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Abstract : From the concept of generalized mixed equilibrium problems, we intro-
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1 Introduction

The fixed theory plays an important role in nonlinear functional analysis and
becomes a very useful tool in various fields. In applications to neural networks,
fixed point theorems can be used to design a dynamic neural network in order
to solve steady state solutions (see [1]) and consider the stability of impulsive
cellular neural networks with time-varying delays (see [2]). Some methods have
been proposed to solve the fixed point theorem; see, for example, [3, 4] and the
references therein. Let H be a real Hilbert space and C be a nonempty closed
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convex subset of H . A point x ∈ C is called a fixed point of T if Tx = x. The set
of fixed points of T is denoted by set Fix(T ) := {x ∈ C : Tx = x}.
A mapping T of C into itself is called nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖ , ∀x, y ∈ C.

Definition 1.1. Let A : C → H be a mapping. Then A

(i) is called monotone if

〈Ax−Ay, x− y〉 ≥ 0, ∀x, y ∈ C.

(ii) is called ρ-strongly monotone if there exists a positive constant ρ such that

〈Ax−Ay, x− y〉 ≥ ρ ‖x− y‖2 , ∀x, y ∈ C.

(iii) is called µ-Lipschitzian if there exists a positive constant µ such that

‖Ax−Ay‖ ≤ µ‖x− y‖, ∀x, y ∈ C.

(iv) is called α-inverse strongly monotone if there exists a positive real number
α > 0 such that

〈Ax−Ay, x− y〉 ≥ α ‖Ax−Ay‖2 , ∀x, y ∈ C.

Let A : C → H be a mapping. The variational inequality problem is to find a
point u ∈ C such that

〈Au, v − u〉 ≥ 0 (1.1)

for all v ∈ C. The set of solutions of the variational inequality is denoted by
V I(C,A). The applications of the variational inequality problem has been ex-
panded to problems from economics, finance, optimization and game theory, see
[5] and the references therein.

Let F : C×C → R be a bifunction and A : C → H be a nonlinear mapping and
ϕ : C → R be a real-valued function. The generalized mixed equilibrium problem

is to find x ∈ C such that

F (x, y) + ϕ(y)− ϕ(x) + 〈Ax, y − x〉 ≥ 0, (1.2)

for all y ∈ C, see [6]. The set of solutions of (1.2) is denoted by GMEP (F, ϕ,A),
that is

GMEP (F, ϕ,A) = {x ∈ C : F (x, y) + ϕ(y)− ϕ(x) + 〈Ax, y − x〉 ≥ 0, ∀y ∈ C} .

If ϕ = 0, then (1.2) reduces to the generalized equilibrium problem. The set
of solution of generalized equilibrium problem is denoted by EP (F,A); see, for
example, [7] and [8]. If F = 0, ϕ = 0, then problem (1.2) reduces to (1.1). If
A = 0, then (1.2) reduces to the mixed equilibrium problem. The set of solutions
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of mixed equilibrium problem is denote by MEP (F, ϕ); see, for example [9] and
[10]. If ϕ = 0, A = 0, then problem (1.2) reduces to the equilibrium problem. The
set of solutions of the equilibrium point is denoted by EP (F ). Finding a solution
of equilibrium problem can be applied to many problems in physics, optimization
and economics. Several people have proposed some useful methods for solving the
generalized mixed equilibrium problem, generalized equilibrium problem, mixed
equilibrium problem and equilibrium problem; see, for example, [7, 11, 12, 13, 14]
and the references therein. In the past few years, many authors studied the systems
of equilibrium problems and systems of generalized equilibrium problems. Several
iterative methods have been proposed to solve the solution sets of such problems
and the solution sets of various nonlinear operator problems in Hilbert spaces; see,
for example, [15, 16, 17, 18, 19] and the references therein.

In 2008, Jian-Wen Peng and Jen-Chih Yao [6] defined a mapping T
(F,ϕ)
r : H →

C as follows: For r > 0 and x ∈ H ,

T (F,ϕ)
r (x) =

{

z ∈ C : F (z, y) + ϕ(y)− ϕ(z) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}

.

They showed that T
(F,ϕ)
r is single-valued and firmly nonexpansive and satisfies

Fix(T (F,ϕ)
r ) = MEP (F, ϕ).

In 2011, Gang Cai and Shangquan Bu [20] introduced a new iterative algorithm
by hybrid method for finding a common element of the set of solutions of finite
general mixed equilibrium problems and the set of solutions of a general variational
inequality problem for a finite family of inverse strongly monotone mappings and
the set of common fixed points of infinite family of strictly pseudocontractive
mappings as follows:


















un =T
(FM ,ϕM )
rM,n

(I−rM,nBM )T
(FM−1,ϕM−1)
rM−1,n

(I−rM−1,nBM−1) · · ·T
(F1,ϕ1)
r1,n (I − r1,nB1)xn,

yn = PC(I − λNAN )PC(I − λN−1AN−1) · · ·PC(I − λ2A2)PC(I − λ1A1)un,

zn = αnyn + (1− αn)Snyn,

Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖} ,

xn+1 = PCn+1
x0,∀n ≥ 1,

(1.3)
and proved a strong convergence theorem of the sequence {xn} under suitable

conditions.
Recently, Gang Cai and Shangquan Bu [21] studied a new general iterative

scheme for finding a common element of the set of solutions of finite general mixed
equilibrium problems, the set of solutions of finite variational inequalities for coco-
ercive mappings, the set of solutions of common fixed points of an infinite family of
nonexpansive mappings and the set of solutions of fixed points of a nonexpansive
semigroup in Hilbert space as follows:














x1 = x ∈ C,

zn =T
(FM ,ϕM )
rM,n

(I−rM,nBM )T
(FM−1,ϕM−1)
rM−1,n

(I−rM−1,nBM−1) · · ·T
(F1,ϕ1)
r1,n (I − r1,nB1)xn,

un = PC(I − λN,nAN )PC(I − λN−1,nAN−1) · · ·PC(I − λ2,nA2)PC(I − λ1,nA1)zn,

xn+1 = αnf(Snxn) + βnxn + (1− βn − αn)W (τn)Snun,∀n ≥ 1,

(1.4)
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and proved a strong convergence theorem of the sequence {xn} under appropriate
conditions of parameter {αn} and {βn}.

