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1 Introduction and Preliminaries

Let C be the set of all finite complex numbers and f be entire defined in the

open complex plane C. The maximum term p(r, f) of f = > anz™ on |z| = r
n=0

is defined by p (r, f) = max (|a,| ™) and the maximum modulus M (r, f) of f =
ianz” on |z| = r is defined by M (r, ) = ‘m‘ax|f (z)|. We use the standard
gggations and definitions in the theory of entirg fJnctions which are available in
[1]. In the sequel the following notation is used:

log[k] x = log (10g[k71] x) for k=1,2,3,... and 1og[0] T =2

To start our paper we just recall the following definition:

Definition 1.1 ([I]). The order p; and lower order As of an entire function f
are defined as
log®” M (r, f) @M, £)

1
pr = 1i£nj£p © Togr and Ay = lirrgg}nglT.

Definition 1.2 ([I]). The type oy of an entire function f is defined as

log M (r, f)
rP

oy = limsup ;

T—00

, 0<py <oo.

Sato [2] defined the generalised order and generalised lower order of an entire
function as follows:

Definition 1.3 ([2]). Let m be an integer such that m > 2. The generalised order
pgcm] and generalised lower order )\Bfn] of an entire function f are defined as

[m]

log™ M log!™ s
py = lim Supog—(r,f) and A" = lim inng—(r’f)
7—00 IOgT ! r—00 logr

For m = 2, Definition reduces to Definition [T}
If py < oo then f is of finite order. Also py = 0 means that f is of order zero.
In this connection Datta and Biswas [3] gave the following definition:

respectively.

Definition 1.4 ([3]). Let f be an entire function of order zero. The quantities p}*
and )\;Z* of f are defined by:
Py = lim supw and \}" = lim infw .
o0 ogr r—00 logr

Let L = L (r) be a positive continuous function increasing slowly, i.e., L (ar) ~
L (r) as 7 — oo for every positive constant a. Somasundaram and Thamizharasi [4]
introduced the notions of L-order and L-type for entire function where L = L (r) is
a positive continuous function increasing slowly, i.e., L (ar) ~ L (r) as r — oo for
every positive constant ‘a’. The more generalised concept for L-order and L-type
for entire function are L*-order and L*-type. Their definitions are as follows:
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Definition 1.5 ([4]). The L*-order p)Lc* and the L*-lower order )\)Lc* of an entire
function f are defined as

. logt? M ) loel? 17
p? = lim supw and )\JI? = lim infw.
rooo  log [TGL(T)} r—oo  log [reL(T)]

Definition 1.6. The L*-type oj%* of an entire function f is defined as
L

. log M .
of = Hmsupr , 0< pJI? < 00.
r—00 [T@L(T)} Py

In the line of Sato [2], Datta and Biswas [3] one can define the generalised
L*-order pgcm]L and generalised L*-lower order)\gln]L of an entire function f in

the following manner:

Definition 1.7. Let m be an integer such that m > 1. The generalised L*-order

p[m]L* and generalised L*-lower order )\Efn]p of an entire function f are defined
as
[m] [m]
[m]L* _ 1. log"™ M (r, f) L .. log™ M (r, f) ,
Py = 117{1 chpW and A, = hrrg g.}f W respectively.

Using the inequality p(r, f) < M (r,f) < E=p (R, f) {cf. [5]} one can easily
verify that

. logl™ . logl™
chm]L = limsup—2—#) (r. ) and )\ch]L = liminf—2 _#\"J) (r, .
r—oo  l0Og [reL(’“)] r—oo  log [reL(T)}

Similarly, in the line of Somasundaram and Thamizharasi [4] for any positive

[m—1]L*

integer m > 2 one may define the generalised L*-type o in the following

manner:

[m—1]L

Definition 1.8. The generalised L*-type o " for m > 2 of an entire function

f is defined as follows:

L log!™ M .

r—00 [T@L(T)] Py

Lakshminarasimhan [6] introduced the idea of the functions of L-bounded in-
dex. Later Lahiri and Bhattacharjee [7] worked on entire functions of L-bounded
index and of non uniform L-bounded index. In the paper we study some growth
properties related to the maximum terms and maximum moduli of composite entire
functions using generalised L*-order and generalised L*-lower order as compared
to the growths of their corresponding left and right factors.

