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Abstract : In this paper, a new differential operator A} f(z) defined in the open
unit disc U = {z € C: |z| < 1} is introduced. We then, using this operator and
introduce a new subclass of analytic functions G(u, A, «, 8, b, p). Moreover, we dis-
cuss coefficient estimates, growth and distortion theorems and inclusion properties
for the function f belonging to the class G, (i, A, o, 8, b, p).
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1 Introduction and Preliminaries

Let A(p) denote the class of function f of the form
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flz) =2+ Z apzt, (1.1)

which are analytic and normalized in the open unit disc U={z € C : |z| <1}.
For a function f in A(p), we defind the following differential operator

Apf(2) = f(2); (1.2)
i) = () 4 (FE e s
and forn =1,2,3,---
Apf(z) = AN(ARTHf(2))- (1.4)
If f is given by (1), then from (I4]) we get
Ay = Y (CHEENEZ Dy e )
k=p+1

where f € A(p), p € N and n € Ny. This generalizes many operators as
follows:

(i) When p = 1, we get A"f(2) = z + Z(w) apz*, intro-
k=2
duced by Darus and Faisal [I].

(ii) When a =1, =0and p =1, we get A"f(2) =2+ > (1 + Xk —

1))"azz* gven by Al-Oboudi [2]. -
(iii) When o = 1,8 = 0,A = 1 and p = 1, we get A"f(2) = 2z +

o0
3" k"ap2* the Salagean’s differential operator [3].
k=2

(iv) When « = 2,8 = 0,A = 1 and p = 1, we get A"f(z) = z +

v)
> (%) ayz* given by Uralegaddi and Somanatha [4].
k=2

(v) When 5 =1,A =0, p = 1 and replacing a by a+1, we get A" f(z) =
[e.°]
24+ > (BE2)" 42k, the differential operator of Cho and Srivastava [5].
k=2

(vi) When 8 = 0, p = 1 and replacing « by a + 1, we get A" f(z) =

z+2(a+/\ak+11)+1) a2, a well known differential operator of Aouf et al.[6].
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Let G, (s, \, o, B, b, p) denote the subclass of A(p) consisting of functions f
which satisfy

Re{1+2 [p -2 uiagriy o] b o0, )

where A7 f(2) is given by (L3]).
This implies that it satisfies the following inequality

p(1 = w2 4 panr(2) —p
p(L— ) LD 4 Anf(z) —1+2b
where z € U;u > 0;p € N;n € Ng;b € C — {0}

We note that

o Gl ) a,8,b,1) = G(i, A\, a, 3, b)
- Re{f c A(p) : Re{l—i—% [(1—M)%<Z>+M(Anf(z))’—1}},zeU} > 0;
Gol(i A, B,b,1) = G(\, b)

_ Re{f e Alp) : Re{1+% [(1—,0“;) +u(f(z))’-1] },z = U} >0
Gn(1,1,1,0,b,1) = R, (b)

:Re{f e A(p) : Re{l—i—% [(Anf(z))/ - 1}},2 c U} > 0;

o Go(0,1,1,0,b,1) = G(b)

:Re{fEA(p):Re{1+%{f(z)—l}},zEU}>0;

z

Gn(0,1,1,0,b,1) = Gy (D)

:Re{fGA(p):Re{l—i-%[%(Z)—l]},zeU}>0;

Gn(1,1,1,0,b,1) = R(b)
:Re{fEA(p):Re{l—i—% [(f(z))/—l]},zeU} > 0;
o Go(0,1,1,0,1 — a,1)

:Ga:Re{feA(p):Re%z)>oz,0§a<1,z€U}>O;
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e Gy(0,1,1,0,1 — o, 1)

:Ra:Re{fEA(p):Re(f(z))/ >a,0§a<1,z€U} > 0.

The class R(b) was studied by Halim [7], the class G by Chen [8, 9] and
the class R, by Ezrohi [10].
2 Coefficient Inequalities

In this section, we find the coefficient inequality for the class G, (u,\,«,5,b,p).

Theorem 2.1. Let the function f defined by (L)) satisfies the condition

> et uth—p) [SHEENEED <y
k=p+1

where > 0,p € Nyn € Ng,a > 0,8+ X > 0. Then f € Gn(u, \, 0, 5,b,p).

Proof. Suppose that the inequality (ZI) holds. Then we have for z € U
and |z] <1

p(1 — u)%(z) + (AR f(2)) = p( - ‘p(l - u)AgT(Z) + (AR F(2) =1+ 26‘

= Y Ip+ulk—p) [a+(ﬁ+a)\)(k_p)]n a, z’H(
k=p+1
ot Yl =) [EEEREED

k=p+1

< Y lp+ plk —p) [OH_(B +a)\)(k_p)} \ak\‘zk’l‘—ﬂb\
k=p+1
- Z [0+ pu(k —p)] [aﬂﬁz/\)(k_p)} ]akl‘zk_l‘

k=p+1

<> btulk—p) [”(ﬁ*j)(k‘p)]”\ak\—\brso

k=p+1

where A7 f(2) is given by (L3]).
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This implies

> a+ (B+N(k—-p)]"
> bt -] | EEEREEE <
k=p+1
which shows that f € G, (u, A\, o, B, b, D). O

Corollary 2.2. Let the function f defined by (11)) be in the class Gy (1, A, «,
B,b,p). Then we have

b
[p+ (e — p)] | SHEEE)]

|ag| < mk=>p+1.