Very recently, Gang Cai and Shangquan Bu [22] introduced two iterative algo-
rithms for finding a common element of the set of solutions of finite general mixed
equilibrium problems and the set of solutions of finite variational inequalities for
inverse strongly monotone mappings and the set of common fixed points of an
asymptotically κ-strictly pseudocontractive mapping in the intermediate sense in
a real Hilbert space as follows:



























un =T
(FM ,ϕM )
rM,n

(I−rM,nBM )T
(FM−1,ϕM−1)
rM−1,n

(I−rM−1,nBM−1) · · ·T
(F1,ϕ1)
r1,n (I − r1,nB1)xn,

zn = PC(I − λN,nAN )PC(I − λN−1,nAN−1) · · ·PC(I − λ2,nA2)PC(I − λ1,nA1)zn,

kn = δnzn + (1− δn)Tnzn,

yn = (1− αn)xn + αnkn,

Cn+1 =
{

z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn
}

,

xn+1 = PCn+1
x0,∀n ≥ 1.

(1.5)
Under suitable conditions, they proved the sequence {xn} converges strongly to

an element of a set
⋂M

i=k GMEP (Fk, ϕk, Ak)
⋂⋂N

i=1 V I (C,Ai)
⋂

F (T ) where Bk

and Ai is µk -inverse strongly monotone and ηi -inverse-strongly monotone, re-
spectively, for every k ∈ {1, 2, . . . ,M}, i ∈ {1, 2, . . . , N}.

After we have considered these research, we have the following questions.

1. Can we prove a strong convergence theorem for finding a common solution
of the set of a finite family of generalized mixed equilibrium problems by

not using the composite form of mappings T
(F,ϕ)
r in (1.3), (1.4) and (1.5)?

2. Can we use the different method from [20], [21] and [22] to prove a strong
convergence theorem for finding a common solution of the set of a finite
family of generalized mixed equilibrium problems?

Let F : C × C → R be a bifunction. For every i = 1, 2, ..., N , let Ai : C → H
be mappings and ϕ : C → R be a real-valued function. From (1.2), we introduce
the new problem is to find x ∈ C such that

F (x, y) + ϕ(y)− ϕ(x) + 〈
N
∑

i=1

aiAix, y − x〉 ≥ 0, (1.6)

for all y ∈ C and
∑N

i=1 ai = 1. This problem is called the modified gener-

alized mixed equilibrium problem. The set of solutions of (1.6) is denoted by

GMEP (F, ϕ,
∑N

i=1 aiAi), that is,

GMEP (F, ϕ,

N
∑

i=1

aiAi) =
{

x ∈ C : F (x, y) + ϕ(y)− ϕ(x)

+ 〈
N
∑

i=1

aiAix, y − x〉 ≥ 0, ∀y ∈ C,

N
∑

i=1

ai = 1
}

.
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If A = Ai for every i = 1, 2, ..., N , then GMEP (F, ϕ,

N
∑

i=1

aiAi) reduces to

GMEP (F, ϕ,A).
In this paper, using (1.6), we prove a strong convergence theorem for finding

a common element of the set of fixed point of an infinite family of nonexpansive
mappings and the set of a finite family of generalized mixed equilibrium problems
in Hilbert space. We also utilize our main result to prove a convergence theorem for
a finite family of generalized equilibrium problems and a finite family of variational
inequalities problems.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset
of H . We denote weak and strong convergence by notations “ ⇀ ” and “ → ”,
respectively. In a real Hilbert space H , it is well known that

‖αx + (1− α)y‖2 = α ‖x‖2 + (1− α) ‖y‖2 − α(1 − α) ‖x− y‖2 ,

for all x, y ∈ H and α ∈ [0, 1]. It is well known that H satisfies Opial’s condi-

tion[23], i.e., for any sequence {xn} with xn ⇀ x, the inequality

lim
n→∞

inf ‖xn − x‖ < lim
n→∞

inf ‖xn − y‖ ,

holds for every y ∈ H with y 6= x.
Let PC be the metric projection of H onto C i.e., for x ∈ H,PCx satisfies the
property

‖x− PCx‖ = min
y∈C

‖x− y‖.

The following lemmas are needed to prove the main theorem.

Lemma 2.1 (See [24]). Given x ∈ H and y ∈ C. Then, PCx = y if and only if

there holds the inequality

〈x− y, y − z〉 ≥ 0, ∀z ∈ C.

Lemma 2.2 (See [25]). Let {sn} be a sequence of nonnegative real numbers sat-

isfying

sn+1 ≤ (1− αn)sn + δn, ∀n ≥ 0,

where αn is a sequence in (0, 1) and {δn} is a sequence such that

(1)
∞
∑

n=1

αn = ∞;

(2) lim sup
n→∞

δn
αn

≤ 0 or

∞
∑

n=1

|δn| < ∞.
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Then lim
n→∞

sn = 0.

Lemma 2.3. Let H be a real Hilbert space. Then, the following inequality holds

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉,

for all x, y ∈ H.

Lemma 2.4 (See [24]). Let H be a Hilbert space, let C be a nonempty closed

convex subset of H and let A be a mapping of C into H. Let u ∈ C. Then, for

λ > 0,
u = PC(I − λA)u ⇔ u ∈ V I(C,A),

where PC is the metric projection of H onto C.

