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On the Residue of the Generalized Function P?

A. Kananthai and K. Nonlaopon'

Abstract: In this paper we study the residue of the generalized function P* where

p m p+q
P = (Z x?) — Z .1:3
i=1

j=p+1

p+q = nis a dimension of the Euclidean space R™, m is a positive integer and A is
a complex number. For the case m = 1 we obtain the special residue appear in the
sense of .M. Gel’fand and G.E. Shilov. Moreover, for case m = 2 we obtain the
residue of Fourier transform of the Diamond kernel related to the spectrum, see
[2, pages 715-723]. And for case m = 4 obtain the residue of the Fourier transform
of the distributional kernel related to the spectrum, see [3].
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1 Introduction

I.M. Gel’fand and G.E. Shilov [1, p253-258] have studied the generalized function
P> where

p p+a
P=det- 3 o 1
i=1 j=p+1

is quadratic form, X is a complex number and p + ¢ = n is the dimension of the
Euclidean space R”. They found that P* has two sets of singularities, namely

A=-1,-2,...,—k,...and A= -3, -2 —1,...,—% —k,..., where k is a positive
integer. For singular point A\ = —k, the generalized function P* has a simple pole
with residues,
A (=D* )
= P 1.2
Aiefkp (k- 1)!61 (P) (12)

for p+ g = n is odd with p odd and ¢ even.
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Also, for the singular point A = —% — k they obtain

7% (~1)$ L*6(x)

L.
22REIT (2 1 k) (1.3)

res P =
n_k

- 2

where
P 62 p+q 82

52 2 5

=1 ? j=p+1 1

I =

p+ ¢ =nis odd with p odd and ¢ even.
The purpose of this work is studying the residues of the generalized function
P* which is positive definite and defined by

P m ptq A
P _ (ng) (5 e (1.4)
=1 j=p+1

where X is a complex number and m is a positive integer. Now (1.4) is generalized
function of (1.1).
We obtain

A (—1)* *(k—1)
_ L
s P2 =G D) )
and also &
1[0 n
A S DA YO L
N B S Er e i o

where 87"V (P) defined by (2.15), ®(—s% — k,u) defined by (3.10) with A =
—5% — k and uw = r?™. Tn particular, for m = 1 (1.5) reduces to (1.2) and (1.6)
reduces to (1.3).

Moreover, for case m = 2 we obtain the residue of the Fourier transform of
the Diamond kernel related to the spectrum, See [2, pages 715-723]. And for case
m = 4 we obtain the residue of the Fourier transform of the distributional kernel
related to the spectrum, see [3].

2 Preliminaries

Definition 2.1 Given p(z) be any testing function in the Schwartz space S. De-
fine
< P >= Prp(z) dzx (2.1)
P>0
where P* is defined by (1.4). Actually P* € S - the space of tempered distribution.

Definition 2.2 Given the hyper-surface P = 0 where

P m pt+q
- (xa) (54
i=1

Jj=p+1



On the Residue of the Generalized Function P 51

p+ g =nis a dimension of R® and m is a positive integer.
Let grad P # 0 that means there is no singular point on P = 0. Then we
define

< 6®(P), o >= / 8F) (PYp(z) da (2.2)

where 6(%) is the Dirac-delta distribution with k-derivatives, = = (1, %2,...,2n) €
R™ and dz = dx1 dzs . ..dx,. Tn a sufficiently small neighborhood U of any point
(x1,%2,...,%,) of the hyper-surface P = 0. We can introduce a new coordinate
system such that P = 0 becomes one of the coordinate hyper-surface. For this
purpose we write P = wu; and choose the remaining u,; coordinates ( with i =
2,3,...,n) for which the Jacobian D (£) > 0 where

3($1,x2,...,xn)
8(P,U2,...,Un) 4

D(5) =
Thus (2.2) can be written by

k
< 8EN(P), ¢ >= (_1)k/ L{@D(ﬁ)} dus dus . . . du,. (2.3)
OPk Peo
Lemma 2.1 Given the hyper-surface
p m p+q T
P = (Z:ﬁ) AR (2.4)
i=1 j=p+1

p+ q=n is the dimension of R™ and m is a positive inleger.
If we transform to bipolar coordinates defined by

1 =TW1, T2 =TW2,...,Tp = TWp
and
Tp+1 = SWp41, Tp42 = SWpt2,. .., Tpyq = SWpiq
P 2 ptq 2 _ 2 _ NP 2 2 _ Pty 2
where >0, wi = 1,350 wi = 1. Then r® = 37 @7 and s* = 3757, 75

and (2.4) can be written by P = r®™ — s?™_ Then we obtain

< 6W(P), 4 >= /OOO [(é 9 )k {sﬂmw’s)}] P ldr (2.5)

2ms2m—1 §s 2m

k

2m
(2.6)
where ¥(r,s) = [@dQ,dQ,, dQ, and dQy are the elements of surface area on
the unit sphere in RP and RY respectively.

