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Abstract : In this paper, we derive several subordination results of two classes
of analytic and univalent functions. These two classes are defined by using the
well-known fractional calculus operators. Moreover, we introduce some special
results of some subclasses.

Keywords : analytic function; univalent function; convolution; convex function.
2010 Mathematics Subject Classification : 30C45.

1 Introduction

Let A denote the class of functions of the form:

oo
z):z—l—Zakzk, (1.1)
k=2

'Corresponding author.

Copyright © 2017 by the Mathematical Association of Thailand.
All rights reserved.



134 Thai J. Math. 15 (2017)/ R.M. El-Ashwah et al.

that are analytic and univalent in the open unit disc U = {z € C : |z] < 1}. Also,
let g € A, and be given by

g(z) =2+ biz". (1.2)
k=2

Also, we denote by K the subclass of functions f € A that are convex in U. It is
well-known that:

rexenfin LG,

Definition 1.1. (Hadamard Product or Convolution ). Given two functions f
and ¢ in the class A, where f(z) is given by (1.1) and g(z) is given by (1.2), then
the Hadamard product (or convolution) of f and g is defined (as usual) by

(f*9)(2) =2+ ) arbez" = (9% f)(=). (1.3)
k=2

Various operators of fractional calculus (that is, fractional integral and fractional
derivatives) have been studied in the literature rather extensively (cf., e.g., [I],
21, [B] and [4]; see also the various references cited therein). For our present
investigation, we recall the following definitions. Various operators of fractional
calculus (that is, fractional integral and fractional derivatives) have been studied
in the literature rather extensively (cf., e.g., [1], [2], [3] and [4]; see also the various
references cited therein). For our present investigation, we recall the following
definitions.

Definition 1.2. The fractional integral of order u is defined, for a function f by

g L[ Q)
D" f(2) F(u)o/(zol“dc (n>0), (1.4)

where the function f is analytic in a simply-connected domain of the complex
z-plane containing the origin and the multiplicity of (z — ¢)*~! is removed by
requiring log(z — () to be real when z — ¢ > 0.

Definition 1.3. The fractional derivative of order p is defined for a function f
by

PR B (5
D2 f(2) F<1—u>0/<z—c>ud< (O0<p<1) (15)

where the function f is constrained and the multiplicity of (z — ¢)™* is similarly
removed.
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Under the hypotheses of Definition 1.3, the fractional derivative of order u is
defined for a function f by

DI f(z) = (Z—Hn{Dsﬂz)} O<u<lineNo=Nu{0}).  (16)

As well as the fractional calculus operator D¥ for which it is well known that (see
for details [2] and [5])

ppm . Llpt+1)
Dz{z}_F(/ﬁl*u)

in terms of Gamma functions.

27 (p> -1 ueR), (L.7)

Definition 1.4. (Subordination Principle). For two functions f and g, analytic
in U, we say that the function f is subordinate to g in U and write f(z) < g(z)
if there exists a Schwarz function w, which (by definition) is analytic in U with
w(0) =0 and |w(z)| < 1, such that f(z) = g(w(z))(z € U).

Indeed it is known that
f(z) = g(z) = f(0) = g(0) and f(U) C g(U).

Furthermore, if the function g is univalent in U, then we have the following equiv-
alence (see [6]):

f(2) < g(2) <= f(0) = g(0) and f(U) C g(U).

Definition 1.5. Let S*(«, \) denote the subclass of A consisting of functions f
of the form (1.1) and satisfy the following:

L(1— N2 ADIFAf(2) N
§R{ 8 } > (1.8)
0<a<lijd<1;z€U).

Also let K(a, A) denote the subclass of A consisting of functions f of the form
(1.1) and satisfy the following:

L(1— A2 ADIHA f(2) € S*(a, ) (1.9)
0<a<lid<l;zel).

The classes S*(a, A) and K («, A) are introduced by Owa [7].
Specializing the parameters o and A, we obtain the following subclasses studied
by various authors:

S*(a){feA:éR{z}v;S)}>a (oga<1;zev>},

S*(a,0)

1"

K(a,0) = K(a){féA:?R{lJrzjz,(S)}>a (0§a<1;z€U)}

(see Robertson [8], Schild [9] and MacGregor [10]).
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Also we note that:

: e L J D= VDI (2) .
S*(0,A) = Sk{feA.él%{ B }>0 (A< 1 eU)},

K(0,0) = Kyx={feA:T(1-XN""DI"f(2)eS; (A\<LzeU)}.

Definition 1.6. (Subordination Factor Sequence). A Sequence {cx}72, of com-
plex numbers is said to be a subordinating factor sequence if, whenever f of the
form (1.1) is analytic, univalent and convex in U we have the subordination given
by

Zakckzk < f(z)(a1 =1;2z€U) (1.10)

2 Main Results

Unless otherwise mentioned, we assume in the reminder of this paper that
0 <a<l1l, A<1landz € U. To prove our main results we need the following
lemmas.

