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1 Introduction

Let C be a nonempty convex subset of a Banach space X and T : C — C
be a mapping. A point z € X is a fixed point of T if Tx = x. We denote
by F(T') the set of all fixed points of 7. Let T; : C — C, i =1,2,3,...,N
be mappings, a point z € C' is a common fixed point of {T;}}" ; if Tjz = z,
for all <.
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In 2003, Berinde [I] introduced a new type of contraction, called weak
contraction, and proved a fixed point theorem for this type of mappings
in a complete metric space by showing that the Picard sequence converge
strongly to its fixed point.

Recently, there are many iterative methods using to approximate fixed
points of nonlinear mappings, such as Mann iteration and Ishikawa iteration
and Noor iteration.

The Mann iteration (see [2]) is defined by ug € C' and

Unt1 = (1 —ap)uy + anTuy, (1.1)

for all n € N, where {a,} is a sequence in [0,1]. For «,, = 1, the iteration
(L) called the Picard iteration.
The Ishikawa iteration (see [3]) is defined by sp € C' and

tn - (1 - Bn)sn + BnTsny

1.2
Sn1 = (1 —ap)sp + Tty (1.2)
for all n € N, where {«,,} and {3,} are sequences in [0, 1].
The Noor iteration (see [4]) is defined by sy € C' and
Up = (1 - ’Vn)sn + YT 'sp,
wn, = (1= Bn)sn + BuTun, (1.3)

Spt1 = (1 —an)sp + apTw,

for all n € N, where {a,, }, {8, } and {7, } are sequences in [0, 1]. It is easy
to see that Mann iteration and Ishikawa iteration are special case of Noor
iteration.

The Noor iteration is an iteration method defined as follow :

Let T; : C — C,1 = 1,2,3 be a mapping and let {s,,} be a sequence
defined by sg € C and

up, = (1= ym)sn + 1180,
wn = (1= Bn)sn + BnToun, (1.4)

Spt1 = (1 —ap)sy + apTawy,
for all n € N, where {a,},{8,} and {v,} are sequence in [0,1]. We note
that when 77 = T, = T3 the iteration (L4]) reduce to the Noor iteration

([L3]) for one mapping.
A mapping T is said to be weak contraction if there exists L > 0 and

9 € (0,1) such that
|Tx—Tyl| < d|lz—yl|l+Ll|y—Tz| for all z,y € C.
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Berinde [I] proved that in a complete metric space X, every weak con-
traction mapping has a fixed point and the Picard iteration {x,} defined
by xp+1 = Tz, for all n € N, converges to a fixed point of 7.

In 2013, Phuengrattana and Suantai [5] introduced the following itera-
tive method for weak contraction.

Zn = (1 - ’Yn)xn + T Ty,
Tng1 = (I —an —A\)yn + a0 Tyn + ATz, forallneN,

where 1 € C,{an}, {Bn}, {m}, {} and {a,, + A\, } are sequence in [0, 1].
They also proved a strong convergence theorem of above iterative method
and compared the rate of convergence between Mann, Ishikawa, Noor and
SP-iterative methods.
In this paper, we propose a new iteration method as the following :
Let C be a nonempty convex subset of a Banach space X and T; : C —
C,i=1,2,3 be a mapping. Our iteration is defined by zg € C' and

Zn = (1 - 'Vn)xn + ’YnTl"En,
Un = (1= Bn)wn + BnTozn, (1.6)
Tny1 = (1 —an)T32, + apTsy, for all n € N,

where {a, }, {8, } and {v,} are sequences in [0, 1].

Then we prove the weak and strong convergence theorems of the pro-
posed iteration method for approximating a common fixed point of Berinde
nonexpansive mappings in a Banach space.

2 Preliminaries

We recall some definitions and useful results that will be used for our
main results.

Definition 2.1. Let C' be a nonempty subset of Banach space X. A
mapping 7 : C' — C' is said to be contraction if there exists k € [0,1) such
that

Tz —Ty|| < kl|lz—y|| forallz,yecC. (2.1)

Definition 2.2. Let C' be a nonempty subset of Banach space X. A
mapping T : C — C is said to be nonexpansive if

|Tz —Ty|| < |lz—yl forallz,ycC. (2.2)
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Definition 2.3 (Condition (x)). Let C' be a nonempty subset of Banach
space X and a mapping T : C — C is satisfy condition (*) if there exists a
constant L > 0 such that

Tz —Ty|| < [[x—yl|+L|lx—Tz| foralzyecC. (2.3)

Definition 2.4. Let C be a nonempty subset of Banach space X. A
mapping T : C — C with F(T) # 0 is said to be F-contraction if there
exists k € [0,1) such that

| Tz —p|| < kllz—p| forallzeC,pe F(T). (2.4)

Definition 2.5. Let C' be a nonempty subset of Banach space X. A
mapping T : C — C with F(T) # () is said to be quasi-nonexpansive if

| Tz —p|| < |lz—p|| foralzecC,pcF(T). (2.5)
It is clear that a F-contraction is quasi-nonexpansive.

