsu Ank|.

Theorem 4.7. Let C = (cui) € (¢ : €)peg. Then, A(r,s,t) — core(Cx) C K —
core(x) for all x € Lo if and only if

117?12|cnk| =1. (4.10)
k

Proof. Let C € (¢ : €)reg. The matrix C' = (c,x) satisfies the condition of Lemma
48 since by the condition of regularity, there exists a y € ¢o, with ||y|| < 1 and
limsup,, (Cy)n = limsup,, Y, |cur| (see [34]). Hence,

{v eC: v < limsuchnkyk} = {v eC: v < 1imsupz |an|}-

k k
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However, since K — core(x) C B1(0), by the definition of K — core,

{’U eC: < limsupZ|cnk|} CBi(0)={veC:|v <1}
" k

This implies @I0).
Conversely, let v € A(r,s,t) — core(Cx). Then, for any given t € C, we can
write

|lv—t| = limsup|f,(Az) —t|

n

= limsup |t — Z CnkTh
k

+ lim sup |¢]
n

< limsu cnk(t —x
= - p ; nk( k)

I—Zan
k

. (4.11)

n

= limsup Z enk(t — k)
k

Now, let limsupy, |zx — t| = s. Then, for any € > 0, |z — t| < s + ¢ whenever
k > ko. Hence,

= D canlt—a) + Y curlt — i)

Z an(t — :Ek)
k

k<ko k>ko

< suplae— 1] S Jenrl + (5+6) 3 Jen
k k<ko E> ko

< sup|zy — ¢t Z |cnk|+(s+5)2|cnk|. (4.12)
k

k<ko k

Whence, applying limsup,, to the [@I2) with combining ([@II]) and using the
hypothesis, we have

v —t] <limsu cnp(t—x1)| <s+e¢
o1 < imsup 3 e = 1)
which means that v € K — core(z). This completes the proof. O

Theorem 4.8. Let C € (stNlog : €)peg- Then, A(r, s, t)—core(Cx) C st—core(x)
for all x € Lo if and only if (4.10) holds.

Proof. Because of st — core(z) C K — core(zx) for every sequence z € fo, the
necessity of the condition (@I0) holds by Theorem E7
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Conversely, let v € A(r, s,t) — core(Cx). If st — limsup |zy — t| = [, then for

any €, the set E is defined by E = {k : |z, — t| > | + ¢} has density zero.
Now, we can again write (£I1))

chk(t—xk) chk(t—xk)—l— chk(t—xk)

% keE k¢E
< SUP|Ik—t|Z|an|+(l+5)2|cnk|
k kEE k¢ E
< suplae =t lenkl + (1+2) D [enrl-
k keE k

Whence, applying lim sup,, to the above inequality and using conditions (@A) and

&5), we have

Z Cnk (t — :Ek)
k
If we combine (£I1)) and (£I3]), we have

lim sup <l+e. (4.13)

|v —t] < st —limsup |z —
k

which means that v € st — core(x). This completes the proof. O
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