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the crossing Number of Q,, x K3. We construct a drawing of @, x K3, called a
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1 Introduction

Let G be a simple connected graph with a vertex set V(G) = {vy,
V9, Vs,..., U} and an edge set E(G) ={e1, e, €s,..., ey }. The crossing
number of a graph G, denoted cr(G), is the minimum number of pairwise
intersections of edge crossing on a plane drawing of the graph G. Clearly,
cr(G) = 0 if and only if G is planar. It is known that the exact crossing
numbers of graphs are very difficult to compute. In 1973, Erdos and Guy
[1] wrote, “Almost all questions that one can ask about crossing numbers
remain unsolved”. In fact, Garey and Johnson [2] proved that computing
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the crossing number is NP-complete.

The n — cube or n — dimensional hypercube graph @, is defined recur-
sively in terms of the cartesian products. The one dimension cube @ is
simply Ko where K> is a complete graph with 2 vertices. For n > 2, @, is
defined recursively as @,,—1 x K. The order of @, is | V(Q,) | = 2" and
its size is | E(Q,) | = n2"L.

Figure 1: n — cube graphs for n =1,2,3,4

In 1969, Harary [3] mentioned that there does not even exist a conjecture
about the crossing number of the hypercube. In 1970, Eggleton and Guy
[] constructed a drawing of @,, which implies that for n > 3,

) n?+1

r(@n) < 54" — |

<5 5 |22, (1.1)

In 2008, Faria, Figueiredo, Sykora and Vrto [5] announced a drawing
for which the number of crossings coincides with 35—24” - L#ﬂ”” which
would imply the inequality above. Yuanshen Yang, Guoqing Wang, Haoli
Wang and Yan Zhou [6] presented a new strategy to construct a drawing of
Q) with fewer crossings than the values conjecture by Eggleton and Guy
[4], which implies that

) n?+1

er(Qu) 5 5" — 175

They prove the following upper bound for the crossing number of hypercube
graph,

]2m2, (1.2)
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The graph @),, X K3 is the cartesian product of J,, and K3, where K3 is
a complete graph with 3 vertices and Q,, is an n — dimensional hypercube
graph. The order of @, x K3 is | V(Qn X K3) | = 32" and its size is
| E(Qn x K3) | = 3[2" +n2"1].

Q. xK Q,x K,

Figure 2: @, x K3 graphs for n =1,2

As the graph @Q,, x K3, it is formed by 3 copies of @,,’s linked together
with multiple edges. As shown in Figure 2 it can be observed that the
calculation of crossing number of ), x K3 is quite complicated. We define
the crossing number of a graph G to be the minimum number of crosses of
a graph isomorphic to G. We have thusly invented another drawing of the
graph @, x K3, also known as 3 — axes drawing of (), x Kj3, by taking
the formula shown below into account,

Qn X Kg = (anl X KQ) X Kg

= (Qn-1 X K3) x K». (1.4)

We notice that the graph @, x K3 is defined recursively as (Q,,—1 X K3) x K».

2 3 — Axes Drawing of (), x K3

A 3 — axes drawing of Q,, X K3 is a representation of (), X K3 on the
plane such that its vertices are placed on 3 straight lines L; where i =1,2,3
with a fixed vertex ordering.

According to the formula (L4), the graph @, x Kj is generated from
the two copies of Q,,_1 X K3 linked together with multiple edges. The next
procedure of drawing is to embed one copy of the graph Q,,_1 x K3 into the
other with the condition that all edges must remain at the same position.
Several examples of drawings are illustrated below in Figure [3 and [l
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Qx K,

Figure 3: Q2 x K3 graph and @3 x K3 which is embeded

Figure 4: Q3 x K3 and (03 x K3 which is embeded

We can observe that this drawing consists of multiple complete graphs
(K3). Next, we construct the straight lines L; where i = 1,2, 3, also known
as 3 — axes. We place L; where ¢ = 1,2,3 on the edge which connect all
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corresponding vertices of K3. We see that there are some edges of @, x K3
overlapped on 3 — axes. As for the edges on 3 — axes, we redraw the edges
need to be drawn in semicircle and never cross L;. Notice that no edge
crosses itself, no adjacent edges cross each other, no two edges cross more
than once, and no three edges cross in a point. The 3 — axes drawing of
Qn x K3 where n = 1,2, 3 and their crossing numbers can be seen in Figure
and

Figure 6: 3 — azes drawing of Q3 x K3

After the semicircles have been drawn, we can define this procedure of
drawing as 3 — azes drawing. We denote without loss of generality that II,,
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is a 3 — axes drawing of @), x K3.

