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Abstract : In this paper, we study the equation

3}
Eu(x,t) =2 ok u(z,t)

with the initial condition u(x,0) = f(x) for + € R;. The operator ®¥% is the
operator iterated k— times and defined by

P 3 p+q 3
Q% = (ZB%) —| > B, ,
=1

J=p+1

where p+q = n is the dimension of the R", B, 842 42w 0 o = 20, +1, a; >

n T 8:c ’
—%, 1=1,2,3,...,n, and k is a nonnegative mteger7 u(x, t) is an unknown function
for (z,t) = (x1,22,...,2,,t) € R} x (0,00), f(z) is a given generalized function
and c is a positive constant. By the Fourier transform in sense of Distribution
theory we obtain the solution of such equation and related to the triharmonic
Besel heat equation.
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1 Introduction

The operator {* has been first by A. Kananthai [T] and is named as the
Diamond operator iterated k times and defined by

2 2\ *
D 92 p+q 92
k _ _ —
O =112 a2 > 5 ,pHg=n. (1.1)
i=1 ? j=p+1 J
n is the dimension of the space R", for = (z1,22,...,2,) € R™ and k is a

nonnegative integer. The operator {)* can be expressed in the form
OF = AkOF = OF AR, (1.2)

where AF is the Laplacian operator iterated k— times defined by

2 9 92 \"*
A=+ +.. .+ — 1.
<8x% * 03 Tt 83@%) (13)

and O is the Ultra-hyperbolic operator iterated k— times defined by

k
0? 9? 0? 0? 0? 0?
oh= | —Q— 3+ = 4.4 = __= = _..._ — | . 1.4
(aaﬁ Tt T e e, Bl axg+q> (14)

A. Kananthai [I] has shown that the solution of the convolution form
u(@) = (~1)° R, (z) * Ry (2)
is a unique elementary solution of the operator {*, that is
OF ((—=1)"Rgp.(x) * Ryl (x)) = 0. (1.5)

The function R (v) is called the Ultra-hyperbolic kernel of Marcel Riesz was in-
troduced by Y. Nozaki (see [2], p. 72) defined by

s
R (v) = { Kal@)® for z € 'y, (1.6)
0, forz gy,

where the constant K, () is given by the formula

r*T T (E5=2) P (552 o)
PER)r(5e)

K,(a)=

(1.7)

And the function R¢ (x) denoted the elliptic kernel of Marcel Riesz and defined by

Roo) = s (18)
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where
<2 ()

r (52

Wi (a) = (1.9)

« is a complex parameter and n is the dimension of R™.
In 2004, Hiiseyin Yildirim, M. Zeki Sarikaya and Sermin Oztiirk (see [3L4]) first
introduced the Bessel diamond operator {% iterated k—times, defined by

k

P 2 pt+q 2
ok = (ZB%) - > B, (1.10)
i=1 j=p+1

2 v
where B, = % + 2:; 8%1-’ 20; =2a; + 1,5 > —%,xi > 0. The operator O% can
K3

be expressed by O% = ARDOKk = OB Ak where

p k P ptq F
AL <ZB@> and O = (> By, — > Ba | . (1.11)
i=1 i=1 j=p+1

And, Hiiseyin Yildirim, M. Zeki Sarikaya and Sermin Oztiirk (see [3/4]) have shown
that the solution of the convolution form u(z) = (—1)*Sax(z) * Rax () is a unique
elementary solution of <>’f3 that is

OB ((—1)"Sap(2) * Rax(z)) = 6. (1.12)
The function S, (x) define by

|x|a—n—2\y|

Sa(z) (1.13)

wy,(a)

where |z| =22 + 23+ ...+ 22, |[v| =11 + 2 + ... + v, and,

I, 29 2T (wi + 3)
wp (@) = :
2n+2|u\—2af("+2\21/|—a)