Definition 2.6. Let C' be a nonempty subset of Banach space X. A
mapping T : C' — C is said to be Berinde nonerpansive if there exists
L > 0 such that

[Tz =Tyl < [lz—yll+Llly—Tz| foralazyeC. (2.6)

Definition 2.7. A Banach space X is said to satisfy Opials condition if any
sequence {z, } in C C X, z,, = x as n — oo implies that linnl)ioréf |lzn — || <
liminf ||2,, — y|| for all y € C' with y # x.

n—oo

Definition 2.8. Let X be a normed space and C C X. A mapping
T :C — X is said to be demicompact if for any sequence {z,} in X such

that
|xn — Tzyn|| = 0 as n — oo,

there exists subsequence {z,, } of {z,} such that {z,, } converge strongly
tox e C.

We will use the notation :

1. — for strong convergence and — for weak convergence.

2. w(zy,) = {z|3z,, — x} denotes the weak w-limit set of {x,}.

Lemma 2.9. Let X be a uniformly convex Banach space and B, = {x €
X :||z]| < 7r,r > 0}. Then there exists a continuous, strictly increasing,
and convex function g : [0,00) — [0,00),g(0) = 0 such that

IAa + By + 21 < Alll® + Blyl* + v lI21° = ABa(ll= —yl)  (2.7)
forall x,y,z € B, and \, 3, € [0,1] with A\+ 3+~ = 1.
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3 Main Results

We will prove weak and strong convergence theorems of our iteration
method. To prove this, the following Lemma are needed.

Lemma 3.1. Let C' be a nonempty closed convex subset of a Banach space
X andT;: C — C,i =1,2,3 be quasi-nonexpansive mappings. Assume that

ﬂ?:l F(T;) # 0 and {z,} be a sequence generated by ([LG) and {an}, {8}
and {y,} are sequences in [0,1]. Then for p € (oo, F(T}),

() N#ntr —pll < llzn —pll, VR EN,
(2) lim ||z, — p| exists.
n—o0

Proof. (1) Let p € ﬂ?:l F(T;). By using (LO) and T; : C — C, 1 = 1,2,3
are quasi-nonexpansive, we have

”Zn - p” = H(l - ’Yn)xn + YT, — p”
= H(l - ’Yn)(xn - p) + ’Yn(Tlxn - pH

< (T =) [|on = pll + Y0 IT120 — Pl
< (1= l[zn = pll + W l2n — 2l = [lzn — pll
and
lyn =2l = (1 = Bu)an + BuTrzn — pll

= [[(1 = Bn)(xn — p) + Bn(Tozn — p)|

< (1= Bn) [lzn = pll + Bn [ T220 — pll

< (1= 8n) llzn = pll + Bn |20 — pl|

< (1= 8n) lzn = pll + B |z — pll = |20 — |-

From above inequalities, we get

[Zn1 = pll = [[(1 = an)Ts2n + anTsyn — pl|

(1 — an)(T320, — p) + an(Tsyn — p)|

(1= an) [[T32n — pll + an [[T5yn — p||

(1 = an) [l2n = 2l + o lyn — pll

(1 —an) lzn = pll + an lzn — pll = |20 — pl|-

ININ A

Hence, we have ||zp+1 —p|| < |lzn —p| ¥Yn e N.

(2) From (1) and {||z,, — p||} is non-increasing and bouded below, then
we have that li_)rn |z — p|| exists. O
n—oo
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Theorem 3.2. Let X be a uniformly conver Banach space and C be a
nonempty closed convex subset of X. LetT; : C — C, 1 = 1,2,3 be
Berinde nonexpansive and quasi monexpansive mappings. Assume that
ﬂle F(T;) # 0 and let {x,} be a sequence generated by ([L6) where {a,},
{Bn} and {7} are sequences in [0, 1] which satisfy the following conditions
(a) limsupay, <1 and 0 <liminf~, <limsupy, <1,
n—oo

n—o0 n—oo

(b) liminfa,, >0 and 0< lirginf Bn < limsup 3, < 1,

n—00 n—o00

(¢) 0 < liminf o, <limsupa, < 1.
n—oo n—00

Then

(1) lim ||z, — Thzy| =0, lim ||z, — Toz,|| =0 and lim ||T5z, — T3y,
n—oo n—oo n—oo

(2) lm ||z, —x,|| =0, lim ||y, — z,]| =0 and lim ||z,+1 — T32,|| = 0.
n—o0 n—o0 n—oo

(3) nh_{lolo |zn — Toan|| = 0.