3 Construction of II,,

In this section, we discusss a construction of II,,. We notice that in
the 3 — azxes drawing of (),, x K3, the appearance of each axis is identical.
This means that we can calculate the crossing number in a more simplistic
fashion. That is, by considering from only one axis. First, we define II,, as
follow,

I, = A, U2 (3.1)

Given A,, is a perimeter graph which consists of 2" complete graphs (K3),
A, = 2'Kj. (3.2)

The vertex set of A,, is the same as the vertex set of I, and the edge
set of A, is a subset of II,,, where | V(A,) | = | E(A,) | =3-2" In
II,, without the set of edges of A, we see that the graph II,, remains the
set of semicircle edges. Since the appearance of each axis is identical, we
can only determine from one azis. We notice that it is a hypercube graph

(Qn). Therefore we call II,, without the set of edges of A,, as €, and define
as follow,

Q, = 3Qn,. (3.3)
The vertex set of €2, is the same as the vertex set of II,, and the edge set
of Q,, is a subset of I,,, where | V(Q,) | =3-2" and | E(Q,) | =3 -n2"" L
We notice that the set of all vertices of A,, and ), are the same as II,,.

Al Ql

Figure 7: Ay and 4
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P SN

Figure 9: Az and Qg3

4 Construction of S’

In this paper, we describe a method of finding the upper bound for
the crossing number of @),, X K3 by considering from II,’s drawing. It
can be calculated from a cross of A, and 2, edges and €2, edges crossing
themselves. For the cross of A, and €2, edges, even if we move the semicircle
edges of €, to either way, the number of crossing remains the same. But
it is not true for the cross from €2,, edges crossing themselves. For that, to
find the upper bound for crossing number in II,,, we mention on 2, edges
crossing themselves.

Next, we introduce a construction of S for i = 1,2,3. Given S! where
i =1,2,3 is a subgraph of §2,, which is on the 3 — axes,

Q. =S, szl ss. (4.1)
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Ql Qo

Figure 10: 21 and Q9

Figure 11: Qg3

Next, we explain a drawing on graph S%. The vertices lie on i — axis
and the edges have to be drawn as semicircles. We begin to explain the
drawing of S! by using the examples of Sg’s drawing.

Step 1. We start drawing Si. S is a graph with 2 vertices and only one
edge. First, we locate the vertices on the i — axis by fixed vertex ordering.
Then the edge (semicircle) that connects between 2 vertices is drawn on
the right side of ¢ — axis.

Step 2. We draw Si. S% is a graph that consists of 2 copies of Si. We put
the second copy of St above the first one. The edges connecting the copies
are on the left side of ¢ — axis.

Step 3. Finally Si’s drawing is similary to Step 2. We locate the second
copy of Si above the first one but the edges connecting between 2 copies
are on the right.
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Figure 12: The construction of S for n =1,2,3

Definition 4.1. A set of edges connecting of 2 copies of S! ; is called
graph ®,, where n = 1,2,3,.... The order of ®, is | V(®,) | = 2" and its
size is | E(®,) | = 2" L.

We define the edges connecting of 2 copies of S | when n is odd as
®9;_1 and the edges connecting of 2 copies of sz—l when n is even as ®;
for j = 1,2,.... In Figure [[2] we observe that the edges connecting of 2
copies of Si are located on the right and the edges connecting of 2 copies
of Si are located on the left. Also the edges connecting of 2 copies of S}
are located on the right. We conclude that ®3;_; edges have to be located
on the opposite side of ®5; for j =1,2,....

Definition 4.2. For the S!’s drawing, the location of the edges of Doj_q
which locate on the opposite side of ®3; is called correct side, apart from
that is called wrong side.
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5 Good Drawing of (),

In this section, we want to show that the construction of €2,, is a drawing
which the minimum number of a cross in II,,. We called this drawing Good
Drawing of Q,. Since Q,, = S:JS2US2 and S}, S2, and S? drawings
are similar, a consideration of any part is optional. From Figure[I2 S%, S%,
Sg where i = 1,2, 3 have no crossing number.

Since graph S is drawn from 2 copies of graph S! ; linked together
with graph ®,,, that is
Si o= 28 [ U®,. (5.1)

n

Next, we order the vertices of S! where | V/(S%) | = 2" so as to prove
that €2, drawing is good. We define the first copy of Si as lower of S,
while the other copy, so called upper of S denoted by LS! and US!,
respectively. Then we place LS? next to origin of i — axis and place US!,
next to LS? copy to positive axis. For the plotting order, we start ordering
from lower of S! to upper of S¢ that is

V(LS}) = {vo,v1,.,Von-1_1},

; 5.2
V(US%) = {Ugn—l,’UQn—l+1,...,’Uzn,l}. ( )

For multiple edges, e;;’s € ®,,, which link between LS’ and US?, they
have to follow to the condition below,

i+j=2o"—1. 5.3
J (5.3)

Figure 13: Construction of S}
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It is noticable that in graph S! is composed of graph ®; where j =
1,2,3,...,n and number of ®; in S equals 2"~ copies. This fact follows
the fact that ®5;_; must be on the opposite side of ®,;.