The function R, (z) defined by

V’yf'n.72 v
2

R (z)={ &y for x € I'y,

0, forx ¢ 'y,

(1.14)

where a1
=T (72"’7_;_2'”‘) r (1777) '(y)

Ka(y) = I <2+v712072\1/|) r (1%2\214*7) ’

and 7 is a complex number.
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Furthermore, W. Satsanit has first introduced the Bessel ®% (see [5]) and defined
by

P pta P 2 P
= ZB:cl - Z Ba, (Z B;cl> + <Z B@)
=1 j=p+1 =1 =1
BIJ‘ + ij
Jj=p+1 j=p+1

1 k
— o (83 - 46+ 0o)2n - 0n))

= §<>A +1D3 ' (1.15)
T o \gVBETB Ty '

and ¢p, Ap and Op are defined by (LI0) and (LII) with k& = 1 respectively.
It is well known that for the heat equation

0
au(x,t) = Au(z,t) (1.16)

n
82
with the initial condition u(x,0) = f(x), A = E 922 is the Laplace operator and
o
i=1

(z,t) = (z1, 22, ..., 2y, t) € R™ x (0,00), we obtain

uant) = o [ e (— 'ﬂ;ﬁ{'Q) o (1.17)

as the solution of (I6). The equation, (LIT) can be written

u(xvt) = E(Iat) * f(I),

where
||

1
E(z,t) = W exp (—E) i (1.18)

E(x,t) is called the heat kernel, where |x|? = 22 + 23+ -+ 22 and t > 0 (see [6],
pp. 208-209).

Next, Hiseyin Yildirim, M. Zeki Sarikaya and A. Saglam (see [7]) have study
the following equation,

0
au(m,t) = Ao u(a,t) (1.19)
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with the initial condition
u(z,0) = f(x), for z € R, (1.20)

where the operator O% is named the Bessel diamond operator iterated k— times,
and defined by ([[I0), & is a positive integer, u(x,t) i an unknown function, f(z)
is the given generalized function and c is a constant, p + ¢ = n is the dimension of
the RY ={x:2 = (21,22,...,%p,0),2; > 0,i=1,2,3,... ,n}.

They obtain the solution in the classical convolution form

u(z,t) = E(z,t) x f(z), (1.21)

where the symbol * is the B— convolution in (Z1]), as a solution of (LI9) and
satisfies (L20), where

2
E(z,t) =C, @) ()] H (g, ) 2 dy

o+ v
(1.22)
and O C R is the spectrum of E(x,t) for any fixed t > 0 and J,,_1 (24, ¥;) i
the normalized Bessel function.
Now, the purpose of this work is to study the following equation

0
au(x t) = @ u(x,t) (1.23)
with the initial condition
u(z,0) = f(z), for € R}, (1.24)

where the operator ®% defined by (LI5) u(z,t) is an unknown unction, f(z) is
the given generalized function, k is a positive integer, and c is a positive constant.

Moreover, Bessel heat kernel has interesting properties and also related to the
kernel of an extension of the heat equation. We obtain the solution in the classical
convolution form

u(z,t) = E(x,t) * f(x), (1.25)

where the symbol * is the B— convolution in (ZI)), as a solution of ([23)and
satisfies (L24)), where

n
E(I, t) _ C'u ec2t[(y%+--.+yi)3—(yi+1+--.+yi+q k H Jvii ) x“yl ylv, dy
ot i=1
(1.26)
and QT C R} is the spectrum of E(z,t) for any fixed ¢ > 0 and J, 1 (@i, i) s
the normalized Bessel function. Before going into details, the following definitions
and some important concepts are needed.
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2 Preliminaries

The shift operator according to the law remark that this shift operator con-
nected to the Bessel differential operator (see [SHI0]).

:Cif/ / ¢(\/x?+yf*2x1y1cos91,m
0 0

\/x% + y2 — 22,yp cosby,) (H?zl sin%"’*l@i) doy ---do,

where z,y € R}, Cr = [, % We remark that this shift operator is

closely connected to the Bessel differential operator [see2,3,5]

d2_U+2vdU d2U+2_vd_U
dz?2  z dx  dy? y dy

U(z,0) = f(z) , Uy(z,0)=0.

