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1 Introduction

Sessa [2] introduced the concept of weakly commuting mappings. Jungck [3]
defined the notions of compatible mappings in order to generalize the concept of
weak commutativity and showed that weak commuting mappings are compatible
but the converse is not true. In recent years, a number of a fixed point theorems
and coincidence theorems have been obtained by various authors utilizing this
notion. Jungck further weakened the notion of weak compatibility [4] and in
[5] Jungck and Rhoades further extended weak compatibility. Pant [6], [7], [§]
initiated the study of noncompatible mappings. Itoh and Takahasi [9] and Sing and
Mishra [I0] introduced the notion of (I, T)-commutativity. More recently, Aamri
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and Moutawakil [I1] defined property (E.A) for all self mappings of a metric
space (X,d) under strict contractive conditions. The class of (E.A) mappings
contain the class of noncompatible mappings. Recently, Kamran [12] extended the
property (E.A) for hybrid pair of single and multivalued mappings and generalize
the notion of (I,T)-commutativity for such pairs. In [I2] some coincidence and
fixed point theorems for hybrid pairs are obtained which generalize the results from
[I1]. Quite recently, Sintunavarat and Kumam [I] established new coincidence
and common fixed point theorems for hybrid strict contractions maps by dropping
the assumption “f is T-weakly commuting for a hybrid pair (f,7T) of single and
multivalued maps” in Theorem 3.10 [12].

2 Preliminaries

Let (X, d) be a metric space. We denote by CB(X) the family of non-empty
closed and bounded subset of X and H the Hausdorfl-Pompeiu distance on CB(X)

H(A, B) = max {sup d(a, B), supd(b,A)} for A,B € CB(X)
a€A beB

where d(a, B) = inf {d(a,b) : b € B}.

Let f:(X,d) — (X,d) beand T : (X,d) - CB(X). A point 2 € X is said to
be a coincidence point of f and T if fx € Txz. The set of all coincidence points of
f and T is denoted by C(f,T).

The pair (f,T) is called commuting if fTx = T fx for all x € X, weakly
commuting [5] if f and T' commute for all x € C(f,T), (I,T)-commuting [9] and
[10] at x € X if fTax C Tfx, fis T weakly commuting at x € X if ffx C Tfx.
Here we remark that hybrid pair (f,T), (I,T)-commuting at the coincidence points
implies that f is T-weakly commuting, but the converse is not true in general ([12],
Example 3.8). The mappings f : (X,d) — (X,d) and T : (X,d) — CB(X) are said
to be compatible [I3] if fTx € CB(X) for all x € X and lim H(fTzp, T fx,) =0
whenever {z,} is a sequence in X such that lim Tz, = A € CB(X) and lim fz,, =
t € A. Therefore, the maps f : (X,d) — (X,d) and T : (X,d) - CB(X)
are noncompatible if fTz € CB(X) for each x € X and there exists at least
one sequence {z,} such that limTz, = A € CB(X) and lim fz,, =t € A but
lim H(fTx,,T fx,) # 0 or does not exist.

Definition 2.1. The mappings f : (X,d) — (X,d) and T : (X,d) - CB(X) are
said to satisfy property (E.A) [12] if there exists an sequence {x,} in X such that
lim fz, =t € A=1limTx,.

Remark 2.1. Every noncompatible hybrid pair (f,T) satisfy property (E.A).

Theorem 2.2 ([12]). Let f : (X,d) — (X,d) and T : (X,d) - CB(X) be such
that
(i) f and T satisfy property (E.A);
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(ii) for all x,y € X

H (T2, Ty) < wax {d( . f9). 3 (@) + (1. Ty).

) 2.1)
3 (A7) + d( 0. Ta) |

If f(X) is a closed subset of X, then f and T have a coincidence point.

Theorem 2.3 ([12]). Let f : (X,d) — (X,d) and T : (X,d) — CB(X) be such
that f and T satisfies the conditions (i) and (ii) of Theorem[22 and (iii) f is T -
weakly commuting at u and ffu= fu foru e C(f,T). If f(X) is a closed set of
X, then f and T have a common fized point.

Sintunavarat and Kumam [I] proved the following theorem.

Theorem 2.4. Let f: (X,d) = (X,d) and T : (X,d) — CB(X) be such that the
following conditions are satisfied:

(i) f and T satisfy property (E.A) and (21) holds;

(ii) fo= ffv forveC(f,T).

If f(X) is a closed subset of X, then f and T have a common fized point.

Definition 2.2. An altering distance is a mapping ¢ : [0,00) — [0,00) which
satisfies:

(1) : ¥(t) is increasing and continuous,

(12) : ¢(t) = 0 if and only if ¢t = 0.

Fixed point problem involving altering distance have been studied in [14], [15],
[16], [17], [18] and other papers. The study of fixed points for mappings satisfying
an implicit relation is initiated in [19] and [20]. In [16] some fixed point theorems
for mappings involving altering distance and satisfying an implicit relation are
proved.