«

Corollary 2.3. Let the hypotheses of (2) be satisfied. Then for 5 =X=10
and p=p =1 we have

6]

3 Growth and Distortion Theorems
A growth and distortion property for function f to be in the class
Grn(p, A\, o, 8,0, p) is given as follows:

Theorem 3.1. If the function f defined by ({11 is in the class Gn(u, A\, @, 3,
b,p), then for |z| < 1, we have

ofJrl* ol
Il w <1F)] < IrP)+ |
[p+ w(k — p)] {W} [p+ u(k — p)] {W}
PTOOf' Let f € Gn(u’)‘aaa/ﬁab)p)- Then by m, we have
- at(B+Nk—p)1"

> [P+H(k—P)][ ( a)( )} ||

k=p+1

<=3 < LI

S [ - p)] [

From equation (II]) we have

FEI= {7+ Y at| <2+ Y Jal |

k;:p—‘,—l k:p+1
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which implies

= 10| k
If(2)] < 2P|+ E \ak\‘zk <rP+ ——5
] ‘ [p+ (ke — p)] [ HEEE=)]

Similarly we can prove that

B |b] k
[f(2)] = 7" o+ k- )] [w]” ' N

«

Theorem 3.2. Let the hypotheses of (Z1]) be satisfied, then for |z| < 1,

o [b]|r[? o |b]|r[?
[p+ plla+ B+ Al [p+plla+ B+ A"
Proof. From([2Z1]) we have f € G, (4, \, o, B, b, p) and hence

S° o+l — p)] [SFEERED g, < ).

|’I“p| —

m < | <[P+

k=p+1
Since
o+ ][ 22" ok < 3 I+ pk — p))| HERER gy <
k=p+1 k=p+1
we have

bl | AT S <o

k=p+1
From (LI)) we have

FEIN <11+ D0 lawl |25 < 171+ D lal |27

k;:p—‘,—l k:p+1

This proves that

o (| |r*
P+ pl o+ B+ A"

[F () < |rP] +

Similarly

oo oo
FEI 217 = D anl |2 2 17— D7 laxl |2

k;:p—‘,—l k:p+1
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shows that
a” [b] |r[?

Pt Bt AT -

[F () = |rP] =

Corollary 3.3. Let the hypotheses of (21]) be satisfied. If « = X = p =
p=1,8=0 then for |z| < 1, we have

2 2
o= P < ) < o+ BT
on+l — - on+l °

Theorem 3.4. If the function f defined by (I1) is in the class Gy (1, \, o, 3,
b,p), then for |z| < 1, we have

. kbl I
p ()] [ <HEEE ]

ko] [r|*”!
) [ ]

Proof. Let f € Gp(u, A\, o, 8,b,p), by using (2.I]) we have

b
Z ok < |<|>¢+(5+/\)(k—p) n
2 e [

Also

‘— pzP~ 1+Zkakzk ! <p+kZ]ak]‘ k= 1‘<p+k2\ak\‘ k= 1‘
k=p+1 k=p+1 k=p+1

This shows that
F [b |~
p+ (k- p)] [ R

Similarly we can prove that

~ ol [
[p+ u(k = p)] [70‘“5?%_’?)] '
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4 Inclusion Properties

The inclusion properties for the class Gy, (i, A, o, 5, b, p) are given by the
following theorem.

Theorem 4.1. Let the hypotheses of (2.1]) be satisfied. Then

Gn(p2, A, o, 8,0,p) C Gy(p1, A o, 8, b, p),
Gn(p, A2, 0, 8,0,p) C Gy, A1, v, 8, b, p),
Gn(ps A ar, 8,0,p) € Gr(ps A, a2, 8,0,p),
Gn(p, Ay o, B2,b,p) € G (i, N, vy 51,0, p)

where ag > o, Bo > P, p2 > pr and Ay > Aq.

Proof. Let f € Gn(u, A\, o, 8,b,p). Then by using (2.1]) we have

> Ip+pk—p)

k=p+1

[a+(5+/\)(k‘—p)

«

} axl < 18],

If po > pq, implying that p + pe(k — p) > p + p1(k — p) in such that

Z [p+u2(k—p)] |:O‘+(B +a)‘)(k_p):|n
k=p+1
> Z [p+ﬂ1(k_p)] |:Oé+(ﬂ +Oj‘)(k_p):|n
k=p+1
this shows that
>t m—p) [THEEAE,
k=p+1
S S N e L
k=p+1
> ot =) | HEEVEED gy <y,
k=p+1

Hence f € Gy (u, A\, o, B, b, p), which shows that G, (ue, A, «, 8,b,p) C
Gpn(p1, A, o, B,b,p).  Similarly, let f € Gp(u, A\, «, 3,b,p), then by using
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(1) we have as > ;. This implies that (1+EENE=P)yn > g4 (BENG=p) yn,

i [p+ pu(k — p)] {a1+(5+/\)(kj_p)r
k=p+1 1
> S otk p) et B Ak
k=p+1 a2
S I+ ulk—p) [0‘1+(5“)(’“p)]”|ak| <1y
k=p+1 al
and hence
S o+ alk—p) e kzE
k=p+1 @2

This proves that f € Gy, (i, A\, o, 5,b, p) and finally implies that Gy, (i, A, a1,
B,b,p) € Gp(p, A\, a2, 5,b,p). Employing a similar procedure we can prove
that Gy (p, A2y, B,0,p) C Gpn(p, A\1,,8,b,p) and Gy (u, A, o, B2,b,p) C
Gn(p, A\, a, B1,b,p).

For more details about coefficient bounds we refer to Joshi [11], Aouf [12],
Silverman [13], Raina [14], and Owa and Aouf [15], respectively. O
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