The convolution operator determined by the T is as follows:

0= [ 1Tele) (™) dy 21)

Convolution ([Z1]) is known as a B-convolution. We note the following properties
of the B-convolution and the generalized shift operator:

W7y 1=1
(2) Tof(x) = f(x)
(3) It f (x) e C(R is a bounded function for all z > 0 and

x)| <H:L’ U7> dx < oo then

fR*Tyf 9(y) (IL;= 1912ﬂ1)dy_f3+ y)T¢g(x )(Hz 1%2%') dy.

(4) From (3), we have the following equality for g(z) =1 :

forn()a- (1)

(5) (f *9)(@) = (g% f)(x).

The Fourier-Bessel transformation and its inverse transformation are defined as

follows
(Fef)(x / <HJ 1 (i, yi) Y 2”’) dy, (2.2)

(F5'1) (@) = (Fpf) (-2), Ov=<H2”F<“i+%)> @9
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where J,, 1 (x4,y;) is the normalized Bessel function which is the eigenfunction of
the Bessel differential operator. The following equalities for Fourier-Bessel trans-
formation are true (see [8HIQ]).

Fp(z) =1 (2.4)

Fp (f*9g)(x) = Fpf(x).Fpg(x). (2.5)

Definition 2.1. The spectrum of the kernel E(x,t) of (L26]) is the bounded
support of the Fourier Bessel transform FgFE(y,t) for any fixed ¢ > 0.

Definition 2.2. Let z = (x1, %2, ...,%,) be a point in R, and denote by
FJF:{:EGR;'{:x%+x§+...+mzf:cf,+1f:EZJer...f:EZJrq>0 and & >0}

the set of an interior of the forward cone, and T’} denotes the closure of I'.
Let QF be spectrum of E(z,t) defined by (LZ6) for any fixed ¢ > 0 and
Q CT';. Let FgE(y,t) be the Fourier Bessel transform of E(x,t), defined by

- 31k
CQt[(y%*"*yi)s*(yiﬂ*"*yﬁm)j] for £ € O,

]:BE(ya t) - (26)
for £ ¢ Q.
Lemma 2.1 (Fourier Bessel Transform of 0% Operator).
FpOpu(z) = (=1)"V{(2) Fpu(z),
where
k
P ptq
e = (Y- 5
i=1 j=p+1
Proof. See [1]. O
Lemma 2.2 (Fourier Bessel Transform of A% Operator).
Fpipu(e) = (-1)"|2* Fpu(),
where .
2 = (2] + 25 +...+22)" .
Proof. See [1]. O

Lemma 2.3 (Fourier Bessel Transform of ®% Operator).
Fp @ u(@) = (—1)'V*(2) Fpu(x),
where

P 3 p+q
Vk(x): (Zx?) — Z ac?

Jj=p+1
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Proof. We can use the mathematical induction method, for k = 1, we have

Fp(®@pu)(x)

=CU/ (®@pBuly (H vi—1 (Tiy Ys yf“) dy
R

3 1 2 2'u
= O — |:| 1 ¢
Cﬂ/}%i B<4A + - ) <||J 1 (i, i) )dy

=C, /M GA + DQ> (ﬁJ NCINT) )dy, 9(y) = Opuly)

=1
3 1
=Fp <ZA% + ZD%> (z)

(-1 (af+ .. +a)?+ (1) (a4 .. +al —ad — .. -2l )?