Proof. (1) Let p € N:_, F(T;). From Lemma 31} we have nh_}ngo lzn — pll
exists and hence {||z,, — p||} is bounded. Then there exixts M > 0 such
that ||z, —p|| < M, VYn € N. By quasi-nonexpansiveness of T;, we have
{xn —p}, {Tlxn —p}7 {T2Zn —p}, {T32n _p}7 {T3yn _p} C BM By Lemma
2.9 there exists a continuous strictly increasing and convex function g :
[0,00) — [0,00), with ¢g(0) = 0 such that

2o = PlI* = (1 = 70) (@ — P) + Y (Trzn — p)|*
< (=) lJzn— p”2+7n | Thzp, — pH2_(1 = V)9 (|20 — Tiwn]])
< (=) |l#n — pH2+’Yn |2 — pH2_(1 = V)9 (|20 — Trwn]])
= Hxn_pH2_ (1 = v)g(lzn — Tizal)), (3.1)
lyn =PI = 11(1 = Ba) (20 — D) + Bu(Tozn — p)|°
< (1=8n) lwn — pI*+Bn [ Tazn — plI* = (1= B1) Bug(ll2n — Toznll)
< (1=82) [2n = PI*+Bn 120 — Pl = (1=Ba) Bag(| 20 — Tazal)
< (1=Bn) llzn = pIP+Bn lzn — P> = (1= B0) Bug (|20 — Toznl)
= |lzn = plI* = (1 = Ba) Brg (20 — Tozal)). (3.2)
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From above inequalities, we have

|2ns1 = pI* = 11 = an) T2 + anTyn — oI
= [|(1 = an)(T32n — p) + an(T3yn — p)
< (1= an) | Tszn — pl* + o | T3yn — oI
— (1 = an)ang(|T32n — Tayn|)
< (1= an) 120 — plI* + o [lyn — pI”
— (1 = an)ang(|T32n — Tayn||)
< (1= an)([lzn = plI* = (1 = 1) g (l|n — Trznl))
+ o ([l — plI* = (1 = Ba)Bug([|zn — Taznl|)
— (1 = an)ang(| T32n — Tsynl|)
<l = plI* = (1 = an) (1 = ) yng ([ 2n — Tran|)
— an(1 = Bn)Bng(llzn — Toznl|)
= (1 = an)ang(|T32n — Tsynl|)- (3.3)

2
|

From (3.3]), we have

lzne1 =pI? < Jlzn = plI* = (1= an) (1 =) wmg(lza — Tizal)).
Hence, we have

(1 = an)(t =) mg(llzn = Taanll) < llan —pI* = llzaes — )
Since nh_)llolo ||zn, — p|| exists and by assumption (a), we get

Tim_ g2 — Ty, ) = 0.
Since g is continuous and g(0) = 0, we have
lim ||z, — Thz,| = 0. (3.4)

n—oo

From (3.3]), we have

an(1 = Bu)Bag(len — Tezal)) < llwn —pl* = lensr —p|*
and (1= an)ang([T3zn — Tayall) < llon = pl* = 201 —p|*.

ANVAN

By lim ||z, — p|| exists and assumption (b) and (c), we obtain
n—oo

lim g(||zy, — Toz,||) =0 and  lim g(||T32, — T3yx||) = 0.
n—00 n—oo
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Since g is continuous and g(0) = 0, we have
lim |z, — Taz,]| =0 and lim ||T52, — T3y,| = 0. (3.5)
n—oo n—o0
(2) From (@) and results from (1), we have

Hzn_an < ’Yn”xn_Tlan < ”xn_Tlan — 0,

”yn - an

S Bn”xn_T}ZnH S Hxn_T2Zn” — 07
[Zn1 — Taznll < o | T320 — Tsynll < 1 T320 — Taynl — O.

Hence, we obtain
lim ||z, —z,|| =0, lim ||y, —z,| =0 and lm |@,+1 — T52,] = 0.
—00 n—o0 n—oo

(3) For n € N, we have

”xn - T2an < ”xn - T2ZnH + HT2Zn - T2xn”
< |lwn — Toznl| + |20 — @nll + L |20 — Tozy]| -

It follows that li_>m |xn — Toxy| = 0. O

Theorem 3.3. Let X be a uniformly convexr Banach space and C be a
nonempty closed convex subset of X. LetT; : C — C,i = 1,2,3 be
Berinde nonexpansive and quasi nonexpansive mappings. Assume that
No_, F(T;) # 0 and let {x,} be a sequence generated by (L6) where {ay,},
{Bn} and {v,} are sequences in [0,1], and satisfly the condition (a), (b), (c)
of Theorem 4. If T or Ty is demicompact, then {x,} converges strongly
to a common fized point of {T;}3_, .