Figure 14: S§ and Si
Lemma 5.1. The graph Sf%k_ is a subgraph of S’. In particular, there are
2F copies of Sf%k., fork=1,2,3,...n —1.
Proof. From (&.1]), graph S! is made up of 2 copies of graph S _,

graph S¢_; is made up of 2 copies of graph S%_,,

graph S%_, 41 is made up of 2 copies of graph Sty

Therefore, Sfl graph contains Sf%k. graph where k = 1,2,3,...,n — 1,
equaling number of 2-2-2- -2 = 2% copies. O

Lemma 5.2. The graph ®; is a subgraph of Si. In particular, there are
2"=J copies of ®; for j =1,2,3,...,n.
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Proof. From Lemma[.Tand (5.I)), graph S?, contains 2 copies of Si  and
Sfl_ i contains 1 of graph ®,,_x. So S¢ consists of ®,,_ equal to number of
Sfl_k in S, that is 2¥. We let j = n — k so k = n — j, therefore graph S?
consists of ®; where j = 1,2,3,...,n equaling number of 2"77 copies. U

Definition 5.1. For graph S}, we define pc(®y, ®;) as the number of
potential crossing which is created from crossing between graph ®; and
graph ®; by considering only graph ®; which in S’ where k = 2,3,4,....,n
and [ < k.
Lemma 5.3. For any integer 2 < k <n and | < k,

pe(®r, ;) = (271 —1)(2"7H). (5.4)
From (5.4)), we see that pc(®y, ®;) only depends on ®;, so

pe(Pry, @1) = pe(Pry, B1), (5.5)

where | < min{ky, ka}.

Proof. We let ey, and e, be edges of ®;, and ®; respectively. By ordering
vertices of graph S¢ and | V(®,,) | = 2", | E(®,) | = 2", we have

V(L(I)k) = {UO,Ul’...,'UQkfl_l},

V(U(I)k) = {UQk—1,U2k—1+1, ...,UQkfl}, (5 6)
V(Lq)l) = {vo,vl,...,qu_l}, '
V(U‘I’l) = {021—1,?)21—1+1, ...,1)21,1}.

We can see that m +n = 2F —1 and 0+ p = 2! — 1 where m € V(L®},),
n € V(U®), o € V(L®;) and p € V(UP;). The edges e, and e,, are
potential crossing if and only if v, < v, < v, < vp OF Vo < Uy < Vp < V.

Next, we consider the number of potential crossing between ® and ;
from all of edges in ®;.

The edge e 91_; crosses with some edges in @ when 0 < m < 2l -1 < n.
We find the number of m that correspond to the condition 0 < m < 2! —1 <
n. Welet My = {m |0 <m <2 —1 < n} and we see that m can be
1,2,3,...,2" — 2, that is

| My | =2 —2. (5.7)

The edge e 915 crosses with edges in ®; when 1 <m < 2l —2 < n.
We find the number of m that correspond to 1 < m < 2! —2 < n. We let



Upper Bound for the Crossing Number of 0, X K3 309

M;={m|1<m<2 —2<n}and we see that m can be 2,3,4,...,2! — 3,
that is

| My | =2 — 4. (5.8)

The edge €9 913 crosses with edges in ®; when 2 < m < 2l —3 < n.
We find the number of m that correspond to 2 < m < 2! —3 < n. We let
My ={m|2<m <2 —3<n} and we see that m can be 3,4, 5, ...,2! — 4,
that is

| My | = 2! — 6. (5.9)

Similarly to the edge egi-1_5 9111 crosses with edges in ®; when 2l=1
2<m <27 41 <n. Welet My—1_o={m|2I71-2 <m < 27141 < n}.
We see that m can be 28=1 — 1 and 2!~1, that is

| M1 o | =2. (5.10)

Finally, for the edge egi-1_1 91-1, we can see that this edge can not cross
with edges in &g, So

’ MQl—lil ’ == 0 (511)

From (G7)-(GEI00), that is all a number of potential crossing between @y
and P;, so

pe(®Pr, 1) = [Mo | + | My |+ | My | +.d | Mya o | + [ Moy |
=2 -2+ -+ @2 -6)+..+2+0

— (QIT_I)(O + 2 —2) (5.12)

= (27t — )2 h. O

Definition 5.2. For graph S, we define pe(®y, ®;) as the number of
potential crossing which is created from crossing between graph ®; and
graph ®; by considering from the whole of graph ®; which in S! where
k=2,3,4,...,n and [ < k. That is a crossing of a creation of every copy of
graph ®; in graph ®.