_ . P p+q ]_—Bg(z)
9 2
p p p+q p+q
() () (£ )+ (5 5) Jmom
i=1 i=1 Jj=p+1 Jj=p+1

X
= V(x)Fpu(z),

)
where V(z) = (ac% +x2+... + $§)3 — (IIQ)_H + ...+ x12,+q)3 . By inverse Fourier
transform we obtain

(:c%+:c§+...+:cz2,)3f(:cz+1+ +:Ep+q) )FBu(x)
(
(

@pu(z) = F5'V(z)Fpu(z).
Assume the statement is true for k — 1, that is
@b tu(r) = F5'VF 1 (2) Fpu(z).

We must prove that is also true for £ € N. So we have

®pu(z) = @p(9f 'ul@)
= FR'V(2)FpFg'VF ! (x)Fpu(x)
= Fp'V¥(@)Fpu(z).
This completes the proof. O

Lemma 2.4. Fort, v >0 and x,y € R®, we have

> I
/ e~ T 20 g — 7(?}) - (2.7)
0 202v+1tv+§
and
> 2.2 F(U + l) y2
e Tt 1 (zy)a?Vde = ———27 e ac% (2.8)
0 v 2 (c2t)" "2

where ¢ is a positive constant.
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Proof. See [1]. O

Lemma 2.5. Let the operator L be defined by

9]
L= 5 ¢ 2@k, (2.9)

where @% is the operator iterated k— times, and is given by

P 3 ptq 5\ "
®% = (Z B;m) - Z Baci )
i=1

J=p+1

and

0% 2v; 0
B, -2

O0x; r; Ox;
p+q = n is the dimension R}, k is a positive integer, (z1,%2,...,z,) € R}, and
c is a positive constant. Then

c2t[( 2, 2)37( 2 42 )3]’“ n
E(Iat) = C’U € R SARMNRECAS H J’ui—l (xuyz) yfvldy
ot i=1 ’

(2.10)
is the elementary solution of (2:9) in the spectrum Qt C R} fort > 0.

Proof. Let LE(x,t) = §(x,t), where E(x,t) is the elementary solution of L and ¢
is the Dirac-delta distribution. Thus

%E(Jc t) — 2 @ E(x,t) = 5(x)d(t).

Applying the Fourier Bessel transform, which is defined by ([Z2]) to the both sides
of the above equation and using Lemma 2.3 by considering Fpd(x) = 1, we obtain

9 k
E]:BE(I t)—c [(x%—i—x%—i—...—i—xi)B— (xf)ﬂ—i— —l—prrq)B} FpE(z,t) =4(t).

Thus, we get

FpE(x,t) = H(t)eczt[(w?+w§+~.+wf,)3—(x§,+1+___+l.g+q)3]’“

)

where H(t) is the Heaviside function, because H(t) = 1 holds for ¢ > 0.
Therefore,
k

FpB(nt) = ¢ 8t ad) = (el ) ]

Y

which has been already by (Z.5). Thus from (23], we have

2 2 2\3_ (. 2 2
E(.f,t) — CU . ec t[(y1+“‘+yp) (yp+l+'”+yp+q H U,—% l‘z; yz yz U-Ldy
RW,
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where Q% is the spectrum of E(x,t). Thus, we obtain

2 2 2)3 2 2 31k D
E(ﬂ?,t) _ Cv/ ec t{(yl“r”»“l’yp) 7(yp+1+~»+yp+q) ] HJW_% (x“yz) yfvldy
ot i=1
as an elementary solution of ([2.9) in the spectrum Q* C R, for ¢ > 0. O
3 Main Results
Theorem 3.1. Let us consider the equation
0
au(z,t) — 2 @% u(z,t) =0 (3.1)
with the initial condition
u(z,0) = f(x) (32)

where @Y is the operator iterated k— times, and is defined by
k
P 3 pt+q ’
@ = (| LBe| —| X Ba |
i=1 j=p+1
and
82 2’Ui 8

——+= ’
Ox; x; Ox;

B,, =

p+ q = n is the dimension R}, k is a positive integer, u(x,t) is an unknown

function for (z,t) = (z1,x2,...,2,,t) € R} x (0,00), f(z) is the given generalized
function, and c is a positive constant. Then
u(z,t) = E(x,t) * f(x) (3.3)

is a solution of (31 and satisfies (3.3), where E(x,t) is given by (ZI0). In
particular, if we put k =1 and ¢ =0 in (1)), then (1)) reduces to the equation

0
Eu(m, t) — EASu(z, t) =0,

which is related the Triharmonic Bessel heat equation.