Proof. By Theorem[3.2] we have lim |z, —Tiz,|| = 0and lim ||z, —Tox,||
n—oo n—oo
= 0. Without loss of generality, we assume that 77 is demicompact. Then

there exists a subsequence {z,, } of {z,} such that z,, — ¢,3¢ € C. For
each k € N, we have

[T1@n, = Thgll < llzn, —all + Lllg = Thzn, |

<
< lJen, —all + Lllg = znp [l + |20, = Thzn, || — 0.

Hence
lim |Thz,, —Tiq|| = 0. (3.6)
n—o0

By triangle inequality, we have

la =Tl < llg = @n, || + [len, = Thwn, || + [[Trzn, —Taql-
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It follows from (B8] that ||¢ — Ti¢|| = 0. Hence Thq = q and

< llg— xnk” + Hxnk - TQan” + HTQan — Thq||

< Mg =zl + lon, — Toznll + 20, — all + Ll — Tozn, ||

< Hq - xnk” + Hxnk - TQan” + Hznk B xnk” + ”‘Tnk - q”
+ Lllg = @n, |l + 20, — Tozn, [l — 0.

lg — T2ql|

Therefore, ||¢ — Taq|| = 0. Hence T1q = q. Since T3 is Berinde nonexpan-
sive, we have

T30, = Taqll < 20, —all + Lllg = Tz, |l

[z, — all + L Hq - $"k+lH + Hx”kﬂ - T3z"kH — 0.

VANVAN

Hence
Jim [Tz, — Tyal] = 0 (3.7

By triangle inequality, we have
Hq - T3Q|| < Hq - xnk+1H + Hxnk+1 - T3an” + ||T3znk - T3Q|| — 0.

Hence ||q — Tsq|| = 0, so Tsq = q. Thus ¢ € (),_, F(T}). By Lemma (31,

we have that lim ||z, — ¢|| exists. Since lim ||z, — ¢|| =0, it follow that
n—o00 n—oo

Tn — q. ]

A mapping T is said to be demiclosed at 0 if {x,} C C,x,, — =z, for
some z € C and ||z, — Tx,| — 0, then z € F(T).

Theorem 3.4. Let C' be a nonempty closed conver subset of Banach space
X that satisfies the Opials condition and T : C' — C be a mapping satisfying
the condition (x). Then T is demiclosed at 0.

Proof. Let {z,} be the sequence in C such that z,, — z, for some z € C
and ||, — Tx,| — 0. For each n € N, we have

[en = Tl| < [len = Tl + | T2, — Tl

<
< lwn — Tyl + [|zn — 2| + Lz To,|

which implies

liminf ||z, — Tz| < liminf ||z, —z|.
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Suppose that Tz # x, by Opials condition, we have

liminf ||z, — Tz| < liminf ||z, — z||
n—oo n—o0

< liminf ||z, — Tx|,
n—o0o
which is a contradiction. Therefore, Tz = z. O

We next prove weak convergence of the iteration (L) to a common
fixed point of Berinde nonexpansive mappings.

Theorem 3.5. Let X be a uniformly convex Banach space having Opials
condition and C be a nonempty closed conver subset of X and let T; :
C — C, i =1,2,3 be Berinde nonexpansive mappings such that 17 and
Ty satisfy condition (x) and Ts is weakly continuous. Suppose {x,} be a
sequence generated by (L6l where {ca,},{Bn} and {vy,} are sequences in
[0,1] which satisfy the following conditions:

(a) limsupa, <1 and 0 < liminf~y, <limsup~y, <1,
n—oo

n— o0 n—o0

(b) liminf o, >0 and 0 < liminf g3, <limsupf, <1,

n—00 n—00 Nn—00

(c) li_)m an =, for some a € (0,1).

Then {x,,} converges weakly to x € (Y;_, F(T}).

Proof. By Theorem [3.2] we obtain

(1) lm ||zp, —Thzyp| =0, im ||z, — Taz,|| = 0and lim || T3z, — T3yx]|
n—o0 n—oo n—oo

=0,
(2) lm ||z —zp|| =0, Iim |y, — 2| = 0and lim |zp41 — T32,] =0,
n—o0 n—oo n—o0

(3) lim ||z, — Toxy| = 0.

n—o0

By Lemma B, we know that a sequence {z,} is bounded, so it has a
weakly convergent subsequence. We may assume that z,, — z, for some
x € C. By (2), we obtain z, — z and y, — z. It follows by Theorem [3.4]
that z € F(T1) and z € F(T). From

Tn+l = (1 - an)T3Zn + anT3yn
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and T3 is weakly continuous, we obtain
Tpy1 = (1 — an)T32, + T3y, — (1 — a)T32 + oIz = Tax,

which implies * = T5z, this is * € F(T3). Therefore, x, — = and x €
Ny F(T2). O
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