Now, we present some lemmas which will be needed in the sequel.
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Lemma 1.9 ([§]). Let f and g be any two entire functions with g(0) = 0. Then
for all sufficiently large values of r,

urfo0) > g (gu(5.9) - o)1)

Lemma 1.10 ([9]). If f and g are two entire functions then for all sufficiently
large values of T,

M (331 (.9) 1907 ) < M(rf o) < M O (r9)..).

2 Main Results

In this section we present the main results of the paper.

Theorem 2.1. Let f and g be any two entire functions such that pEZn]L*

are both finite and positive where m > 1. Then for each a € (—o0, 00),

and pg i

1+«
Ao fog) 108 )}
lim inf

=0 and
r—00 log™ 11 (exp (r8) , f)

[ 1+a
{108 i (r, 0 9) +1og!™ 1o (7, 1) }
lim inf B

r—oo log'™ i (exp (1#) , g)

Proof. If 1 + a < 0, then the theorem is trivial. So we take 1 + « > 0. Now in
view of Lemma and the inequality u (r, f) < M (r, f) {cf. [B]}, we have for
all sufficiently large values of r that

p(r, fog)
ie., log™ pu(r, fog)

7:.@., log[m] [,L(T', f o g) § (pEZI’L]L* —+ 5) |:10gM (r’g) eL(M(ng))i|

=0 where > (1+a)p§*

M(r,fog) <M (M(r,g),f)

<
< log™ M (M (r,g), f)

ie., log™ pu(r, fog)

< (A 1) [ret ] (7+2) (A ) LM g @)

Again in view of the inequality p(r, f) < M (r,f) {cf. [B]}, it follows for all
sufficiently large values of r that

o ) < g™ ) < (A +) g [re] . 2

Further we get for a sequence of r tending to infinity and for (> 0) that

tog")ju(exp (7)) 2 (o1 — ) tog [exp (+) exp { I (exp (7)) }]
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i.e., log[m} 1 (exp (7’5)) ) > (p[m]L* — 5) [7’5 + L (exp (rﬁ))} . (2.3)
Now from (ZI) and (22)) we obtain for for all sufficiently large values of r that

{1og[m] p(r, f o g)+log!™ u(r,f)}Ha < “rew)] (57 +) (pggn]L* + g)

(pBZn]L* + 5) (L (M (r,g)) + log {reL(’”)D} e .

So from above and (2.3]) we obtain for a sequence of r tending to infinity that

1+«
{log[m} i (r, f 0 g) +log!™ pu(r, f)}
log™ i (exp (1) , f)

[(pBZn]L* n E) {[TGL(T)] (Pé*-i-a) " (L (M (r, g)) + log [TGL(T)DHIJra

< L (2.4)
(pf - E) [r? + L (exp (r?))]
Let
pL*Jre mlL* mlL*
) (i ) L () L ) =
(p[M]L* + E) IOg |:T6L(7')i| _ k3, (pgzn]L* - E) _ k4’
(pgfn]]‘* — 5) L (exp (7"5)) = ks.
Then from ([24) we obtain for a sequence of r tending to infinity that
* 1+«
1+ . +
{10g[m] p(r, fog)+log"™ u(r, f)} i [r(pg Vi s+ k3]
<
log"™ 1 (exp (), f) - har? + ks
- m I+a P +e) (140) kotks |14
g™ (r, £ o g)+log™ u(r, £)} _ 7 {kﬁ T(fg*i)} *
i.e., <
log"™ i (exp (7) , f) kar? + ks

