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1 Introduction

Let (X, d) be a metric space, B(X) is the set of all non-empty bounded subsets
of X. For all A, B € B(X) we define the two functions:D,d : B(X) x B(X) — R

such that
D(A,B) = inf{d(a,b);a € A,b € B},

0(A, B) = sup{d(a,b);a € A,b € B}.
If A consists of a single point a, we write 6(A, B) = d(a,B) and D(A, B)
D(a, B), also if B = {b} is a singleton we write

§(A, B) = D(A, B) = d(a,b).
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Clearly that d satisfies the following properties:
0(A,B) =4(B,A) >0,
§(A,B) < §(A,C)+6(C, B),
d(A, A) = diamA,
d(A,B) =0 implies A =B = {a},

for all A, B,C € B(X),where diamA is the diameter of the set A .
Notice that for all a € A and b € B we have

D(A, B) < d(a,b) < 5(A, B),

where A, B € B(X).
Sessa [2] defined two mappings S : X — B(X) and f : X — X are to be weakly
commuting on X if fSz € B(X) and for all z € X:

0(Sfx, fSx) < max{d(fx,Sx),diam(fSx)}.

2 Preliminaries
Liu and Li-Shan[3] introduced the following definition:

Definition 2.1. Two mappings f: X — X and S : X — B(X) on metric space
(X, d) are said to be §—compatible if

1i_>m (Sfan, fSx,) =0,

whenever {x,} is a sequence in X such that fSx, € B(X), lim Sz, = {z}, and
n—o0

lim fz, = z for some z € X.
n—oo

Jungck and Rhoades [4] generalized the concept of §—compatible as follows:

Definition 2.2. Let f: X — X a single mapping of space (X, d) into itself and
S : X — B(X), the pair {f, S} is weakly compatible if they commute at their
coincidence point, i.e if fu € Su for some u € X, then fSu = S fu.

Example 2.3. Let X = [0, 2] with the euclidian metric, we define two mappings
f, S as follows:

J2—2z 0<2<1 {1}, 0<=z<1
fm{o, l<z<1 Sz{[l,x], l<z<1

1 is the unique coincidence point, we have f(1) =1 € S(1) and fS(1) = Sf(1) =
{1}, then f and S are weakly compatible.
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Recently, Pathak and Shahzad [5] introduced the concept of tangential map-
pings as follows:
Let f,g: X — X two mappings,a point z € X is said to be a weak tangent point
to (f,g) if there exist two sequences {z,}, {yn} in X such

lim fx, = lim gy, = z,
n—oo n—oo

for some z € X.
In 2011, Sintunavarat and Kumam [6] extended the last notion for single and multi
valued maps:

Definition 2.4. Let f,g : X — X be single mappings and 5,7 : X — B(X)
two multi-valued mappings on metric space (X,d), the pair {f, g} is said to be
tangential with respect to {S, T} if there exists two sequences {,}, {yn} in X such
that

lim Sz, = lim Ty, = A,
n—oo n—oo

lim fz, = lim gy, =z € A.
n—oo n—oo

In their recent paper[7], Chauhan, Imdad, Karapinar and Fisher modified the
last definition by adding another condition to introduce a new notion:

Definition 2.5. Let f,g: X — X be single mappings and 5,7 : X — B(X) two
multi-valued mappings on metric space (X, d),we said {f, g} is strongly tangential
with respect to {S, T} if there exists two sequences {z,}, {yn} in X such that

lim Sz, = lim Ty, = A, lim fz, = lim gy, =2€ A
n—o0 n—o0 n—o0 n—o0

and z € f(X)Ng(X).
Example 2.6. Let ([0,00),].|), we define f,g,S and T by:
fr=x+2, gx=2z,

Sz =[x,z +2] Tzx=|z,3z],
we have f(X)Ng(X) =[2,00).
We consider two sequences {x, }, {y»} which defined for all n > 1 by:

1 1
Tp = —, yn:1+_
n n

Clearly that lim Sz, = lim T'(y, =[0,3]and lim f(z,)= lim gy, =2 € [0, 3]
n—oo n—oo n—oo n—oo

also 2 € [2,00) = f(X) N g(X), then {f, g} is strongly tangential with respect to
{S,T}.