In this paper a fixed point theorem for a pair of hybrid mappings involving
altering distance and satisfying an implicit relation is proved, generalizing Theorem

24

3 Implicit Relation

Let §, be the set of all continuous functions F(ty, ..., tg) : Ri — R satisfying
the following conditions:

(F1) : F is nondecreasing in variable t1,

(Fy) : F(t,0,0,t,¢0) <0 implies ¢t = 0.

Example 3.1. F(t1,...,ts) = t1 — max {to, (t3 + t4)/2, (t5 + ts)/2}
(F1): Obviously.
(Fy) : F(t,0,0,t,¢,0) =t/2 <0 implies t = 0.
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Example 3.2. F(ty,...,tg) = t1 — kmax {ta,ts,...,t6}, where 0 < k < 1.
(F1): Obviously.
(Fy) : F(t,0,0,t,t,0) = t(1 — k) < 0 implies ¢ = 0.

Example 3.3. F(t,...,t5) = t1 — ato — b(t3 + t4) — ¢(t5 + tg), where a,b,c > 0
and b+c < 1.

(F1): Obviously.

(Fy) : F(t,0,0,t,t,0) = t(1 — (b+¢)) <0 implies ¢t = 0.

Example 3.4. F(t1,...,tg) = t1 — ata — b(ts + t4) — cmin {¢5, {6}, where a,c > 0
and 0 < b < 1.

(F1): Obviously.

(Fy) : F(t,0,0,t,¢0) =t(1 —b) <0 implies ¢t = 0.

Example 3.5. F(tq,....,ts) = t1 — ata — b(t3 + t4) — c\/I5lg, where 0 < b < 1 and
a,c > 0.

(F1): Obviously.

(Fy) : F(t,0,0,t,¢0) =¢t(1 —b) <0 implies ¢t = 0.

Example 3.6. F(t1,...,tg) = t1—ate—bmax {t3, t4 }—cmax {ts, s}, where a, b, c >
Dand 0 <b+c<1.

(F1): Obviously.

(Fy) : F(t,0,0,t,t,0) = t(1 — (b+¢)) < 0 implies ¢ = 0.

Example 3.7. F(t1,...,ts) = t2—t3—a(t3+t3)/(1+min {t5,6}), where 0 < a < 1.
(F1): Obviously.
(F2): F(t,0,0,t,t,0) = t*(1 — a) < 0 implies ¢t = 0.

Example 3.8. F(t1,...,ts) = t1 — max{ta,t3,ta} — (1 — a)(ats + btg), where
0<a<l,0<a<1,b>0.

(F1): Obviously.

(Fs) : F(t,0,0,t,t,0) =t(1 — a)(1 —a) <0 implies t = 0.

Example 3.9. F(t1,...,tg) = t1 — max {cto, ct3, cty, ats + btg}, where a,b,c > 0
and max{a,c} < 1.

(F1): Obviously.

(Fy) : F(t,0,0,t,t,0) = t(1 — max{a, c}) < 0 implies t = 0.

Example 3.10. F(t1,...,t¢) = t1 — max {to, k(t3 + t4)/2, (t5 + ts)/2}, where 0 <
k<1

(F1): Obviously.

(Fy) : F(t,0,0,t,¢0)=¢t(1—k/2) <0 implies t = 0.

Example 3.11. F(tq,...,tg) = t1—max {ki(t2 + t3 + ta), ko(t5 + t)}, where k1, ko
> 0 and max{ky, ka} < 1.

(F1): Obviously.

(Fy) : F(t,0,0,t,¢,0) =t (1 — max{ky, k2}) < 0 implies t = 0.
Example 3.12. F(t1,....ts) = t7 — (13t3 + t2t2) /(1 + t3).

(F1): Obviously.

(Fp) : F(t,0,0,t,t,0) = t* < 0 implies t = 0.
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4 Main Results
Theorem 4.1. Let f: (X,d) — (X,d) be and T : (X,d) - CB(X) such that

F((H(Tx, Ty)), $(d(f, f4)), ¢(d(fx, Tx)), )
W(d(Fy, Ty)). G{d( . Ty)), o{d(fy, Tx))) < 0 -

for all z,y € X, where F € §, and 1(t) is an altering distance. If f(X) is a
closed subset of X and (f,T) satisfy property (E.A), then C(f,T) # ¢. Moreover,
if fo=ffv forveC(f,T), then f and T have a common fixed point.

Proof. By Definition 2] there exists a sequence {z,,} in X such that lim fz, =
x € A=1lim Tz, for some x € X. Since f(X) is closed in X we have

F(p(H(Twn, Tx)), ¥(d(fon, f7))), Y(d(f2n, Tzn)),
Y(d(fx, Tx)), P(d(fen, Tx)), Y(d(fz,T2y))) <O0.

Letting n tend to infinity, we obtain
F((d(A, Tx)),0,0,9(d(fz, Tx)), ¢ (d(fr,Tx)),0) <0.
Since fx € A, then d(fxz, Tx) < H(A,Tx) which implies by (F}) that
F((d(fz,T)),0,0,9(d(fz, T)),(d(fz,Tx)),0) < 0.