Definition 2.5 (See [26]). Let C be a nonempty convex subset of a real Banach
space X . Let {Ti}∞n=1 be an infinite family of nonexpensive mappings of C into
itself and let λ1, λ2, . . . , be real numbers in [0, 1]. Define the mapping Kn : C → C
as follows:

Un,0 =I,

Un,1 =λ1T1Un,0 + (1− λ1)Un,0,

Un,2 =λ2T2Un,1 + (1− λ2)Un,1,

...

Un,k =λkTkUn,k−1 + (1− λk)Un,k−1,

Un,k+1 =λk+1Tk+1Un,k + (1− λk+1)Un,k,

...

Un,n−1 =λn−1Tn−1Un,n−2 + (1− λn−1)Un,n−2,

Kn =Un,n = λnTnUn,n−1 + (1− λn)Un,n−1.

Such a mapping Kn is called the K-mapping generated by T1, T2, ..., Tn and
λ1, λ2, ...λn.

For solving the generalized mixed equilibrium problem for a bifunction F :
C × C → R, let us assume that F, ϕ and C satisfy the following conditions:
(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;
(A3) For each x, y, z ∈ C,

lim
t↓0

F (tz + (1− t)x, y) ≤ F (x, y);

(A4) For each x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous;
(B1) For each x ∈ H and r > 0 there exist a bounded subset Dx⊆C and yx∈C
such that for any z ∈ C \Dx,

F (z, yx) + ϕ(yx)− ϕ(z) +
1

r
〈yx − z, z − x〉 < 0;
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(B2) C is a bounded set.
Then, we have following lemma.

Lemma 2.6 (See [6]). Assume that F : C × C → R satisfies (A1)− (A4) and let

ϕ : C → R be a proper lower semicontinuous and convex function. Assume that

either (B1) or (B2) holds. For r > 0and x ∈ H , define a mapping T
(F,ϕ)
r : H → C

as follows:

T (F,ϕ)
r (x) =

{

z ∈ C : F (z, y) + ϕ(y)− ϕ(z) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}

(2.1)

for all z ∈ H. Then, the following hold:

1. for each x ∈ H,T
(F,ϕ)
r 6= ∅;

2. T
(F,ϕ)
r is single-valued;

3. T
(F,ϕ)
r is firmly nonexpansive, i.e., for any x, y ∈ H,

‖T (F,ϕ)
r (x) − T (F,ϕ)

r (y)‖2 ≤ 〈T (F,ϕ)
r (x) − T (F,ϕ)

r (y), x− y〉;

4. Fix(T
(F,ϕ)
r ) = MEP (F, ϕ);

5. MEP (F, ϕ) is closed and convex.

Lemma 2.7 (See [26]). Let C be a nonempty closed convex subset of a strictly

convex Banach space. Let {Ti}∞i=1 be an infinite family of nonexpanxive mappings

of C into itself with
⋂∞

i=1 Fix(Ti) 6= ∅ and let λ1, λ2, . . . , be real numbers such that

0 < λi < 1 for every i = 1, 2, . . . , with
∑∞

i=1 λi < ∞. For every n ∈ N, let Kn

be the K-mapping generated by T1, T2, . . . , Tn and λ1, λ2, . . . , λn. Then for every

x ∈ C and k ∈ N, limn→∞ Knx exists.

For every k ∈ N and x ∈ C. Kangtunyakarn[26] defined a mapping K : C → C
as follows:

Kx = lim
n→∞

Knx. (2.2)

Such a mapping K is called the K-mapping generated by T1, T2, . . . and λ1, λ2, . . ..

Remark 2.8 (See [26]). For every n ∈ N, Kn is a nonexpansive mapping and

limn→∞ supx∈D ‖Knx−Kx‖ = 0, for every bounded subset D of C.

Lemma 2.9 (See [26]). Let C be a nonempty closed convex subset of a strictly

convex Banach space. Let {Ti}∞i=1 be an infinite family of nonexpanxive mappings

of C into itself with
⋂∞

i=1 Fix(Ti) 6= ∅ and let λ1, λ2, . . . , be real numbers such

that 0 < λi < 1 for every i = 1, 2, . . . , with
∑∞

i=1 λi < ∞. Let Kn be the K-

mapping generated by T1, T2, . . . , Tn and λ1, λ2, . . . , λn and let K be the K-mapping

generated by T1, T2, . . . and λ1, λ2, . . .. Then Fix(K) =
⋂∞

i=1 Fix(Ti).
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Lemma 2.10. Let C be a nonempty closed convex subset of a real Hilbert space H.

Let F be a bifunction from C×C to R satisfy (A1)− (A4) and ϕ : C → R
⋃

{+∞}
be a real value function. For every i = 1, 2, . . . , N , let Ai be αi-strongly monotone

with ᾱ = min{αi} and
⋂N

i=1 GMEP (F, ϕ,Ai) 6= ∅. Then

GMEP (F, ϕ,

N
∑

i=1

aiAi) =

N
⋂

i=1

GMEP (F, ϕ,Ai)

where
∑N

i=1 ai = 1, 0 < ai < 1 for every i = 1, 2, .., N.

Proof. It is easy to see that
⋂N

i=1 GMEP (F, ϕ,Ai) ⊆ GMEP (F, ϕ,
∑N

i=1 aiAi).

Next, we will show that GMEP (F, ϕ,
∑N

i=1 aiAi) ⊆
⋂N

i=1 GMEP (F, ϕ,Ai).