where ki, ko,k3 and k4 are finite.
Since(pg* +¢) (1 +a) < f, therefore

1+«
{log[m} p(r, fog)+log™ p(r, f)}
lim inf

00 log!™ 11 (exp (r#) , f)

where we choose (> 0) such that

0<€<min{p5:n]L*,1fapg*},

=0
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which proves the first part of the theorem.
Similarly, the second part of the theorem follows from the following inequality

in place of ([23)
1og[2] 1 (exp (7’5)) ,g) > (pg* — 5) [7’5 + L (exp (7"5))]

for a sequence of values of r tending to infinity. This proves the theorem. O

L

Remark 2.2. In Theorem[21]if we take the condition “0 < )\ch]L* < p[m] T <o

and 0 < )\5* < pg* < oo ”in place of “ pBZn]L* and pg* are both finite and positive
” then the theorem remains true with “lim ” replaced by “liminf ”.

In the line of Theorem 1] the following theorem can be proved:

Theorem 2.3. Let f and g be any two entire functions with finite and positive

pBZ”]L* and pg* where m > 1.Then for each a € (—00,00),
1+«
log") M (r, f o g) + log™! M (r, 1) }
lim inf =0 and
T log!™ M (exp (f)., f)
1+«
log!"™) M (r, f  g) + log"™ M (r, /) } N
lim inf 5 =0 where B> (1+a)p, .
e log®l M (exp () , 9)

Remark 2.4. Also in Theorem [2.3 if we take the condition “ 0 < )‘E”m]U <
pgcm]L* <00 and 0 < )\5* < pg* < oo 7 inplace of ¢ pgcm]L* and pé* are both finite
” replaced by “liminf”.

and positive 7 then the theorem remains true with “lim

1L [m]L”

Theorem 2.5. Let f and g be any two entire functions with 0 < )\ch ’ < py <

oo where m is any positive integer and 0 < )\5* < pé* < o0. Then

i log"™ Y 1 (r, f © g) -
P ogl™ E L(la(T ) — = iz
roc log™ pu(r, f) +1og™ pu(r,g) + L (310 (5.9) — 19(0)]) ~ pf

Proof. In view of Lemma [[L9 we have for all sufficiently large values of r

log"™ 1 (r, f 0 g) > 0(1) +log™ (éu (2,9) — l9(0)] 7f) - (2:5)

ie., log™ pu(r, fog)>o(1)+

(Yo {3 (50) o1} + £ (3 (520) o0 29
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ie., log™p (r,fog)>o0(1)+ ()\EZn]L* — 5)

[log{%u (5.9) (1 - %)} v (gu(50) - |g<o>|)]

. m T
ie., log™ ™ pu(r, fog) > logmu(z,g)
)\L* —€ 1 r
+ | =5t L<—u ~.9 Ig(O)I)

[log i (5,9) + L (51 (5.9) —19(0))] +0o(1)

L*7€
o { (5 ) £ (B 5.9) — b)) o (5.9)

+ log

. m Py 1 .
ie., log! “]u(tfog)zlogmu(ﬁ,g)+(ﬁ)L (gﬂ(iag)—|9(0)|)- (2.7)
f

Now from (7)) it follows for a sequence of values of r tending to infinity that

3

log™ ™ 1 (r, f o g) > (pﬁ* - 5) log {ZeL( )}

+ (ﬁ) L (éu (5.9) - |g<o>|) NGRS
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Now we get for all sufficiently large values of r that
logl™ 4 (r,f) < (pgcm]p + 5) log {reL(’”)}

i.e., 1og[m] w(r, f) < (pEZ”]L* + 5) log {geL(i)} + log/4. (2.9)

Further it follows for all sufficiently large values of r that
1og[2] wir,g) < (pg* + 5) log {reL(T)}
ie., logB®u(r,g) < log? {reL(’")} + O(1). (2.10)