Lemma 5.4. For any integer 2 < k <n andl < k,

pe(®y, @) = 28712 — 1), (5.13)
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Proof. The number of potential crossing between graph ®; and graph @,
when we fix k depends on the number of all subgraph of ®; in &, that
equal to 28~! copy. That is

Pe(®p, Bp) = 2" pe(P, B))
= 2" - (5.14)
= ok=lol=t 1), O
By Lemma [5.4] it is notable that

p_C((bn, @1) > p_C((I)nfla @1) > p_c((bTL*Qa @1) > > p_C(@g, (bl) > p_c(‘1>2, (bl)
(5.15)

Definition 5.3. For graph S’, we define pc(™ (®;, ®;) as the number of
potential crossing which is created from crossing between graph ®; and
graph ®; by considering from the whole of graph S which in S! where
k=2,3,4,...,n and [ < k. That is a crossing of a creation of every copy of
graph ®; in graph ®; and every copy of graph ®;, in graph S..

Lemma 5.5. For any integer 2 < k <n and | < k,

pc™ (D, &) = 271217 — 1), (5.16)

Proof. Consider,
pe™ (Pr, 1) = 207 - Pe(y, &) = 20 FH T 1) =202 ).
O

Lemma 5.6. Forn =3,4,5,... and j <n — 1, we have
pl™ (B, @;11) > pct™ (@, ;). (5.17)
Proof. Consider,
P @ @41) = pe (@0, @5) = 207U (@, 1))~ 277 pe( @, 2))
= [2n D (2U+D=1 _ 1) (2l +D)-1)]
[271 J 2] I 9 (2j 1)]
= [2"~ G+D+G+1)- 1(2(J'+1)*1 —1)]
- T - )
=[2"N Y -] - 2N - )
=2 -1 (211
=2/ — 2171 >0,
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Thus, pc(”)(q)n, ;) —pc(”)(q)n, ®;11) > 0is true for all n = 3,4,5,.... O

Definition 5.4. For graph II,,, we define pc(")(An,Cbm) as the number
of potential crossing which is created from crossing between graph A,, and
graph ®,,, m = 1,2, ...,n, by considering from the whole of graph II,.

Lemma 5.7. For any integer 1 < m < n,
pc™ (A, ®,,) = 3(2" 1) (2™ —1). (5.18)

Proof. We let e; ; and e, . be edges of ®,, and A, respectively. We note
that * refers to the vertex on other axis. By ordering vertices of graph S?,
in (5.6) and | V(®,,) | = 2™, | E(®,,) | = 2™}, we have the edge set of
graph ®,,,

E(®,,) = {eoam_1,€12m 2,€29m 3, ..., €9m—1_9gm-1,1,Egm-1_1 gm-1}.
(5.19)
The edge set of graph A,

E(An) = {60’*, €1,%, €2, %, -1y 627171_27*, 6271,71_17*’ sy €20 i, egn_ly*}. (520)

The edges e;; and ey are potential crossing if and only if v; < v <
v; < or v < v; < v <wv;. Next, we consider the number of potential
crossing between A, and ®,,.

The edge egom_1 in ®,, crosses with some edges in A, when 0 < k <
2m — 1 < *. We find the number of k£ that correspond to the condition
0<k<2™—1<=x Welet Ko ={k|0<k<2™—1< %} and we see
that k£ can be 1,2,3,...,2™ — 2, that is

| Ko | = 3(2™ — 2). (5.21)

The edge ejom_9 in ®,, crosses with some edges in A, when 1 < k <
2™ — 2 < x. We find the number of k& that correspond to the condition
1<hk<2"—-2<x Welet K; ={k|1<k<2™—2 < x} and we see
that k can be 2,3,4,...,2™ — 3, that is

| Ky | =3(2™ — 4). (5.22)

The edge ez om_3 in ®,, crosses with some edges in A, when 2 < k <
2m — 3 < *. We find the number of k£ that correspond to the condition
2<k<2™m—-3<x Welet Ko ={k|2<k<2™—3< %} and we see
that k£ can be 3,4,5,...,2™ — 4, that is

| Ky | = 3(2™ —6). (5.23)
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Similarly to the edge egm-1_99m-141 in ®,, crosses with edges in A,
when 2771 —2 <k < 2™l 41 <% Welet Kom1_o={k]|2m 1 -2<
k< 2™ 1 41 < x}. We see that k can be 2! — 1 and 2™~!, that is

| Kom1_o | = 3(2). (5.24)

Finally, for the edge egm-1_1 gm-1 in ®,,, we can see that this edge can
not cross with edges in A,,, So

’ KQm—lfl ’ — 0 (525)