Let x0 ∈ GMEP (F, ϕ,
∑N

i=1 aiAi) and x∗ ∈
⋂N

i=1 GMEP (F, ϕ,Ai). Then we
have

F (x0, y) + ϕ(y)− ϕ(x0) + 〈
N
∑

i=1

aiAix0, y − x0〉 ≥ 0, ∀y ∈ C. (2.3)

Since
⋂N

i=1 GMEP (F, ϕ,Ai) ⊆ GMEP (F, ϕ,
∑N

i=1 aiAi), we have

F (x∗, y) + ϕ(y)− ϕ(x∗) + 〈
N
∑

i=1

aiAix
∗, y − x∗〉 ≥ 0, ∀y ∈ C. (2.4)

Since x0, x
∗ ∈ C, (2.3) and (2.4), we have

F (x0, x
∗) + ϕ(x∗)− ϕ(x0) + 〈

N
∑

i=1

aiAix0, x
∗ − x0〉 ≥ 0 (2.5)

and

F (x∗, x0) + ϕ(x0)− ϕ(x∗) + 〈
N
∑

i=1

aiAix
∗, x0 − x∗〉 ≥ 0. (2.6)

Summing up (2.5), (2.6) and (A2), we have

0 ≤〈
N
∑

i=1

aiAix
∗, x0 − x∗〉+ 〈

N
∑

i=1

aiAix0, x
∗ − x0〉

=〈
N
∑

i=1

aiAix
∗, x0 − x∗〉 − 〈

N
∑

i=1

aiAix0, x0 − x∗〉

=

N
∑

i=1

ai〈Aix
∗ −Aix0, x0 − x∗〉
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=−
N
∑

i=1

ai〈Aix
∗ −Aix0, x

∗ − x0〉

≤ −
N
∑

i=1

aiαi‖x
∗ − x0‖

2

=− ᾱ‖x0 − x∗‖2.

It implies that

x0 = x∗. (2.7)

By (2.7), then we have

x0 ∈
N
⋂

i=1

GMEP (F, ϕ,Ai).

Hence

GMEP (F, ϕ,
N
∑

i=1

aiAi) ⊆
N
⋂

i=1

GMEP (F, ϕ,Ai).

Remark 2.11. For every i = 1, 2, . . . , N ,

1.
∑N

i=1 aiAi is ᾱ-strongly monotone .

2. If Ai is αi-strongly monotone and Li- Lipschitzian with ᾱ = min{αi} and

L̄ = max{Li}, respectively, then
∑N

i=1 aiAi is
ᾱ
L̄2 -inverse strongly monotone

mapping.

Proof. To prove (1), since Ai be αi-strongly monotone mappings for every i =
1, 2, ..., N and ᾱ = mini=1,2,...,N{αi}. Let x, y ∈ C, then we have

〈
N
∑

i=1

aiAix−
N
∑

i=1

aiAiy, x− y〉 =
N
∑

i=1

ai〈Aix−Aiy, x− y〉

≥
N
∑

i=1

aiαi‖x− y‖2

≥ᾱ‖x− y‖2.

Hence
∑N

i=1 aiAi is a ᾱ-strongly monotone mapping.
To prove (2), since Ai is a Li-Lipschitzian mapping for every i = 1, 2, ..., N

and L̄ = maxi=1,2,..,N{Li}, then
∥

∥

∥

∥

∥

N
∑

i=1

aiAix−
N
∑

i=1

aiAiy

∥

∥

∥

∥

∥

=

N
∑

i=1

ai ‖Aix−Aiy‖

≤
N
∑

i=1

aiLi ‖x− y‖

≤ L̄ ‖x− y‖ . (2.8)
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From (1) and (2.8), we have

〈
N
∑

i=1

aiAix−
N
∑

i=1

aiAiy, x− y〉 =
N
∑

i=1

ai〈Aix−Aiy, x− y〉

=

N
∑

i=1

ai〈Aix−Aiy, x− y〉

≥
N
∑

i=1

aiαi‖x− y‖2

≥ᾱ‖x− y‖2

≥
ᾱ

L̄2
‖

N
∑

i=1

aiAix−
N
∑

i=1

aiAiy‖
2.

Then
∑N

i=1 aiAi is
ᾱ
L̄2 -inverse strongly monotone.

3 Main Results

In this section, we introduce the following iterative algorithm and prove a
strong convergence for solving a common element of the set of fixed point of an in-
finite family of nonexpansive mappings and the set of a finite family of generalized
mixed equilibrium problems in Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space

H. For every i = 1, 2, . . . , N , let F : C × C → R be a bifunction satisfing

(A1) − (A4) and ϕ : C → R
⋃

{+∞} be a proper lower semicontinuous function

and convex function. Let Ai be αi-strongly monotone and Li-Lipschitzian map-

pings from C into H where ᾱ = mini=1,2,...,N{αi} and L̄ = maxi=1,2,...,N{Li}.
Let {Ti}∞i=1 be an infinite family of nonexpansive mapping of C into itself with
⋂∞

i=1 Fix(Ti) 6= ∅ and λ1, λ2, . . . be real numbers such that 0 < λi < 1 for every

i = 1, 2, . . . with
∑∞

i=1 λi < ∞. For every n ∈ N, let Kn be the K-mapping gen-

erated by T1, T2, . . . , Tn and λ1, λ2, . . . , λn and let K be the K-mapping generated

by T1, T2, . . . and λ1, λ2, . . ., i.e., Kx = limn→∞ Knx for every x ∈ C. Assume

F :=
⋂∞

i=1 Fix(Ti)
⋂⋂N

i=1 GMEP (F, ϕ,Ai) 6= ∅. For every n ∈ N, assume the

either (B1) or (B2) holds and let the sequences {xn} and {un} be generated by

x1, u ∈ C and

F (un, y) + ϕ(y)− ϕ(un) +

〈

N
∑

i=1

ainAixn, y − un

〉

+
1

rn
〈y − un, un − xn〉 ≥ 0,

xn+1 = αnu+ βnxn + γn (bnun + (1− bn)Knun) , ∀n ≥ 1, (3.1)

where the sequence {αn}, {βn}, {γn}, {bn} ⊂ [0, 1] with αn + βn + γn = 1, for all

n ≥ 1. Suppose the following conditions hold:
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(i)

∞
∑

n=1

αn = ∞, lim
n→∞

αn = 0;

(ii) 0 < a ≤ βn, bn ≤ b < 1, for some a, b ∈ R and for all n ≥ 1;

(iii) 0 < c ≤ rn ≤ d < 2ᾱ
L̄2 , for some c, d ∈ R and for all n ≥ 1;

(iv)

N
∑

i=1

ain = 1, for all n ≥ 1;

(v)

∞
∑

n=1

|rn+1 − rn| < ∞,

∞
∑

n=1

|αn+1 − αn| < ∞,

∞
∑

n=1

|γn+1 − γn| < ∞,

∞
∑

n=1

∣

∣

∣
ajn+1 − ajn

∣

∣

∣
< ∞,

∞
∑

n=1

|βn+1 − βn| < ∞.