Therefore from (29) and (ZI0]) , we obtain for all sufficiently large values of r that

logl™ 11 (r,f)+ logt® 1 (r,g) < (p[m]L* + 8) log {ZGL(Q} +

log 4 + log!? {reL(’")} + O(1). (2.11)
Hence from ([2.8) and 2I1)) it follows for all sufficiently large values of r that

—€

L.
logl™ W pu(r, fog) > | Lo (log[m] p (r, f)+10g! 1 (r, g) ~log 4—log!?! {TeL(T) }70(1)>
Py +e
L*_ 1 r
Pg = V(2 (L _
+(p[fm]m+6> (3 (59) - taton)

€

L*
ie., logt™ T (r, fog) > (p[p,:?]mﬁ)[log[m] p(r, £)+1logl® pu(r,g) + L(Lp (279)7\9(0)\)]
f

— (ﬁ) (log4+ logl? {reL(r)} + O(l))

+e

i.€.

IOg[erl]lu,(r,fog) S < P5*7€ > _
" logl™ (7, £) +10gP 1 (r,g) + L (30 (5, 9) —19(0)]) — \pf™" +e

o
_Pg _—F [2] L(r)
<p5§"]”+s> <log4 +logl? {re }+ O(l))

logl™ o (r, £) + L (110 (%, 9) — 19(0)])

(2.12)

Since € (> 0) is arbitrary, it follows from ([212) that

r log™ ™! i (r, f o g) Py
P o™ e L(in(r o) — = TmlLe
r—oo log™ u (r, f) +1og™ pu(r,9) + L (50 (5.9) — 9(0)]) ~ pf

Thus the theorem is established. O
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In the line of Theorem 23] the following theorem can be proved:

[m]L*

Theorem 2.6. Let f and g be any two entire functions with 0 < )\BZn]L* < py <
oo where m >1 and 0 < )\5* < pg* < 00. Then
1 [m+1] AL"
EatohT e 2 i
= log™ pu(r, f) +log™ p (r,9) + L (500 (5,9) = 19(O)]) — pf
The proof is omitted.
Theorem 2.7. Let f and g be any two entire functions with 0 < )\BZn]L* < pgcm]L* <

oo where m is any positive integer and 0 < )\5* < pg* < 00. Then

lim sup log™ " M (r,f g) > pg*
r—oo logl™ M (r, f) +10g® M (r,9) + L (1M (3,9) — 19(0)]) ~ pf™*

Theorem 2.8. Let f and g be any two entire functions such that 0 < )\Ecm]L* <

pBZn]L* < 0o where m > 1 and 0 < )\5* < pé* < 0o. Then

lim inf log™ " M (r,fo9) > )\5*
v log™ M (r, f) +10g® M (r.9) + L (§M (5.9) = |9(0)]) ~ p}"""

We omit the proofs of Theorem [2.7] and Theorem 2.8 because those can be
carried out in the line of Theorem 2.5 and Theorem 2.6 respectively and with the
help of Lemma [[.T0

Theorem 2.9. Let f and g be any two entire functions with pBZI]L* < 00, p[gp]L* <
oo and )\EZZ]QL* =00 where m,n and p are positive integers. Then

lim log™ u(r, f o g)
1
r=oolog™ p(r, £) +log!®! p(r, g)

Proof. Let us suppose that the conclusion of the theorem do not hold. Then we
can find a constant 8 > 0 such that for a sequence of values of r tending to infinity

= OQ.

log™ u(r, f o g) < 8 [log["] u(r, f) + log yu(r, g)} : (2.13)

Again from the definition of pgc"]L*, it follows that for all sufficiently large values

of r that

o ) = (41 ) o (i), 211
and from the definition of p[gp ]L*, it follows that for all sufficiently large values of

r that
log p(r,g) < (p_[f]L + s) log (reL(’")) : (2.15)
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Thus from (Z13), ZI4) and [ZI3) we have for a sequence of values of r tending
to infinity that

log[m] u(r,fog)<p Kpgcn]y + 5) log (reL(’“)> + (p[gp]L* + 5) log (reL(’"))}

m [n]L* [p]L* Lr)
ie log! ]N(Ta fog) p [(p + E) + (Pg + E)} log (rel(™)
7 log (rel™) = log (rel(™)
[m] )
ie. liminf® A S09) o ypnt
r—oe log (rel(") fog
This is a contradiction. Thus the theorem follows. O

In the line of Theorem 2.9 the following theorem may also be proved:

Remark 2.10. Theorem[2.9 is also valid with “limit superior” instead of “limit”
I1L*

y =00 and the other conditions remaining the

if )\EZZ]QL* = oo 1is replaced by p%
same.