From (5.2I)-(E25]) and Lemma [5.2] we see that the number of each sub-
graph ®,, of S, that equal to 2"~™. That is the number of potential
crossing between @, and A, depends on the number of subgraph ®,,, so

pet™ (A, @) = 2" (| Ko |+ | Ky [+] K|+t | Kgmo1_p |+ | Kom-1_1])
= 2" (3(27 —2) + 3(27 —4) + 3(2" —6) + ... + 3(2) +0)
=232 242" -4+ 27 — 64 .. +240])

= 2”—m(3(2m—21)(0 +27m —2)) (5.26)

= (3 - 1))
— (2n7m+mfl)(3(2mfl . 1))
= 32" hHemt —1). O

Theorem 5.8. A graph €, is called Good Drawing of §2, with the min-
imum number of a cross in 11, under the following condition:

(A) If moving every edges in ®,, to wrong side,i.e., moving ®,, to P,
stde, the number of a cross will increase.

(B) If moving every edges in ®,,_1 to wrong side,i.e., moving ®,,_1 to ®,,
side, the number of a cross will increase.

(C) If moving every edges in ®; where 2 < j < n — 2 to wrong side, the
number of a cross will increase.

Proof. In order to prove, the approch that we use is we move all edges in
®; where j = 2,3,...,n to the wrong side. Then the number of a cross
between ®; and other ®’s in the correct side will disappear. However, the
number of a cross between ®; and other ®’s in the wrong side will appear,
that is the number of a cross of graph S¢ will decrease and increase. That
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is, we are proving that the decreased number of a cross of graph S? is less
than the increased number of a cross of graph S.

According to (A), we can prove in 2 cases; n is even and n is odd. We
prove when n is even. After all edges in ®,, have been moved to the wrong
side, we can observe that the number of a cross between ®,, and ®,; has
disappeared. Nevertheless, the number of a cross between ®,, and $;_1
will appear. Next we define ®9; as ®,,_o and ®y;1 as ®,,_(o_1) where n
iseven and k = 1,2, ..., L”—glj That is, it is sufficient to show that,

Z p™ (B, @0 ogp-1) > Z p™ (R, B o).

We consider,

Z pe™ (@, By (21-1)) Z pe™ (@, Dy _oy)

= pc<">(<1>n, ®p1) + pc<">(<1>n, ®p3) + -+ P (B, B (21)) + -
+pct™ (@, B6) + pc™ (D), @) + pc™ (D, Do) — pe™ (B, Dy, 2)
— pc(")(‘@n, D,y) — ... —pc(")(q)n, D, ok) — ... —pc(")(q)n, 5)
— pc™ Dy, D3) — p™) Dy, D1)

= [Pc(n)(q)n, (bnfl) - pC(n)(‘I)n, q)nf2)] + [Pc(n)(q)n, @nfii) - pc(n)(q)na q)nfll)]
+ oo+ [P (B, B (211)) — P (B, Prop)] + -
+ [pc™ (@, ) — pc™ (D, B5)] + [pel™ (@, Bg) — pel™ (@, B))]

+ [pc™ (@, ) — pc™ (D, B1)]

>0

by grouping and from Lemma [5.6]

Therefore, if we move ®,, where n is even to the wrong side, the number
of a cross which is in S! will increase. In the case of proving n is odd, the
method is similar.

According to (B), the approch is similar to (A). We only prove in case n
is even. After all edges in ®,_1 have been moved to the wrong side, we can
observe that the number of a cross between ®,, and ®,;_; has disappeared.

Nevertheless, the number of a cross between ®,,_; and ®3; will appear.
Next we define @351 as ®,,_(g41) and Pg; as P,,_o, where n is even and
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k=1,2,.., L"—EQJ That is, it is sufficient to show that,

n—2 —2
7] z |
> pe (@ g, @pop) > D pe™ (@ny, O os1))-
k=1 k=1

We consider,

252 =)
Z pc ™ (B, 1, Bpy_op) — Z pc(”)(q)nq,@n_(%ﬂ))
k=1 k=1

= pc™ (@, ®pp1) + pel™ (@1, Pro) + pe™ (Br1, Bra) + .
+ pe™ (@1, ©ak) + ..+ pe™ (@1, D) + pel™ (0,1, By)
+ pc™ (@1, Ba) — pe™ (D1, @yg) — pcl™ (y_q, s) — ...
— pc™ (@1, @y h 1)) — o — P (o1, P5) — pe™ (D1, B3)
— pct™ (B 1, B1)
= pc™ (@, @y_1) + [pe™ (@1, @y_n) — pe™ (@1, ©pos)]
+ [pet™ (@1, @rsg) — pel™ (Bp1, @ns)] + oo + [pe™ (@1, Bp2z)
= pc™ (@1, @ opps1)] + oo+ [T (B 1, @) — pc™ (D11, Bs))]

+[pc™ (B, 1, B4) —pc™ (D, 1, B3)]+[pc™ (B, 1, Bo) —pel™ (®,,_1, B1)]
>0

by grouping and from Lemma [5.0]

Therefore, if we move ®,,_1 where n is even to the wrong side, the
number of a cross which is in S will increase. In the case of proving n is
odd, the method is similar.