Then the sequence {xn} converges strongly to z0 = PFu.

Proof. First, we show that I − rn
∑N

i=1 a
i
nAi is a nonexpansive mapping. Since

∑N

i=1 a
i
nAi is ᾱ

L̄2 -inverse strongly monotone mapping. Put SN
n =

∑N

i=1 a
i
nAi for

all n ∈ N. For any x, y ∈ C, we have

∥

∥(I − rnS
N
n )x −(I − rnS

N
n )y

∥

∥

2
=

∥

∥(x − y)− rn(S
N
n x− SN

n y)
∥

∥

2

= ‖x− y‖2 + r2n
∥

∥SN
n x− SN

n y
∥

∥

2
− 2rn〈x − y, SN

n x− SN
n y〉

≤ ‖x− y‖2 + r2n
∥

∥SN
n x− SN

n y
∥

∥

2
− 2rn

ᾱ

L2

∥

∥SN
n x− SN

n y
∥

∥

2

= ‖x− y‖2 + rn

(

rn −
2ᾱ

L2

)

∥

∥SN
n x− SN

n y
∥

∥

2

≤ ‖x− y‖2 .

Then, I − rnS
N
n is a nonexpansive mapping for all n ≥ 1.

The proof can be divided into 5 steps.
Step 1. We will show that {xn} is bounded. Since

F (un, y) + ϕ(y)− ϕ(un) +
〈

SN
n xn, y − un

〉

+
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

by Lemma 2.6, we have un = T
(F,ϕ)
rn (I − rnS

N
n )xn and

Fix
(

T (F,ϕ)
rn

(I − rnS
N
n )

)

= GMEP (F, ϕ, SN
n ). (3.2)

Let z ∈ F . From Lemma 2.10 and (3.2), we have

z ∈
N
⋂

i=1

GMEP (F, ϕ,Ai) = GMEP (F, ϕ, SN
n ) = Fix(T (F,ϕ)

rn
(I − rnS

N
n ).
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By nonexpansiveness of T
(F,ϕ)
rn , we have

‖xn+1 − z‖ = ‖αnu+ βnxn + γn (bnun + (1− bn)Knun)− z‖

= ‖αn(u − z) + βn(xn − z) + γn (bn(un − z) + (1− bn)(Knun − z))‖

≤ αn‖u− z‖+ βn‖xn − z‖+ γn (bn‖un − z‖+ (1− bn)‖Knun − z‖)

= αn‖u− z‖+ βn‖xn − z‖+ γn‖un − z‖

= αn‖u− z‖+ βn‖xn − z‖+ γn‖T
(F,ϕ)
rn

(I − rnS
N
n )xn − z‖

≤ αn‖u− z‖+ βn‖xn − z‖+ γn‖xn − z‖

= αn‖u− z‖+ (1− αn)‖xn − z‖. (3.3)

Put M1 = max{‖u− z‖ , ‖x1 − z‖}. From (3.3) and mathematical induction, we
have ‖xn − z‖ ≤ M1, for all n ≥ 1. It implies that, {xn} is bounded and so is
{un}.
Step 2. We will show that lim

n→∞
‖xn+1 − xn‖ = 0.

‖xn+1 −xn‖=‖(αn−αn−1)u+βn(xn−xn−1)+(βn−βn−1)xn−1+γn

(

bn(un−un−1)

+ (bn−bn−1)un−1 + (1− bn)(Knun −Kn−1un−1) + (bn−1 − bn)Kn−1un−1

)

+ (γn − γn−1) (bn−1un−1 + (1− bn−1)Kn−1un−1) ‖

≤|αn−αn−1|‖u‖+ βn‖xn − xn−1‖+ |βn − βn−1|‖xn−1‖+ γn

(

bn‖un − un−1‖

+|bn−bn−1|‖un−1‖+(1− bn)‖Knun−Kn−1un−1‖+|bn−bn−1|‖Kn−1un−1‖
)

+|γn − γn−1| (bn−1‖un−1‖+ (1− bn−1)‖Kn−1un−1‖)

≤|αn−αn−1|‖u‖+βn‖xn − xn−1‖+ |βn − βn−1|‖xn−1‖+ γn

(

bn‖un − un−1‖

+|bn−bn−1|‖un−1‖+(1−bn)‖Knun−Knun−1‖+(1−bn)‖Knun−1−Kn−1un−1‖

+|bn−bn−1|‖Kn−1un−1‖
)

+|γn−γn−1| (bn−1‖un−1‖+(1−bn−1)‖Kn−1un−1‖)

≤|αn−αn−1|‖u‖+ βn‖xn − xn−1‖+ |βn − βn−1|‖xn−1‖+ γn

(

bn‖un − un−1‖

+ |bn−bn−1|‖un−1|+(1− bn)‖un − un−1‖+(1−bn)‖Knun−1 −Kn−1un−1‖

+ |bn−bn−1|‖Kn−1un−1‖
)

+|γn−γn−1| (bn−1‖un−1‖+(1−bn−1)‖Kn−1un−1‖)

≤|αn − αn−1|‖u‖+ βn‖xn − xn−1‖+ |βn − βn−1|‖xn−1‖+ γn

(

‖un − un−1‖

+ |bn − bn−1|‖un−1‖+ ‖Knun−1 −Kn−1un−1‖+ |bn − bn−1|‖Kn−1un−1‖
)

+ |γn − γn−1| (‖un−1‖+ ‖Kn−1un−1‖) . (3.4)