For S =T and f = g the last definition becomes:
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Definition 2.7. Let f : X — X and S : X — B(X) two mappings on metric
space (X, d), f is said to be strongly tangential with respect to S if

lim Sz, = lim Sy, = A,
n—oo n—oo
and z € f(X), whenever {x,}, {yn} two sequences in X such that
lim fx, = lim fy,=2z¢€ A.
n—oo n—o0
Example 2.8. Let ([0,2],].]), f and S defined by:

fxz{o,1 0<z<1 Sy — {3}, 0<z<1

22, 1<2<2 {[1,:0] 1<zx<2

F(X) = {0} UL 5]

Consider two sequence {zy}, {yn} which defined by:
1
rn,=14—, forall n>1,
n

T, =1+e ", forall n>1,
we have:
lim fzx, = lim fy,=1
n—oo n—oo
lim Sy, = lim Sz, = {1},
n—oo n—oo
also 1 € f(X) then f is strongly tangential to respect S.
Let F be the set of all continuous functions F' : Rﬁ_ — R satisfying:
(F1) : F is non decreasing in ¢; and non increasing in ¢, t3, tq, ts5.

(F») : For all u > 0 we have:

F(u,0,0,u,u) > 0, F(u,0,u,0,u) > 0, F(u,0,u,0,2u) > 0.
The aim of this paper is to establish some common fixed point theorem for single

and set valued mappings in metric spaces, which satisfying a contractive condition
of integral type by using the strongly tangential property with weak compatibility.

3 Main Results

Theorem 3.1. Let f,g: X — X, be single valued mappings and S,T : X — B(X)
multi-valued mappings of metric space (X,d) such for all z,y in X we have:

0(S=z,Ty) d(fz,9y) D(f=z,Sx)
R T R A
0 0 0
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D(gy,Ty) D(fz,Ty)+D(gy,Sz)
/ @(t)dt,/ <p(t)dt> <0, (3.1)
0 0

where F € F and ¢ : RY — RT is a Lebesgque-integrable function which is
summable on each compact subset of RY, non-negative, and such that for each
e >0, fOE p(t)dt > 0, and satisfying for all a > 0,b > 0:

a+b a b
/0 o(t)dt < /0 o(t)dt + /0 o(t)dt. (3.2)

Suppose that the pair {f, g} is strongly tangential with respect to {S,T} and the
pairs {f,S},{g, T} are weakly compatible, then f,g,S and T have a unique com-
mon fixed point in X.

Proof. Suppose {f, g} is strongly tangential with respect to {S,T'}, then there
exists two sequences {z,}, {yn} such

lim Sz, = lim Ty, =M, and lim fz, = lim gy, =z € M,
n— o0 n—00

n—oo n—oo

and z € f(X) N g(X), which implies there exists u,v € X such z = fu = gv.
Firstly we claim z € Su, if not by using 1)) we get

3(Su,Tyn) d(fu,gyn) D(fu,Su) D(gyn,Tyn)
(| O R O plt)i,

D(fuvan)Jl’D(gynvsu)
/ go(t)dt) <0,
0

letting n — oo, since z € M, D(M, Su) < §(Su, M) and from (F}), we get

6(Su, fu) §(fu,Su) 6(fu,Su)
F(/ w(t)dtO,/ w(t)dtO,/ w(t)dt) <
0 0 0

5(Su, M) D(fu,Su) D(fu,Su)
PO etaeo, [ p(tyit.o, [ plt)dt) <0,
0 0 0

which contradicts (F2), then §(Su, fu) = 0, which implies Su = {fu} and v is a
strict coincidence point for f and S.
Now we prove z = gv € T, if not by using I we get