By (Fy), ¥(d(fz,Txz)) = 0 which implies d(fz,Tx) = 0 i.e. fx € Tx and
C(f,T) # ¢.
Let v € C(f,T) be, hence fv € Tv and z = fv = ffv = fz € Tv. By @I)

we have successively

F(H(Tv,Tz)), v(d(fv, f2)), P (d(fv, Tv)),
P(d(f2,Tz)), Y(d(fv, T2)), (d(fz,Tv))) <0,

F((H (T, T2)),0,0,$(d(f=, T2)), $(d(f, T2)),0) < 0.
Since fz € Tv we have that d(fz,Tz) < H(Tv,Tz), which implies by (F})
F(y(d(fz,T%)),0,0,9(d(fz,Tz)),¥(d(fv,T%)),0) < 0.

By (Fz) we have ¢(d(fz,Tz)) = 0 which implies d(fz,Tz) =0ie. fz € Tz.
Therefore z = fz € Tz and z is a common fixed point for f and T [l

If ¢(t) =t we obtain
Theorem 4.2. Let f: (X,d) = (X,d) be and T : (X,d) = CB(X) such that
F(H(Tx,Ty),d(fz, fy),d(fz, Tz),d(fy, Ty), d(fz,Ty),d(fy, Tx)) <0 (4.2)

forallz,y € X, where F € §o. If f(X) is closed and (f,T) satisfy property (E.A),
then C(f,T) # ¢. Moreover, if fv = ffuv forv e C(f,T), then f and T have a
common fized point.
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Remark 4.3.

1. By Ezxample [31] and Theorem [I.7 we obtain a generalization of Theorem

2.4}
2. By Examples -[313 we obtain new results.
By Theorem [4.1] and Remark 4.3 we obtain
Corollary 4.4. Let f : (X,d) = (X,d) be and T : (X,d) - CB(X) such that f
and T are noncompatible and satisfy inequality (4.1) for all z,y € X. If f(X) is
closed in X, then C(f,T) # ¢. Moreover, if fv = ffv forv € C(f,T), then f

and T have a common fixed point.

Remark 4.5. By Corollary [{.7) and Example [31] we obtain Corollary 3.7 [1].

5 Applications
In [21], Branciari established the following result

Theorem 5.1. Let (X, d) be a complete metric space and and f : (X,d) — (X, d)
be a mapping such that for all x,y € X

d(fz,fy) d(z,y)
/ h(t)dt < c/ h(t)dt, 0<c<1 (5.1)
0 0

where h : [0,00) — [0,00) is a Lebesgue measurable mapping (i.e., with a finite
integral) on each compact subsets of [0,00) such that for e > 0, foe h(t)dt > 0.
Then, f has a unique point z € X such that for all x € X, lim f"z = z.

Some fixed point theorems for mappings satisfying contractive condition of
integral type are proved in [22], [23], [24], [25], [26] and other papers.

Lemma 5.2 (Popa and Mocanu [I6]). The function ¢(t) = fot h(x)dz, where h(z)
is as in Theorem [5 1], is an altering distance.

Theorem 5.3. Let f: (X,d) = (X,d) be and T : (X,d) = CB(X) such that

0 0
JEIVTID pyar, (2T gy, [200T h(t)dt) <0

F(f" ) eoyae, [ nwt, 3V niwat, 52)

for all z,y € X, where F € §, and h(t) is as in Theorem[5 1. If f(X) is a closed
set of X and f and T satisfy property (E.A), then C(f,T) # ¢. Moreover, if
fv=ffu forveC(f,T), then f and T have a common fixed point.
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Proof. As in Lemma we have

H(Tx,Ty) d(fx,fy)
B(H (T, Ty)) = / h(t)dt, P(d(fz, fy) = / h(t)dt,

d(fy,Ty)

d(fz,Tz)
b(d(fz, ) = /O h(t)dt, ¥(d(fy. Ty)) = /0 h(t)dt,

d(fz,Ty) d(fy,Tx)
$(d(fz, Ty)) = / W(t)dt, (d(fy, T)) = / h(t)dt.

By Lemma[B2 ¢(t) is an altering distance. Hence the conditions of Theorem
41l are satisfied and the results of Theorem follows by Theorem [A.T] O

Remark 5.4. 1) If h(t) = 1 by Theorem [Z.3 we obtain Theorem [{.2
2) By Remark (21 it follows that Theorem [5.3 is true if f and T are non-
compatible instead of (f,T) satisfy property (E.A).

Corollary 5.5. Let f: (X,d) — (X,d) be and T : (X,d) - CB(X) such that

x x ]- x x
ST hyde < max {1 Ry, 5 [T h@de+ [T i),

11 cd(pa,T d(fy, Tz
5 [ nayae + l)h(t)dt}}

(5.3)
for all z,y € X and h(t) is as in Theorem [B1. If f(X) is a closed subset of X
and f and T satisfy property (E.A), then C(f,T) # ¢. Moreover, if fv = ffv for
veC(f,T), then f and T have a common fized point.

Remark 5.6. For h(t) =1, by Corollary [51 we obtain Theorem [2.7).
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