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Abstract : In this paper, we studied the Kernel or the elementary solution of the
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1 Introduction

It is well known that the Black-Scholes equation plays an important role in
finding the option price of the stock market. This equation is given by

0 1 5 5 02 0
— — — = 1.1
atu(s t)+ a 5 5 su(s,t) +7“sasu(s t) —ru(s,t) =0 (1.1)
with the terminal condition
u(s,t) = (sy —p)T for 0 <t <T (1.2)

where u(s,t) is the option price at time ¢, o is the volatility of stock, st is the
price of stock at the expiration time T, r is the interest rate and p is the strike
price. They obtain the solution (s, t) of (I.I]) satisfies (I2)) of the form

u(s,t) = sN(dy) — pe " TV N (dy) (1.3)
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(2 + (r+ 50°)(T ~ 1 (2 + (r — 50°)(T ~ 1

where d; = p and dy = p and de-

ov1l —t ovT —1t

2
.Y
1 =
note by N(z) the normal distribution N(z) = N / e 2 dy. see ([1], p91). The
T J—o00

equation (3)) is called the Black-Scholes Formula. In this paper, we transformed

(@TJ) and ([L2) to equation

9 1, 0 FEN -
EV(R,T) — 50’ ﬁ (R, T) — (’I" — ?)ﬁ‘/(R,T) + TV(R, T) =0 (14)

and V(R,0) = (ef! —p)* by R = Ins, 7 = T — t and u(s,t) = V(R,7). Since
(ef* — p)* is continuous function of R, write the initial condition

V(R,0) = (" = p)* = f(R). (1.5)

We obtain the Kernel of (I4)) satisfies (LH) in the form

—r 1
_ e (R—(r o?)T)?
K(R,7)= exp . 1.6
( ) Gy 2022 (1.6)

Next, we study the cash-or-nothing option with the risk neutrality by starting with
the stock model

ds = psdt + osdB (1.7)

where s is the price of stock at time ¢, p is the drift of stock, B is Brownian motion
and o is the volatility of stock.
Equation () can be dirived to geometric Brownian motion of the form

0_2

s(t) = soexp |oB(t) + (1 — 5t
5 o?
miW oB(t) + (1 — )t (1.8)
80

Note that, the right hand side of (L) is a normal random variable whose mean is

(n— %)t and whose variance is o>t.

Since s(t) is a random variable for each time ¢, and the density function for
s(t) is given by

1 xT g

fla) = Jesp | (I, 2 (1.9)

xoV 2t
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for x > 0 with f(x) =0, for < 0 see ([2],p56).

Note that, the payoff of the call option is given by payoff= (sp — p)* where st
is the price of stock at the expiration time 7" and p is the strike price. We also
have the discounted expectation of the payoff e_’“(T_t)E(sT — p)T where r is the
interest rate and 0 < ¢ <T'. Let

W(s,t)=e " T VE(sp —p)T.

By the definition of expectation and the density function given by (LH). We obtain

wisit) = ern [T @D (s = (= )T )

o wo\/2n(T 1) 202(T — 1)

(1.10)

We see that (II0) contains the drift u. If we put p = r, then (II0) become the
option value of the risk neutrality. Let us study the cash-or-nothing options,

A ifsp>p

) (1.11)
0, ifsp<p

the payoff = {

where A is positive real number, see([2], p163) with the condition (LII). Then

(CI0) become.

ey [T (in% - (r = )T~ 1))?
w(s,t) = Ae (T t)/ ————Jexp s 2 dx
0o xzoy2n(T —1) - 202(T — t)
(1.12)
InZ O\ — 1))
with u = r. By changing the variable, say y = — (”g —(r= 7)( —1)
202(T —t)
w2
together with the integral / e 2 du= V2w, then (LI2) reduces to
w(s, t) = Ae TN (dy) (1.13)

where dp is given by the Black-Scholes formula (I3)). Put R = InZ in @TI12), we
s

obtain

I > 1 o (R— (r— "_2)(T—t))2
(56) =4 N =
(1.14)
:A/z p K(R.7)dR (1.15)



12 Thai J. Math. 15 (2017)/ A. Kananthai

where

- 1

: (B (r— Loy
exp 9
V2molt -

20271

K(Rv T) =

is the Kernel of (LI4) with 7 = T — t. We see that (LI2) and (1.15) is the
relationship between the Kernel and risk neutrality for cash-or-nothing option.

1
R—(r— =0t P
Let u = 2 then dR = ov/27du. Now for In= < R < 00

oV 2T S

1 1
L - (r—=o®)r R—(r—=0%)r
S 2 < 2 < o0

J\/Z oV 2T

1
L — (r—=o?)r
s 2

Thus (I4) becomes

where

d=—35 (1.16)

Thus

w(s,t) = Ae”""[1 = N(d)] = Ae7""N(—d) (1.17)
(Note that 1 — N(d) = N(—d)). For t = T where T is the expiration time and
we have 7 = 0. It follows that d = Zn% in (LI6) and since s > p for call option.
We have d = —oo with In2 < 0. It follows that N(d) = 0 for d = —oo. Thus

s
w(s,T) = A(1 — 0) = A which is the payoff in(LII). We can also compare (LIT)
with (LI3]) which is similar form.
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2 Preliminaries

The following definition and basic concepts are needed.