Proof. Taking the Fourier Bessel transform, which is defined by (22)), of the both
sides of (B) for z € R} and using Lemma 2.3, we obtain

0 3 3\ F
EfBu(x,t) =2 ((x% +...+ xi) - (xfﬂrl +...+ :Uerq) ) Fpu(z,t). (3.4)
We consider the initial condition ([B2]), then we have the following equality for

B.2)

w(at) = f(z) ¢ Fyle tlat+ad) =(ehattep )] (3.5)
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Here, if we use (Z2) and (Z3)), then we have

w(z,t) = f(a)* Fgle’ t[(y%+...+y;)3f(y;+1+...+y;+q)3]k

— ]:51662’5[(9%*“*74;) (Ut tpy,)” Tyf (H y201>

R

(3.6)

where V(2) = (27 + 23 + ... +z§)3 — (2 + 2+ + zp+q)3. Set

n

2\3 2 2 \3]*
E(ﬂ?,t) _ Cy/ ec%[(yf-i---.—i-yp) _(yp+1+--.+yp+L1) ] ]:[J,Uv_l (:L.“yl) quy
R =
(3.7)
Since the integral in ([3.7) is divergent, therefore we choose QT C R} be the
spectrum of E(xz,t) and by 23]), we have

(24, yi) i dy

1
2

2 2 31k 2
E(z,t) = cy/we (it = (Rt T 1T,

n =1

y T+..+y ) (y2 oty )S]k - 20,
— Cﬂ/ 6 1 P pH1 T p+q H‘qu,—% (xz;yz) yi’Uzdy.
Qt .

i=1
(3.8)
Thus (B8] can be written in the convolution form
U(Z’,t) = E(ﬂ?,t) * f(l‘)
Moreover, since E(z,t) exists, we can see that
hmExt =C, / J,__ (x4, Y vld
o] H yi)y; " dy
= CU/ HJ 1 (i, gy dy
R i1
=6(z), for zeR}. (3.9)

hold (see [7]). Thus for the solution u(x,t) = E(z,t) * f(z) of (B1]), then we have
lim u(z,t) = u(z,0) = §* f(z) = f(x)

t—0

which satisfies (8:2). This completes the proof. O

Theorem 3.2. The kernel E(x,t) defined by (F38) has the following properties:
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(1) E(xz,t) € C>™-the space of continuous function for x € R™, t > 0 with
infinitely differentiable.

(2) <%c2®%> E(z,t)=0 forall z € R t>0.
: _ +
(3) th_r%E(:c,t) =40 forallz e R}.

Proof. (1) From (3.8)) and

o o™ o2 24 2V (2 442, )P kT )
%E(x,t) =C, - %ec [(lh yp) (yp+1 yp+q) ] H in,% (fi; yi) ygvldy,
n i=1

we have E(z,t) € C* for x € Rt > 0.
(2) We have u(z,t) = E(x,t) since u(x,t) = E(z,t) * f(z) holds. Note here that,
we use the fact f(x) = 6(z) by the Fourier Bessel transformation. Then, we obtain

0
(a - 02®’f3) E(z,t) =0

by direct computation.
(3) This case is obvious by (3.9).

In particular, if we put k¥ = 1 and ¢ = 0 in (BI]) then (BI) reduces to the
equation

0
au(m,t) —AALu(z,t) =0

which has solution

u(z,t) = E(x,t) * f(x)
where E(x,t) is defined by (2I0) with k¥ = 1 which is related to triharmonic Bessel
heat equation. This complete the proof. o
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