Finally, for (C), 4 cases can be proved as follows;

(i) n is odd and j is odd,
(74) n is odd and j is even,
(#i1) n is even and j is odd,
(iv) m is even and j is even.

First, we prove when n and j are odd. After all edges in ®; where j is
odd and 1 < j < n have been moved to the wrong side, we can observe that
the number of a cross between ®; and ®9;_; has disappeared. Nevertheless,
the number of a cross between ®; and ®5; will appear.
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That is, we are going to show that the inequality below is true.

n—j—1 j—2
> (@0 + Y p™ (@), P50

i=1,i—odd i=1,i—odd
n—j j—1

> Y pd™ (@0 + Y pe™ (), 9;).

1=2,1—even 1=2,1—even
We will consider,

n—j—1 j—2

> o pdM (@0 + Y p (@), P50
i=1,i—odd i=1,i—odd

n—j j—1

= Y (@i @)~ D el (P, ;)

i=2.i—even i=2,i—even
= pc™ (@11, ®5) + pet™ (@43, ®5) + pcl™ (D45, ®;) +...+pcl™ (P, 3, ;)
+pel™ (@1, @) + pe™ (D5, 8; 1) + pct™ (B, B 5) + p™ (D, 05 5)
+ o el (@5, @) 4 pel™ (0, Bo) — pe™ (@42, D) — pel™ (By44, D)
—pc™ (46, 0;) == pel™ (B, g, @) — pcl™ (@, Bj) — pc™ (B, Do)
= pe (@), Dj—a) — pe™ (B, jg) — ... — pct™ (D, B3) — pc™ (), 1)
= pc(”)(CI)j+1, ;) +pc(”)((1)j+3, ;) +pc(”)(<1>j+5, D)+ ... —|—pc(”)(CI)n_3, ;)
+pet™ (@1, @5) — pel™ (@10, ®;) — pet™ (B, B5) — pe™ (@16, D))
— = p " (@9, @) — pet™ (B, @) + [pet™ (B, 5 1) —pel™ (B, D5 )]
+ [pe™ (@, @5-5) — pe™ (@, Dj—a)] + [P (B5, j—5) — pel™ (D5, ®;6)]
+ o [pel™ (5, 4) — pe™ (@, B3)] + [pc™ (D, Bo) — pel™ (B, D7)

> 0.
Next, we are going to case(ii), n is odd and j is even. After all edges

in ®; where j is even and 1 < j < n — 1 have been moved to the wrong
side, we can observe that the number of a cross between ®; and ®,; has
disappeared. Nevertheless, the number of a cross between ®; and ®;_1

will appear.
That is, we are going to show that the inequality below is true.

Jj—1

n—j
> o pdM(@4 0+ Y pM (@), P50
i=1,i—odd i=1,i
n—j—1 j—2

> 3 pd™ (@0 + Y pe™ (), D).

1=2,1—even 1=2,1—even
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We will consider,

n—j J—1

Yo pd (@ @)+ Yo pet™ (@), 5m)
i=1,i—odd i=1,i—odd

n—j—1 )
- Y (@) = Y p™ (@), ;)
1=2,i—even 1=2,i—even

= pc!™ (D541, ®;) + pc™ (@45, B5) + pc™ (B 15, B)) +... 4 pct™ (@5, 2, D;)
+pcl™ (@, B5) + pc™ (5, Dj1) + pel™ (@, ®;3) + pc™ (D5, D)
+ .. +pc(”)((1)j, D5) +pc(”)((1)j, D3) +pc(”)((1)j, Dq) —pc(”)(CI)j+2, ;)
— pcl (@44, @) — pel(@jy6, @) —...— p" (@5, @) — pel(®, 1, D))
—pc™ (@5, 8;2) — e (@, B;-4) — pel™ (B, 5 6) —...— pcl (B, D)
_ pc(”)(cI)j, Dy)

= pc™ (@11, ®5) + pel™ (@43, ®;) + pc™ (D545, ®;) +...4 pe™ (B s, @;)
+ pc(n)(q’m ®;) - pc(n)(q’jwa P;) — PC(n) (Pjta, P5) — PC(n) (46, D))
— = pel (@ 3,®5) — pel(@p1,®@)) + [pe (@0 1) — pet™ (@, D))
+ [pc ™ @, @5 _3) — pel™( @, ®;-a)] + [p"( @, Bj5) — pe( B, B, 6)]
+ o+ [pe™ (@5, @5) — pel™ (B, B4)] + [pe™ (@, B5) — pc™ (D5, D5)]
+ pcl™ (D, @)

> 0. U

6 Calculation of the Upper Bound for Crossing
Number in II,

The reason why we mention to draw in 3 —axes form is that we are able
to notice that we have the same drawing from each axis. Therefore, the
calculation of the upper bound for crossing number in II,, is easier. That
is, the result can be calculated from just one axis.