§(Szn,Tv) d(fxn,gv) D(fxn,Sxn) D(gv,Tv)
r(/ ottt [ e, [ o, [ po,
0 0 0 0

/D(fxnaTU)"l‘D(ngSl'n)

go(t)dt) <0,
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letting n — oo, since z € M, D(M,Tv) < §(Tv, gv) and from (Fy), we get

6(gv,Tv) 6(gv,Tv) 6(gv,Tv)
PO w00 [ pmdno [ par) <
0 0 0

6(Su,M) D(gv,M) D(gv,M)
P( o000, [ paro, [ par) <o,
0 0 0

which is a contradiction with (F»), and so §(gv, Tv) = 0, then Tv = {gv}.

The pair {f, S} is weakly compatible and so fSu = S fu, then Sz = {fz}, as well
as {g, T} since they are weakly compatible and the point v is a strict coincidence
point, we obtain Tz = {gz}.

Nextly we prove z = fz, if not and using (B.1]) we get:

5(S2,Tv) d(f2,9v) D(f2,52)
PO etman [ e [ et
0 0 0

D(gv,Tv) D(fz,Tv)+D(gv,Sz)
Ty plt)dt) <0,
0 0

by using [32) we get:

d(fz,z) d(fz,z) d(fz,z)
P[0 e [ swanooz [ par) <
0 0 0

5(S2,Tv) d(f2,9v) D(f2,52)
PO etman [ e [ et
0 0 0

D(gv,Tv) D(fz,Tv)+D(gv,Sz)
Ty p(t)it) <0,
0 0

which is a contradiction, then Sz = {fz} = {z}.
Similarly we claim z = gz, if not by using B.I]) we get:

§(Sz,Tz) d(fz,9z) D(fz,Sz)
PO e [ wwan [ et
0 0 0

D(gz,Tz) D(fz,Tz)+D(gz,5z)
/' wuma/ p(tydt) <0,
0 0

by using B1), we get:

d(gz,z) d(gz,z) d(gz,z)
PO e [ pwino02 [ par) <
0 0 0

5(Sz,Tv) d(fz,gv) D(fz,5z)
PO e [ ptan [ e
0 0 0
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D(gv,Tv) D(fz,Tv)+D(gv,Sz)
/ @(t)dt,/ go(t)dt) <0,
0 0

which is a contradiction, then Tz = {gz} = {z} and z is a common fixed point for
f,9,8 and T, it is strict for S and T .
For the uniqueness, suppose there is another fixed point w and using (BII) we get:

d(z,w) d(z,w) D(z,w)
F(/ @(t)dt,/ <p(t)dt,0,0,2/ go(t)dt) <,
0 0 0

6(Sz,Tw) d(fz,gw) D(fz,5z)
PO e [ e [ et
0 0 0

D(gw,Tw) D(fz,Tw)+D(gw,Sz)
/ ooy, | o)t <0,
0 0

which contradicts (F), then z is unique. O

Remark 3.2. Theorem 3.1 improves and generalizes Theorem 1 of Sedghi, Altun
and Shobe in their paper [1] and Theorem 2 in paper [8] to the setting single and
multivalued mappings.

If f =g and S =T we obtain the following corollary:
Corollary 3.3.

5(Sz,Sy) d(fz,fy) D(f=z,Sz)
PO e [ e [T ptat
0 0 0

D(fy,Sy) D(fz,Sy)+D(fy,Sx)
/ plt)ir, | o)) <0,
0 0

where ' € F and ¢ : Rt — RT is a Lebesgque-integrable function which is
summable on each compact subset of RT, non-negative, and such that for each
e >0, fOE p(t)dt > 0, and satisfying (33).

Suppose that f is strongly tangential with respect to S and the pair { f, S} is weakly
compatible, then f and S have a unique common fized point in X.