<68 (P), ¢ >= (~1)* /oc

r=3s
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Proof. We have the element of volume
dr = rP~ 150 dr ds dQ, (2.7)

where df), and d€}, are the elements of surface area on the unit sphere in R? and
R? respectively. Now
P =pm _ *m (2.8)

choose the coordinates to be p,r and the w;. Then (2.7) becomes

dr = 2—(r2m — P)z=—LyPLdP dr d, dQ,. (2.9)
m
Thus, by (2.3) we obtain
< W (PY),p >= (_1>k/ o {L(,ﬂm — P)aw iy} P~ dr dQ, dQ,.
’ dP* ' 2m P b
(2.10)
1 8

Further, if we transform from P to s = (r2™ — P)zw , we have 2 =
Thus (2.10) becomes

2ms2m—1 §g°

2ms2m—1 s 2m

. k
< 6" (P), o >:/ l(l a> {sﬂmi}] rP=ldr dQ, dQ,. (2.11)
Write .
P(r,s) = / @ dQy, dY,. (2.12)

Then (2.11) becomes

< 3W(P), o >= /OOC [(# 0 )k (g1 2m P5) }] PPl (2.13)

2ms2m—1 §s 2m

Similarly

<60(P),p >= (-1)k/0°c [(71 0 )k{rﬂm‘/’("’s) }] $171ds,

2mr2m=1 gr 2m

(2.14)
Thus, we obtain (2.5) and (2.6) as required. O

Now, we assume that ¢ vanishes in the neighborhood of the origin; so that
these integrals will converge for any k.

Now for (p — 1) + (g — 2m) > 2mk or k < 5-(p + ¢ — 2m), the integral in
(2.13) converge for any ¢(z) € S. Similarly, for (¢ — 1) + (p — 2m) > 2mk or
k < 5=(p+ ¢ — 2m), the integral in (2.14) also converges for any ¢(z) € S. Thus

we take (2.13) and (2.14) to be the defining equation for 6(*)(P). If, on the other
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hand, k¥ > 5L (p+ ¢ — 2m). we shall define < 5T(k)(P), v > and < 5;(k) (P),¢ > as
the regularlzatlon of (2.13) and (2.14) respectively.

We shall say that for p > 1 and ¢ > 1 the generalized function 5f(k) (P) and
5;(k) (P) are defines by

< 5Py o >= /Ooo [(#QY{SQ 2m (1 5) }] P ldr (2.15)

2ms2m—1 9s 2m

for k> 5—(p+ ¢ — 2m) and

. > | A T .
<85W(P),p >= (-1)F / [(Zmrm_@) {r” Qm”’g’;j)}] s11ds
T (2.16)

for k> 7—(p+q —2m).
In partlcular for m =1, 6*(k)( P) reduces to 5](k) (P) and (5;(k) (P) reduces to
5 (P), See [1, p250].

3 Main Results

Theorem 3.1 Let P* be hyper-surface given by (1.4) for p > 2m and g > 2m.
Then the residues of P at the singular point A = —k and X = —5= —k are

#(k—1)
s P L1y 1 5P

A="k (k—1)! (3-1)

and .
1 0
< p? >—
Ai_re_s_k e ouk

2m.

—®(— —k,u) (3.2)

1l)hP7‘P 6* )( P) defined by (2.15), ®(—5% — k,u) defined by (3.10) with X =
— — k and u. = r®™. In particular, for k = 0 we have

2m

2m
1 D501 = o)
res P = 2m 6 (z). (3-3)
= m?2 L1 - £ZI)T(5)T(2)
Proof. From (2.1),
<PMo>= / Pro(z) dz
P>0
:/ (r*™ — ™ P~ 51 dr ds dfdp dfdg (3.4)
P>0

by (2.8) and changing to bipolar coordinate. Write

Y(r,s) = /godﬂde(r (3.5)
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We obtain
[o.e] r
< PAyp>= / / (r¥™ — ™\ Ap(r, 8) rP 1517 ds dir. (3.6)
o Jo
Since ¢ € D- the space of infinitely differentiable function with compact support.
Then t(r, s) as defined in (3.5) is infinitely differentiable function of r>™ and 2™
with compact support. Thus (r,s) € D. Put v = r?™ v = 5™ in the integrand
of (3.6), writing
Y(r,s) = ¢ (u,v). (3.7)
Then (3.6) becomes
1 b v b q
< PNop>= —/ / (u — v) 1 (u,v) uzn oz~ do du. (3.8)
am? fy Ju