The upper bound for crossing number in II,, can be calculated from
a cross of graph A, and graph 2, edges and graph {2, edges crossing
themselves. We define | A, cr), | is the number of crosses for graph A,
cross graph €, and | cr), | is the number of a cross in graph 2,,.
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Theorem 6.1. For any integer n > 1,
| ApcrQ, |= 32" H(2" —n — 1), (6.1)

where | ApcrQ, | is the number of crosses for graph A,, cross graph €.

Proof. We prove by mathematical induction that, for all n € IT. We precise
by induction on n. For n = 1,2, it can be easily seen | AjcrQ; |= 0 and
| AgcrQa |= 6 by directly counting. Assume | A,cr€, | holds true. Now
we consider | Ay, 1¢r€y, 41 | which is the number of crosses for graph A,
cross graph 2,1.

The number of crosses for graph A, 1 cross graph ,1 is calculated
from the number of potential crossing between graph A, ;; and all sub-
graphs @, in Q,1, where m =1,2,...,n + 1. By Lemma [5.7]

n+1
| An+1C’FQn+1 | = Z pc(”+1)(An+1,‘I’m)

m=1
= pc("Jrl)(AnJrl, dy) + pc("Jrl)(AnJrl, Do) + ...
+pc™ T (A g1, @)
= 32Ty (2171 1) 4 32Dy (927 1) 4
+ 3(2(n+1)71)(2n71 _ 1) + 3(2(n+1)71)(2(n+1)71 _ 1)
=32M)(2° — 1) + 32" (2  — 1) + ... + 3(2M)(2" - 1)
=302")2° +2'+ 22+ 42" 2 1 -1 — . — ]

O/on+1 __
— 328 oy

= 32+ D-hygntl _ (4 1) —1]. O

Theorem 6.2. For any integer n > 4,

L i = i e
el = 2 (n-3)(n>1)
3(2” )[3(2 — ].) *714’3* f], Tl—Odd,
(6.2)

where | crQdy, | is the number of crosses in graph .

Proof. We start proving for case n is even, we let n = 2k where k € IT.
We prove by mathematical induction on k, for all k € I*. If K = 1, it can
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be easily seen | crQdy |= 0. For k = 2, | cr{dy |= 24 by directly counting.
Assume | ¢rQg | holds true, that is

16 3(2k) —10  (2k —2)?
9 3 4 I

We must show that | cr{dgy | implies | crfy,11) | Now we consider
| crQy(k41y | which is the number of crosses in graph Qg(xy1). | crQk41) |
is a result from the number of potential crossing which is created from
crossing between all subgraphs ®; and ®; in {94 1), where both of 7 and
j are odd, including in case both of ¢ and j are even. That is

|erQor | = 3(221‘“‘71)[

(22]{74 _ 1) + 2(221672 _ 1) _

lerQogq) |

= 3[pckH2) (B3, ®1) + pcPR 2 (D5, B1) + ... + pcPFH2) (Dyy,q, B1)]
+ 3[pcPR ) (@5, B3) + peF T (D7, 3) + ... + el D (Dop g, B3))]
+ 3[pcl 2 (D7, B5) + pcPFHD (D9, @) + ... + peF D (Dgppy, 05)] + ...
+ 3[R T2 Doy, Bog—3) + pePF (Do 41, Pok—3) + PP Doy 1, Pog—1)]
+ 3[pcrH2) (B, Bg) + pcl2RH2) (D6, Do) + ... + pcPFH2) (Do 4o, o)
3[pcRH2) (D6, By) + pcP+2) (g, By) + ... + pclhF2) Doy g, Dy)]
3[pc?R+2) (Bg, Bg) + pcPFH2 (D10, B) + ... + pclPFF2) (Dop o, g)] +
3[pc P2 (Do, Dop—o) + pcl®HD (Do 0, Pop—o) + pcF D (Dop o, Boy)]
— 3(22]{4’1)[(2171 _1)+(21 1_ )
+3(22k+1)[(2371 _ 1) (23 1 1) +
+3(22k+1)[(2571 _ 1) (25 1 1) +

+(21 1 1)+ + 21 1_ ) (21 1 1)]
2 =D+ + @ =D+ (2 1)
(27— )+ +(2°7 1—1) (27t =1)]