Applying the method of [26], Lemma 2.11, we have

Knun−1 −Kn−1un−1 = λn(TnKn−1un−1 −Kn−1un−1).
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It follows that

‖Knun−1 −Kn−1un−1‖ = λn ‖TnKn−1un−1 −Kn−1un−1‖ . (3.5)

Since un = T
(F,ϕ)
rn (I − rnS

N
n )xn where SN

n =
∑N

i=1 a
i
nAi. By the definition of

T
(F,ϕ)
rn , we have

F (un, y) + ϕ(y)− ϕ(un) +
1

rn
〈y − un, un − (I − rnS

N
n )xn〉 ≥ 0, ∀y ∈ C. (3.6)

Similarly

F (un+1, y)+ϕ(y)−ϕ(un+1)+
1

rn+1
〈y−un+1, un+1−(I−rn+1S

N
n+1)xn+1〉 ≥ 0, ∀y ∈ C.

(3.7)

From (3.6) and (3.7), we obtain

F (un, un+1) + ϕ(un+1)− ϕ(un) +
1

rn
〈un+1 − un, un − (I − rnS

N
n )xn〉 ≥ 0 (3.8)

and

F (un+1, un)+ϕ(un)−ϕ(un+1) +
1

rn+1
〈un−un+1, un+1−(I−rn+1S

N
n+1)xn+1〉≥ 0.

(3.9)

Summing up (3.8), (3.9) and A2, we have

1
rn
〈un+1−un, un−(I−rnS

N
n )xn〉+

1
rn+1

〈un−un+1, un+1−(I−rn+1S
N
n+1)xn+1〉≥ 0.

It follows that

〈un+1 − un,
un − (I − rnS

N
n )xn

rn
−

un+1 − (I − rn+1S
N
n+1)xn+1

rn+1
〉 ≥ 0.

Since rn > 0, we have

0 ≤ 〈un+1 − un, un − (I − rnS
N
n )xn −

rn
rn+1

(un+1 − (I − rn+1S
N
n+1)xn+1)〉

= 〈un+1 − un, un − un+1〉+ 〈un+1 − un, un+1 − (I − rnS
N
n )xn

−
rn

rn+1
(un+1 − (I − rn+1S

N
n+1)xn+1)〉.

It follows that

‖un+1−un‖
2 ≤〈un+1−un, un+1−(I − rnS

N
n )xn−

rn
rn+1

(un+1−(I−rn+1S
N
n+1)xn+1)〉

=〈un+1 − un, (I − rn+1S
N
n+1)xn+1 − (I − rnS

N
n )xn

+
(

1− rn
rn+1

)

(un+1 − (I − rn+1S
N
n+1)xn+1)〉

≤‖un+1 − un‖

(

‖(I − rn+1S
N
n+1)xn+1 − (I − rnS

N
n )xn‖

+
∣

∣

∣
1− rn

rn+1

∣

∣

∣
‖un+1 − (I − rn+1S

N
n+1)xn+1‖

)

.
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Then

‖un+1 − un‖ ≤‖(I − rn+1S
N
n+1)xn+1 − (I − rnS

N
n )xn‖

+
1

rn+1
|rn+1 − rn| ‖un+1 − (I − rn+1S

N
n+1)xn+1‖

≤‖(I − rn+1S
N
n+1)xn+1 − (I − rn+1S

N
n+1)xn‖+ ‖(I − rn+1S

N
n+1)xn

− (I − rnS
N
n )xn‖+

1

rn+1
|rn+1−rn| ‖un+1−(I − rn+1S

N
n+1)xn+1‖

≤‖xn+1 − xn‖+ ‖rn+1S
N
n+1xn − rnS

N
n xn‖

+
1

rn+1
|rn+1 − rn| ‖un+1 − (I − rn+1S

N
n+1)xn+1‖

≤‖xn+1 − xn‖+ rn+1‖S
N
n+1xn − SN

n xn‖+ |rn+1 − rn|‖S
N
n xn‖

+
1

rn+1
|rn+1 − rn| ‖un+1 − (I − rn+1S

N
n+1)xn+1‖

=‖xn+1 − xn‖+ rn+1‖
N
∑

i=1

(ain+1 − ain)Aixn‖+ |rn+1 − rn|‖S
N
n xn‖

+
1

rn+1
|rn+1 − rn| ‖un+1 − (I − rn+1S

N
n+1)xn+1‖

≤‖xn+1 − xn‖+ rn+1

N
∑

i=1

|ain+1 − ain|‖Aixn‖+ |rn+1 − rn|‖S
N
n xn‖

+
1

rn+1
|rn+1 − rn| ‖un+1 − (I − rn+1S

N
n+1)xn+1‖

≤‖xn+1 − xn‖+ d

N
∑

i=1

|ain+1 − ain|‖Aixn‖+ |rn+1 − rn|‖S
N
n xn‖

+
1

c
|rn+1 − rn| ‖un+1 − (I − rn+1S

N
n+1)xn+1‖. (3.10)

Substitute (3.5) and (3.10) into (3.4), we have

‖xn+1 − xn‖ ≤|αn − αn−1|‖u‖+ βn‖xn − xn−1‖+ |βn − βn−1|‖xn−1‖

+ γn

((

‖xn − xn−1‖+ d

N
∑

i=1

|ain − ain−1|‖Aixn−1‖

+ |rn − rn−1|‖S
N
n−1xn−1‖+

1

c
|rn−rn−1| ‖un−(I−rn+1S

N
n )xn‖

)

+ |bn − bn−1|‖un−1‖+ λn‖TnKn−1un−1 −Kn−1un−1‖

+ |bn−1 − bn|‖Kn−1un−1‖
)

+|γn − γn−1| (‖un−1‖+‖Kn−1un−1‖)
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≤(1 − αn)‖xn − xn−1‖+ |αn − αn−1|‖u‖+ |βn − βn−1|‖xn−1‖