Write » = ut, thus (3.8) becomes

1 (> . ! .
< PNy >= —/ u”fﬁ(Pﬂ)*ldu/ (1 =) 2w Yy (u,ut)dt.  (3.9)
am? /, 0
Write )
1 Apgt-—1
)= T /0 (1 — 025~ Lapy (u, it di. (3.10)

Thus for ¢ > 2m, ®(\, u) is regular for all A except at the singularities
A=—1,-2,-3,...,—k, ...,
where it has simple poles. At these poles we have

1 (_1)k—1 6k—1
Am? (k — 1)! [

{t=m Ly (u, ut)} (3.11)

reskq)(/\, u) = pY .

like the function < z%,¢ >, See [1, p50].
Thus resy——r®(A, u) is a functional concentrated on the space of P = 0 cone.
Now (3.9), can also be written as

< Py >:/ u’wﬁ(pﬂ)_l@(/\,u) du. (3.12)
0

Even at the regular points of ®(\, ) the integral of (3.12) have poles at

T T n
- gy

“2m

where p + g = n is the dimension of R” and n is odd.
At these point we have

—ku)| . (3.13)

u=0

“2m
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These the residues of < P*, ¢ > at A = —Z% — k is a functional concentrated on
the vertex of the cone.
Now consider the singular point A = —k. By (3.11) and (3.12) and also See
[1, p255-256]. We obtain
(-1

#(k—1)
I;efski(k _— < 0, (P),(p > (3.14)

where

oC k—1
< (5*(k 2 (P) p>= 4;2/ l(*l — 2) {87 2m $(7,5) }] rPLdp.
0 =r

2ms?m—1 gs 2m
(3.15)
Summarizing, we have the following. For odd n for even n if £k < ﬁn the
generalized function P» has simple poles at A = —k for positive integral values of
k, where the residues are
A EDF e
A1;eiskP = oD &, (P). (3.16)
Now consider the singular point at A = —5~ — k, from (3.13) we have
1 o* n
< p> — -
Af—re—i—k = ouk ( 2m ) w0

for n odd with p odd and ¢ even. Thus, for £k = 0 we have

T
< PN g >=®(——,0).
res e (=5,-0)

2m.

By (3.10), we obtain

res <P/\,<p>—4—/ (1 —t) 2= ¢om 1apy(0,0)dt

G )/( L—t) =tz ldy

3m

4m?2

0,0 TGLIT- 2 + 1)
4m? M—&+1) ~

since ) . .
/ (1—t) Zmizm1dt = Pl sy, *1)
0 F(_z% +1)
Now

¥1(0,0) =(0,0) = /(p(()) dQ, dQ, by (3.5)
=, ¢(0)
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and . .
2wz Arz
Q, = and (), = )
P (%)
Thus
1 TGLT(—& +1) (228 2%
; P = 2m 2m 0). 3.17
m, <Poem gt () (1) w0 6

Now, for p > 2m and p is even then I'(—52- — 1) = co. Thus resy—_ » < Pr o>
= 0. From (3.17),

res <PMg>=

—  2m

Thus

§(z). (3.18)
In particular, if m =1 then (3.18) reduces to

(=1)in%
res ]DA = ——
A=—1% I'(3)

which appeared in [1,eq.(23),p258].
Moreover, for equations (3.1) and (3.2), if m = 2 we obtain

6(z),

— 1 (—1)k—1 -
1Y)k - - N N7 ex(k=1)
Jes, (FD Karan(n) = oo res PP = onm g ()
and o
1 n
A = — | (-2 —
/\Zze%s_k < P o >= X auk<1>( 1 k,u) u:O

where (—1)* Koy o () is the Fourier transform of the Diamond kernel, see [2, pages
715-723]. And if m = 4 we obtain

. (_l)k_l *(k—1
iefk(_l)kKQk’2k’2k’2k<m> - AieEkPA N mél( )<P)
and o
1 n
A = | =2 —
P <Phe>= k! [8u’“q>( 8 k) weo

where (—1)* Ko, ok 25 2k () is the Fourier transform of the distributional kernel of
the operator ©*, defined by

k

. P52 4 A G !
D" = 8—23? — Z W . p+qg=n,see [3]|:|

i=1 j=p+1 7
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