L [pIL”

Theorem 2.11. Let f and g be any two entire functions with pgcn] < 00, Pg <

oo and )\EZZLL* = oo where m,n and p are positive integers. Then

lim log!™ M(r, f o g)
r=oolog™ M(r, f) +log®! M (r, g)

= Q.

Further if p%}}L* = oo instead of )‘%_LL* = oo then

. log!™ M(r, f o g)

lim inf =00

r=2o logl"l M(r, f) + log"! M (r, g)
Corollary 2.12. Under the assumptions of Theorem or Remark and
Theorem [211),

- log"™ ! u(r, f o g)

r=oolog" ! y(r, £) - 1og? ™ p(r, g)

= 0

and
. log!™ ! M(r, f o g)
lim — = =00
r=log" ™ M(r, f) - log? "1 M(r, g)
Proof. By Theorem or Remark 2.T0] we obtain for all sufficiently large values
of r and for K > 1 that

log™ u(r,fog) > K [log[”] p(r, )+ log!® p(r, g)}

K
ie., log™ ™ pu(r, fog) > [log[”‘”u(nf)-1og[”_”u(7zg)} :

from which the first part of the corollary follows.
Similary, from Theorem Z.IT]the second part of the corollary is established. [
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Theorem 2.13. If f and g be any two entire functions such that (i) 0 < p[n]L* <
oo, (i) 0< agcn_l]L* < 00, (#1) pEZZLL* = pBC"]L* and (iv) 0%9_1]};* < oo. Then
for any B> 1,
log!™ ™ 1 (r, f 0 g) + log!™ p(r, f) ﬁp?]“a[miuy
lim inf —2 o ’[n_l}g € AL < M_—{]Og* and
ree log p(r, f) O
[m—1]L* .
_ Ty lim sup log"™ u(r,f o g) )
pries ol I oo logl " (r, f) +logu(r, f)

Proof. From the definition of generalised L*-type and in view of the inequality
w(r, f) < M(r, f) {cf. B}, we obtain for all sufficiently large values of r that

logm N y(r,fog) < log™ MM (r,fog)

[m]L*

_11L* ) Pro
< (a}“jg 1 +€) {reL( >} ’ (2.16)
and
1JL* pgyﬂ*
log" U pu(r, f) < (a;n_ Iy 5) {reL(T)} . (2.17)
Also taking R = Br in the inequality M (r, f) < Z-pu (R, f) {cf. [5]} we obtain
for a sequence of values of r tending to infinity that
g™ (1. 0) 2 og™ 101 (. £og) +0(1)
[fm]L*
[m—1]L* T\ (z °d
> (afog —5){(B)e (B)}
[m—1]L* «
%, —€ [m]L
ie., log™ U (r, fog) > % {re“”}pf‘“’ LO1)  (2.18)
ﬂpfog
and
log!™ ™ pu (r, £) > log"" 1 M (%f) +0(1)
, PEcn]L*
> (UEZHHL B E) {(E) eL(;)}
[n—1]L* *
o —€ (L
ie., log™ W p(r f)> w {re“’”)}pf +0(1). (2.19)
p

B0
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Now from (ZI4), 2I6) and I9) it follows for a sequence of values of r tending
to infinity that

log!™ ! 1 (7, f o g) +log" u(r, f)
log™ ™ u(r, f)