+...+3 22k+1)[ 9(2k—3)— )+(2(2k 3)— 1)+(2(2k 1)— 1)]

+3(22k+1)[(22 1 1) 1)+ 22 1 1)+ +(22 1 1)+ 22 1 1)]
+3(22k+1)[(2471_1) 1)+ 24 1 1)+ +(24 1 1)+ 24 1 1)]
+3(22k+1)[(26—1_1) 26 1 1)+ 26 1_ )+ +(26 1 1)+ 26 1 1)]
I 3(22k+1)[(2(2k—2)—1 _ 1) + (2(2k 2)—1 1)] + 3(22k+1)[(2(2k 1)]

=302%H[0+0+...+0
+ 32 [(22 + 22+ .. +22) -~ (1+ 1+ ...+ 1)]
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+32%N) (2t + 20+ 2 - (1 + 1+ ..+ 1)]
o 3272257 4 2257 — (14 1)] + 3(2% ) [(22472 — 1))
F32N [ F 2t k2 (1 T+ 1)]
F3N[(23 423 4 428 — (1 1+ 1)]
+ 32K [(25 + 25+ ... +25) —(1+1+..+1)]
+ ...+ 3(22k+1)[(22k73 + 22k—3) -1+ 1)] + 3(22k+1)[(22k—1 _ 1)]

= 3226+ [22(k — 1) — (k — 1)] + 32** 1) 24 (k — 2) — (k — 2)]
Fo o+ 3(22R1)[22k—4(2) — 2] 4 3(22k+1)[(226-2(1) — 1))]
+ 3221 (k) — (k)] + 3(22F 1) [23(k — 1) — (k — 1)]
+ o 322 [22775(2) — 2] 4 3(22FH) (2271 (1) — 1)

= 3(22KF)[(22(k — 1) + 24(k — 2) + ... + 226=4(2) + 226-2(1))
(k=1 +(Fk-2)+..+2+1)]
+ 322 [(2L (k) + 23 (k — 1) + ... +22673(2) + 2%71(1))
—((k)+ (k—1)+..+241)]

=3P 1) — (k- 1) - EP0)

+3(22K ) [8(22F — 1) — 2(k) — RAEHD)

— 3(22k+1)[%(22k72_1) + %(22]{_1) o (%(k—1)+%k) _ ((k*l)k_i_k(kJrl)

2

_ 3(22k+1)[§(22k72 _ 1) + %(2% _ 1) _ 4k—§+2k _ kQ—k—é—kQ—l—k]

— 3(22k+1)[%(22k72 _ 1) + %(2% _ 1) _ 6k3—4 . kZ]

319

)

_ 3(22k+1+171){%(22k72+474_1)+%(22k+272_1)_6k—4—§10—10_(2k;+22—2)2]

— 3(2(2k+2)71 ) [1_96 (202k+2)—4 _ 1)+ % (202k+2)=2_ 1)— (6k+§)—10 —( (2k+2)—2

)%l

_ 3(22(k+1)—1) [% (22(k+1)—4_1)% (22(k;+1)—2_1)_ 3(2(l<:+31))—10 _ (2(l<:+111)—2)2 ).

Hence the prove is complete.

O

The result of the upper bound for crossing number in Il,, can be calcu-
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lated from the Theorem and We present in the next theorem.

Theorem 6.3. For any integer n > 4, the upper bound of crossing number
of Qn x K3 satisfies the inequality

3(2n )2+ 42— 1) + S22 1) — Sl - 2R e,
3(2n 27 4 2 (203 — 1) — 2n 4 2 — (=) n-odd.

er(Qnx Ks) < {
(6.3)

7 Numerical Result

In this section, we consider the cartesian product of @, and K3 for
n =3,4,...,12. Then we give some results for the upper bound of crossing
number of @, X K3 in the form (G.3)) in the Table below.

no| | AperQy | | | er€y | | Upper bound of ¢r(@, x K3)
3 48 0 48

4 264 24 288

) 1,248 192 1,440

6 5.472 1,152 6,624

7 23,040 5,760 28,800

8 94,848 26,496 121,344
9 385,536 115,200 500,736
10 | 1,555,968 485,376 2,041,344
11 | 6,254,592 | 2,003,200 8,257,792
12 | 25,085,952 | 8,165,376 33,251,328

Table 1: The upper bound for crossing number of @),, x K3 for n =3, ...,12

8 Concluding Remarks

In this paper, we consider the cartesian product of @, and Ks. We
present a drawing of @, x K3 called, a 3 — axes drawing of @, x K3 for
finding the upper bound for the crossing number of (),, x K3. Then we
construct a graph II, and prove that II, is a good drawing which the
minimum number of a cross in II,,.
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