Definition 2.1. Let f be an integrable function, the Fourier transform of f is
defined by

51 = Fw = [ e oo (2.1)
and the inverse
@) = ) = o [ e (2.2

Lemma 2.2. The Black-Scholes Equation given by (I1]) and the terminal condi-
tion (L3) can be transformed to ({I4) with the initial condition (ILJ7) by changing
the variable R = Ins and write u(s,t) = V(R,T).

Proof. We have

0 0 0 or 0
&U(S,t) = EV(R, T) = EV(R,T) . E = —E
since =T —t and

0 0 OR 10
%u(s,t) = @V(R,T) —=-—V(R,7)

0s s OR
02 0 <1 0

V(R,T),

2
—u(s,t) = =— | —==V(R,7) :7i3_V+i8_V'
0s? 0s \ s OR ’ s20R  s?20R?

Substitute into (1) and (L2) we have obtain (I4) and (LH) O

Lemma 2.3. Given the equation in (1.4)) with the initial condition in (I2). Then
we obtain the solution of (I4) in the convolution form

V(R,T) = K(R,7) * f(R)
where K (R, T) is the kernel given by (I.8) and f(R) is the continuous function
given by (I3).
Proof. Take the Fourier transform defined by (ZI) to the equation (L4). We

obtain

. 1 N 1 .~ N
%V(wx) + 502w2V(w, T) +iw(r — 502)V(w,7) +1V(w,7) = 0. (2.3)

Now, for any fixed w, ([23) is the ordinary differential equation of variable 7 and
we obtain

-~

V(w,7) = C(w)exp f(%JQwQ + iw(r — %02) +r)7| - (2.4)
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Since in (LH), we also have
V(w,0) = f(w). (2.5)

By the inverse Fourier transform in (2:2]).

1 [
V(R,T) = %/ e“ BV (w, 7)dw

1 [ wr= 1 1
— eWRf(w)exp {(502w2 +iw(r — 502) + T)T] dw by (2.4).

2

Now, let f(w) = /00 e~ ™Y f(y)dy. Thus

V(R,7)= 27_‘_/

I
- J exp [ ~ 02w +iw((r — %ﬁ)w)T —(R- y)))} f(y)dydw

exp l_ ((r - %‘72)7 —(R— y))
> 2027
Lo e-ter—m-w))
exp 577 | 2 fy)dydw.

o2t

et~ Yaxp { (;0 w? +iw(r — %0 )+ T)T] f(y)dydw

X

21

1
(r— 3037~ (R—)
Put u = 0\/2((,0 —1 2 ), du = 0\/§dw, dw = V2 ——du. Thus

2

e T o) 1 5 2 oo . \/5
V(R,7)= exp [ <(7" — 57 )T—(R — y)) Fy)dy P
o [m 2021 /*00 ovT
e’ ’" \/5\/7_T > [ ((r 10'2)7_7 (Ry))T
B eXp | — 2 fly)dy
VT S 2027
1 o) 1 9 2
= e exp | [ (= 5097 = (R—y)
Voro2r [oo P [ < 2 S y ) 1 f(y)dy
= K(R,7)* f(R). (Note that /OO e~ dy = V)
where
1 00 1 9 2
T)= e "7 exp | — (r—zo)T—(R—-y) .
= oo /“” ’ < 2 Dy ’ ) ] (29

is the kernel. Moreover, we have lim,;_,oK(R,7) = §(R) where is Dirac-delta
distribution, see([3],p34). It follow that V(R,0) = 6(R) * f(R) = f(R). Thus (L)
is satisfied. O
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3 Main Results
Starting from (I4) to (I7) and Lemma 2.3 leading to the following theorems.
Theorem 3.1. Given the equation

1, 02 o2, 0 B
and the initial condition V(R,0) = (ef* — p)* = f(R) then we obtain V(R,T) =
K(R,7)* f(R) as the solution of (31) where K(R,T) is the kernel given by (2.6)

Theorem 3.2. Let w(s,t) = e "T"YE(sp — p)* be the cash-or-nothing option
for 0 <t <T and E(sy —p)" is the expectation of the payoff (st —p)*, Given
the payoff

A if sp >
(sT — p)t = .f e
0ifsp<p
oo
where A is payoff real number. Then w(s,t) = A | , K(R,7)dR where K(R,T)
In—
s

is given by (Z8). Moreover, w(s,t) = Ae~" T N(—d) where d is given by (I10)
2
Y

1 T
and denote N(z) = —/ e 2dy. We have d = —o0 at t+T by (116). Thus
V2T J oo
N(—d) = 1. It follows that the payoff w(s,t) = A which is the call payoff.

4 Conclusion

The cash-or-nothing option with the risk neutrality with x4 = r in (LI2) and
obtain

w(s, t) = Ae " TIN(dy) (4.1)

where dy is given by the Black-Scholes formula (I3]). By approaching the Black-
Scholes equation with the kernel K (R, 7) we obtain the cash-or-nothing option

w(s, t) = Ae " TN (—d) (4.2)

where d is given by ([LI6). We see that ([@2) is related to (1)) while (2] is
more general and need more mathematical concepts which is helpful in advanced

research in the area of Financial Mathematics.
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