+ d

N
∑

i=1

|ain − ain−1|‖Aixn−1‖+ |rn − rn−1|‖S
N
n−1xn−1‖

+
1

c
|rn − rn−1| ‖un − (I − rn+1S

N
n )xn‖

+ |bn−bn−1|‖un−1‖+λn‖TnKn−1un−1−Kn−1un−1‖+|bn−1−bn|‖Kn−1un−1‖

+ |γn − γn−1| (‖un−1‖+ ‖Kn−1un−1‖)

≤(1 − αn)‖xn − xn−1‖+ |αn − αn−1|M2 + |βn − βn−1|M2 + d

N
∑

i=1

|ain − ain−1|M2

+ |rn − rn−1|M2 +
1

c
|rn − rn−1|M2 + |bn − bn−1|M2 + λnM2

+ |bn−1 − bn|M2 + |γn − γn−1|M2,

whereM2 := maxn∈N{‖u‖, ‖xn‖, ‖un‖, ‖Aixn−1‖, ‖SN
n xn‖, ‖un−(I−rn+1S

N
n )xn‖,

‖Knun‖, (‖un‖ + ‖Knun‖), ‖TnKn−1un−1 − Kn−1un−1‖}. From Lemma 2.2, the
conditions (ii) and (v), we have

lim
n→∞

‖xn+1 − xn‖ = 0. (3.11)

Step 3. We show that limn→∞ ‖un − xn‖ = limn→∞ ‖Knun − un‖ = 0. To show

this, let z ∈ F . Since un = T
(F,ϕ)
rn (I−rnS

N
n )xn and T

(F,ϕ)
rn is a firmly nonexpensive

mapping, we have

‖T (F,ϕ)
rn

(I − rnS
N
n )xn − z‖2 ≤ 〈(I − rnS

N
n )xn − (I − rnS

N
n )z, un − z〉

=
1

2

(

‖(I − rnS
N
n )xn − (I − rnS

N
n )z‖2 + ‖un − z‖2

− ‖(I − rnS
N
n )xn − (I − rnS

N
n )z − un + z‖2

)

≤
1

2

(

‖xn − z‖2 + ‖un − z‖2 − ‖(xn − un)− rn(S
N
n xn − SN

n z)‖2
)

=
1

2

(

‖xn − z‖2 + ‖un − z‖2 − ‖(xn − un)‖
2 − (rn)

2‖SN
n xn − SN

n z‖2

+ 2rn〈xn − T (F,ϕ)
rn

(I − rnS
N
n )xn, S

N
n xn − SN

n z〉
)

≤
1

2

(

‖xn − z‖2 + ‖un − z‖2 − ‖xn − un‖
2 − (rn)

2‖SN
n xn − SN

n z‖2

+ 2rn‖xn − T (F,ϕ)
rn

(I − rnS
N
n )xn‖‖S

N
n xn − SN

n z‖
)

,

which implies that

‖un − z‖2 ≤‖xn − z‖2 − ‖xn − un‖
2

+ 2rn‖xn − T (F,ϕ)
rn

(I − rnS
N
n )xn‖‖S

N
n xn − SN

n z‖. (3.12)
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From the definition of un and Remark (2.11), we have

‖un − z‖2 =‖T (F,ϕ)
rn

(I − rnS
N
n )xn − T (F,ϕ)

rn
(I − rnS

N
n )z‖2

≤‖(I − rnS
N
n )xn − (I − rnS

N
n )z‖2

=‖(xn − z)− rn(S
N
n xn − SN

n z)‖2

=‖xn − z‖2 − 2rn〈xn − z, SN
n xn − SN

n z〉+ (rn)
2‖SN

n xn − SN
n z‖2

≤‖xn − z‖2 − 2rn

( ᾱ

L̄2

)

‖SN
n xn − SN

n z‖2 + (rn)
2‖(SN

n xn − SN
n z)‖2

=‖xn − z‖2 − rn

(

2
ᾱ

L̄2
− rn

)

‖SN
n xn − SN

n z‖2. (3.13)

From the definition of xn and (3.13), we have

‖xn+1−z‖2 ≤αn‖u−z‖2 + βn‖xn − z‖2+γn (bn‖un−z‖+ (1− bn)‖Knun − z‖)2

≤αn‖u− z‖2 + βn‖xn − z‖2 + γn‖un − z‖2

≤αn‖u− z‖2 + βn‖xn − z‖2 + γn
(

‖xn − z‖2

−rn

(

2
ᾱ

L̄2
− rn

)

‖SN
n xn − SN

n z‖2
)

≤αn‖u− z‖2 + ‖xn − z‖2 − γnrn

(

2
ᾱ

L̄2
− rn

)

‖SN
n xn − SN

n z‖2.

It follows that

γnrn

(

2
ᾱ

L̄2
− rn

)

‖SN
n xn − SN

n z‖2 ≤ αn‖u− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

≤αn‖u− z‖2 + (‖xn − z‖+ ‖xn+1 − z‖)(‖xn+1 − xn‖).

From the condition (i) and (3.11), we have

lim
n→∞

‖SN
n xn − SN

n z‖ = 0. (3.14)

From the definition of xn and (3.12), we obtain

‖xn+1 − z‖2 ≤αn‖u− z‖2 + βn‖xn − z‖2 + γn‖un − z‖2

≤αn‖u− z‖2 + βn‖xn − z‖2 + γn

(

‖xn − z‖2 − ‖xn − un‖
2

+ 2rn‖xn − T (F,ϕ)
rn

(I − rnS
N
n )xn‖‖S

N
n xn − SN

n z‖
)

≤αn‖u− z‖2 + ‖xn − z‖2 − γn‖xn − un‖
2

+ 2γnrn‖xn − T (F,ϕ)
rn

(I − rnS
N
n )xn‖‖S

N
n xn − SN

n z‖.