[n]L* m—11L* [m]L* nlL* i
BPs (agcog nz + E) {reL(T)}pf°g + (pgc 1L + E) log (reL(7))

<

[n—1]L* Pl (2.20)
(of - 5) {ret™}7 4+ 0(1)
In view of the condition (ii7) we get from (Z20) that
[n]L* [ —1]L*
. dog™ " p(r, £ o g) +log! pu(r, f) _ B (Ufngg + 5)
lim inf =) < e .
r—00 log 12 (7", f) (Ugcni ] _ E)
As e (> 0) is arbitrary, it follows from above that
_ [n]L* m—1]L*
loglm—1] log!™ i gl
lim inf 0og H (Ta[f_ol]g) + og ‘LL(’I’, f) S ﬂ i _I{Lf (221)
rree log"™ ™" p(r, f) an

Again from (ZI4), (ZI1) and ([ZI8) we get for a sequence of values of r tending
to infinity that

log!™ ! i (r, fog)
log™ ™! 1 (r, £) +1og!™ p(r, f) ~
. [m)L*
(e ™ ) {ret) =+ o)
Bers (a&"flw + s) {reL(T)}pEZL]L* - (p[n]L* + s) log (rel(m)

Since p%]gy = "5 we obtain from (Z22) that

. log™ Y i (r, f o g)
lim sup 1] [n] =
r—oo log 0] (7’, f) + log N(Tv f)

(o2, )

[m]L* -~ . [n]L*+ 1 L (T) )
Bpfog (o_Ecn 1]1L +€) <1 + [m]L*(Pf E) Og(’!e ) *>

B fog (o_‘[fn—l]L*JrE){TeL(,'.)}p‘[fn]L

(2.22)

As e (> 0) is arbitrary, it follows from above that

(m—1] [m-1]L*
limn sup log p(r, fog) S T fog

r—oo log~1 w(r, f)+ log™ wplr, f) ﬁp%ﬂ,” ,0;"—1]12* '

(2.23)

Thus the theorem follows from (2.21)) and [223). O
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In the line of Theorem .13 we may state the following theorem without proof:

[n]L*

Theorem 2.14. If f and g be any two entire functions with (i) 0 < pg <
oo, (i) 0< a[g"_l]L < 00, (#1) p[f”ZLL :p[g"]L and (iv) 0;";;1]]; < oo. Then
for any B > 1,
B [n]L*  [m—1]L*
loglm—1] logl™ BPs " oll
liminf 8 (r,[fj]g) +log™ pu(rg) Her and
e log"™ " i (r, ) og
[m—1]L* _
_Treg oy log!™ Yy (r, f 0 g)
[m]L* [n—1]L* = 1m Supl [n—1] [n] ’
BPies o) r—oo log" ™ pu(r, g)+log™ u(r, g)
Theorem 2.15. If f and g be any two entire functions such that (i) 0 < p[n]L* <
oo, (it) 0< U}"_l]L* < 00, (i17) pBZZ]gL* = pEZI]L* and (iv) U%g_l]y < oo. Then
[m—1] [n] [m—1]L"
. og™ M (r, fog) +1log™ p(r, f) _ [ Tyog
lim inf T < =
r—od log" 1 M (r, f) o
logl™ 1 M
< lim sup ?g (r,fog) .
r—oe log" ™ M (r, f) +log" p(r, f)
Theorem 2.16. If f and g be any two entire fucntions such that (i) 0 < pén]L* <
oo, (it) 0< a},"’”L < 00, (i17) p%]gL zp[gn}L and (iv) O‘EZZ;I]L < oo. Then

dog™ UM (1, fog) +log u(r,g) (ot
lim inf 1 < 1)L~
r—00 log[nf ]M (7‘, g) [n=1]

g
log™ 1M (r,f o g)
< lim sup .
r=oo logi" Y M (r, g) + logl™ u(r, g)

The proof of Theorem 215 and Theorem [2.16] are omitted because those can
be carried out in the line of Theorem [2.13 and Theorem 214 respectively.
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