Corollary 3.4. Let f,g: X — X, and S,T : X — B(X) be single and set valued
mappings of metric space (X,d) such:

4(Sx,Ty) d(fz,fy) D(fx,Sx) D(gy,Ty)
/ o)t < a / o(t)dt + B / o()dt + / o()d)
0 0 0 0

where a, B,y are non negative real numbers satisfying 2a+28+6§ < 1l,a+B—v7 >0
and ¢ : RT — R* is a Lebesque-integrable function which is summable on each
compact subset of RT, non-negative, satisfying (32) and such that for each & >
0, fOE o(t)dt > 0, if {f, g} is strongly tangential with respect to {S,T}, and the two
pairs {f,S} and {g,T} are weakly compatible, then f,g,S and T have a unique
common fized point.
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Proof. 1t is clear that the function:F' : Ri — R which defined by
F(tl, to,t3, 14, t5) =1 — (Oétg + Btz + ’Yt4)

where a, 8,7 > 0,2a+ 26+ < 1 and o+ 5 — v > 0, satisfies (F1) and (Fy), so
FekF. O

Corollary 3.5. Let f,g: X — X, and S,T : X — B(X) be single and set valued
mappings of metric space (X,d) such:

6(Sxz,Ty) d(fz,fy) D(fxz,Sx) D(gy,Sy)
/’ w@ﬂtéanad/° w@Mu/" w@Mu/° o(t)d)
0 0 0 0

D(fz,Ty)+D(gy,Sz)
4 [ o(b)d,
0

where a + 28 < 1 and ¢ : Rt — R* is a Lebesque-integrable function which is
summable on each compact subset of RT, non-negative, satisfying (3.2) such that
for each € > O,foE p(t)dt > 0, if {f, g} tangential with respect to {S,T}, and the
two pairs {f, S} and {g, T} are weakly compatible, then f,g,S and T have a unique
common fized point.

Proof. Tt suffices to show that the function F' : Ri — R such
F(tla tQ; t37 t47 tS) =1t — amax(tg, t3; t4) - ﬁtf);

where a + 23 < 1 satisfies (F1) and (Fy).

(F1): Obviously.

(Fy): For all u > 0, we have F(u,0,0,u,u) = F(u,0,u,0,u) = (1 — a — B)u > 0,
and F(u,0,u,0,2u) = (1 — a — 28)u > 0, consequently F € F. O

Corollary 3.5 generalizes Corollary 2 in paper [I].
Example 3.6. Let X =[0,4], d(z,y) = |z — y| and f,g,S and T defined by

fu = 2 0<z <2 44—z 0<az<2
* 1, 1<z<2 970, 2<z<4

({2, o0<a<2
Sfc{@,%], l<z<4 Tz = {2}

1

Consider the two sequence: for alln > 1,z, =2 — ~,y, = 2—e™ ", it is clear that

lim fz, = lim gy, = 2,
n—oo n—oo

lim Sz, = nhﬂngo Ty, = {2},

n—oo

which implies that the pair {f, g} is strongly tangential with respect {S, T} The
point v = 2 satisfy f(2) =2 € 5(2),9(2) =2 € T(1) and fS(2) = {2} = Sf(2),
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and so f and S are weakly compatible, as well as g and T, because gT'(1) = {1}.
We define some
2 1
F(t1,ta,t3,ta,t5) =11 — 3 max(ta, t3, ta, 5755)

For all ¢ > 0, we define p(t) =1,
For x,y € [0, 1, we have:

1 2
§(Sz,Ty) =0< §|ac -1 = gD(fx,Sx).

For z € [0,2) and y € (1, 2], we have:

4 2
0(5z,Ty) = 0 < 3 = 2 D(gy. Ty)-
For z,y €]1, 2], we have
1 2 2
5 Ty)==<-==d .
(Sz,Ty) = 7 < 5 = gd(fz,99)
For x €]1,2] and y € [0, 1] we have
1 2 2
5 Ty)==-<=-==D
(52,Ty) = 7 < 3 = 3D(f2, 5),

then f,g,S and T satisfying (B.1)).
Therefore S(2) =T(2) = {f(2)} = {9(2)} = {2}, then 2 is the unique fixed point
of f,g,5 and T and it is strict fixed point for S and T
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