Lemma 2.1. The sequence {cx}72, is a subordinating factor sequence if and only

if (see [11)):

{1+2chz }>Oz€U) (2.1)

Lemma 2.2. A function f of the form (1.1) is in the class S*(a, \) if (see [7]):

Z[F(k;(lljr(/\l)_)‘) —a] lag] <1 -« (2.2)
k=2

Lemma 2.3. A function f of the form (1.1) is in the class K(a, \) if (see [7)]):

=T k+1 (1—-2X) {F(kJrl)F(l

NCESY )\)a]|ak|§1a. (2.3)

k=2 )

Let S**(a, A) denote the class of functions f € A whose coefficients satisfy the
condition (2.2). We note that S**(a, A\) C S*(a, A). Also let K*(a, A) denote the
class of functions f € A whose coeflicients satisfy the condition (2.3). We note
that K*(a, A\) € K(a, A). Employing the technique used earlier by Attiya [12] and
Srivastava and Attiya [I3], we introduce the following theorem:

Theorem 2.4. Let f € S**(a, A). Then

2—a(l-2X)
22+ (1—-2a)(1—MN)

(f*h)(2) < h(z), (2.4)



Subordination Results for New Subclasses of Analytic ... 137

for every function h € K, and

2+ (1—2a)(1—A\)

§R{f(z)}>7 2_@(1_)\)

(2.5)

The constant factor % in the subordination result (2.4) cannot be

replaced by a larger one.

Proof. Let f € S**(a,\) and let h(z) = z+ Y drz* € K. Then we have
k=2

(2r(1fx)

—z[zf(ffélja)ﬂ)] (f*h)(z)= 2[(2“15(:;3;) (z + Zakdkz ) . (26)

INCESN)
Thus, by using Definition 1.6, the subordination result (2.4) will hold true if the
sequence
2r'(1-)) e
INCESYES
20 (1-)) @
2 K T(Z—N) 0‘) +(1- 04)}

is a subordinating factor sequence, with a; = 1. In view of Lemma 2.1, this is
equivalent to the following inequality:

1+ Z (QFF((; 2l a) >0 (2.7)
(2r(1 2) a) T (-a) axz . .
k=1 \ T(2—x)

k=1

Now, since

C[T(E+1)T(1- )
O e

is an increasing function of k (k > 2), we have

(2F(1 A) a)
T(2—X)) s

1+Z <2F

REEY) 704) +(1-a)
(QIF((;:;)) - CY)
(QFF((;:;‘)) — a) +(1-a)

1 [e.¢]
20 (1 /\) _ k
+(2F(1_)‘)—a)+(1*a Z( )akz

T(2—\) ) k=2
a0(1—A
( r((Q—/\)) - 0‘)
1= 2r(1—1) "
( INCEDY) _O‘) +(1-a)

= RI1+ z

v
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1 o [L(DI(1-A) k
©(2r(1—-») Z { T (k=) *Of} |ak|r
( INCESY O‘) + (1 —a) =
20 (1-))
— — _
> 1 ( T(2—x) ) . (1-a) .

Y -
(2;((217)\)) - a) +(1-0a) (2;((217)\)) - a) +(1-0a)
= 1-7r>0 (z]=r<1),

where we have also made use of assertion (2.2) of Lemma 2.2. Thus (2.7) holds true
in U, this proves the subordination (2.4). The inequality (2.5) follows from (2.4)

[ee]
by taking the convex function h(z) = % =2+ ) z*. To prove the sharpness of
k=2
the constant %, we consider the function fo(z) € S**(a, ) given by
(I-a)(1-A) ,
. 2.8
folz) = 2 2_a(l-N) - (2:8)
Thus from (2.4), we get
2—a(l1-MX) z
< . 2.9
2[2+(1—2a)(1—)\)]f0(z) 1—2 29)
Moreover, it can easily be verified for the function fy(z) given by (2.8) that
. 2—a(l-X) 1
R = ——. 2.10
A e e K 210

This shows that the constant % is the best possible. This completes

the proof of Theorem 2.4. O

Remark 2.5. Taking A\ = 0 in Theorem 2.4, we obtain the result obtained by
Frasin ([13)], Corollary 2.3).

Also, we establish subordination results for the subclass S}*, whose coefficients
satisfy the inequality (2.2) in the special case as mentioned.
Putting a = 0 in Theorem 2.4, we have

Corollary 2.6. Let the function f defined by (1.1) be in the class ST* and suppose
that h € K. Then

1
and 3>

R{f(2)} > 5 (2.12)
The constant factor ﬁ in the subordination result (2.11) cannot be replaced by a

larger one.
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Using Lemmas 2.1 and 2.3 together with the same technique used in Theorem 2.4,
we introduce the following theorem.
Theorem 2.7. Let f € K*(a, ). Then
2—a(l-2X)
4-20(1 =N+ (1 —a)1-N?

(f*h)(2) < h(z), (2.13)

for every function h in K, and

4-20(1=N+(1—a)(1-))7

R{FGY > - 1—2a(1-N)

(2.14)

2—a(l—X)
4=2a(1-N)+(1—a)(1—X)
not be replaced by a larger one.

The constant factor > in the subordination result (2.13) can-

Remark 2.8. Taking A\ = 0 in Theorem 2.7, we obtain the result obtained by
Frasin ([13)], Corollary 2.6).

Also, we establish subordination results for the associated subclass K3, whose
coefficient satisfy the inequality (2.3) in the special case as mentioned. Putting
« = 0 in Theorem 2.7, we get

Corollary 2.9. Let the function f defined by (1.1) be in the class K} and suppose

that h € K. Then 5

o e < he), (2.15)
and )
R{f(z)} > —#. (2.16)

> in the subordination result (2.15) cannot be replaced

The constant factor ﬁ

by a larger one.
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