It implies that

γn‖xn − un‖
2 ≤αn‖u− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

+ 2γnrn‖xn − T (F,ϕ)
rn

(I − rnS
N
n )xn‖‖S

N
n xn − SN

n z‖

≤αn‖u− z‖2 + (‖xn − z‖ − ‖xn+1 − z‖)‖xn+1 − xn‖

+ 2γnrn‖xn − T (F,ϕ)
rn

(I − rnS
N
n )xn‖‖S

N
n xn − SN

n z‖.
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From the condition (i), (3.11) and (3.14), we have

lim
n→∞

‖xn − un‖ = 0. (3.15)

From the definition of xn, we have

xn+1 − xn =αn(u − xn) + γn (bn(un − xn) + (1− bn)(Knun − xn))

=αn(u − xn) + γnbn(un − xn) + γn(1− bn)(Knun − un).

From the conditions (i), (ii), (3.11) and (3.15), we have

lim
n→∞

‖Knun − un‖ = 0. (3.16)

Step 4. We show that lim
n→∞

sup 〈u− z0, xn − z0〉 ≤ 0, where z0 = PFu. To show

this, take a subsequence {xnk
} of {xn} such that

lim
n→∞

sup 〈u− z0, xn − z0〉 = lim
k→∞

〈u− z0, xnk
− z0〉 . (3.17)

Without loss of generality, we may assume that xnk
⇀ ω as k → ∞ where ω ∈ C.

From (3.15), we obtain unk
⇀ ω as k → ∞.

Assume ω /∈
⋂∞

i=1 Fix(Ti). From Lemma 2.9, we have Fix(K) =
⋂∞

i=1 Fix(Ti).
From Opial’s condition, (3.16) and Remark 2.8, we have

lim
k→∞

inf ‖unk
− ω‖ < lim

k→∞
inf ‖unk

−Kω‖

≤ lim
k→∞

inf(‖unk
−Knk

unk
‖+‖Knk

unk
−Knk

ω‖+‖Knk
ω−Kω‖)

≤ lim
k→∞

inf ‖unk
− ω‖ .

This is a contradiction, we have

ω ∈
∞
⋂

i=1

Fix(Ti). (3.18)

From un = T
(F,ϕ)
rn (I − rnS

N
n )xn, we have

F (un, y) + ϕ(y)− ϕ(un) + 〈SN
n xn, y − un〉+

1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C.

From (A2), we have

ϕ(y)− ϕ(un) + 〈SN
n xn, y − un〉+

1

rn
〈y − un, un − xn〉 ≥ F (y, un).

In particular

ϕ(y)− ϕ(unj
) + 〈SN

nj
xnj

, y − unj
〉+

1

rnj

〈y − unj
, unj

− xnj
〉 ≥ F (y, unj

).
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It follows that

ϕ(y)− ϕ(unj
) + 〈SN

nj
xnj

, y − unj
〉+ 〈y − unj

,
unj

− xnj

rnj

〉 ≥ F (y, unj
). (3.19)

Put yt = ty + (1 − t)ω where for all t ∈ (0, 1], we have yt ∈ C. From (3.19), we
have

ϕ(yt)− ϕ(unj
) + 〈yt − unj

, SN
nj
yt〉 ≥ 〈yt − unj

, SN
nj
yt〉 − 〈SN

nj
xnj

, yt − unj
〉

− 〈yt − unj
,
unj

− xnj

rnj

〉+ F (yt, unj
)

=〈yt − unj
, SN

nj
yt − SN

nj
unj

+ SN
nj
unj

〉 − 〈yt − unj
, SN

nj
xnj

〉

− 〈yt − unj
,
unj

− xnj

rnj

〉+ F (yt, unj
)

=〈yt − unj
, SN

nj
yt − SN

nj
unj

〉+ 〈yt − unj
, SN

nj
unj

− SN
nj
xnj

〉

− 〈yt − unj
,
unj

− xnj

rnj

〉+ F (yt, unj
).

From (3.15), we have ‖SN
nj
unj

−SN
nj
xnj

‖ → 0 and
unj

−xnj

rnj

→ 0. From monotonic-

ity of SN
nj

and (A4), we have

ϕ(yt)− ϕ(ω) + 〈yt − ω, SN
nj
yt〉 ≥ F (yt, ω). (3.20)

Form (A1) and (3.20), we have

0 = F (yt, yt) + ϕ(yt)− ϕ(yt)

= F (yt, ty + (1− t)ω) + ϕ(ty + (1 − t)ω)− ϕ(yt)

≤ tF (yt, y) + (1− t)F (yt, ω) + tϕ(y) + (1− t)ϕ(ω)− ϕ(yt)

≤ tF (yt, y)+(1−t)ϕ(yt)−(1−t)ϕ(ω)+(1−t)〈yt−ω, SN
nj
yt〉+tϕ(y)

+(1−t)ϕ(ω)−ϕ(yt)

= tF (yt, y) + tϕ(y)− tϕ(yt) + (1− t)〈ty + (1− t)ω − ω, SN
nj
yt〉

= tF (yt, y) + tϕ(y)− tϕ(yt) + (1− t)t〈y − ω, SN
nj
yt〉.

It implies that

0 ≤ F (yt, y) + ϕ(y)− ϕ(yt) + (1− t)〈y − ω, SN
nj
yt〉.

Letting t → 0+ and (A3), we have

0 ≤ F (ω, y) + ϕ(y)− ϕ(ω) + 〈y − ω, SN
nj
ω〉, ∀y ∈ C.

Then ω ∈ GMEP (F, ϕ,ΣN
i=1a

i
nAi). From Lemma 2.10, we have

ω ∈
N
⋂

i=1

GMEP (F, ϕ,Ai). (3.21)
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From (3.18) and (3.21), we have ω ∈ F . Since xnk
⇀ ω and ω ∈ F , hence we have

lim
n→∞

sup 〈u− z0, xn − z0〉 = lim
k→∞

〈u− z0, xnk
− z0〉 = 〈u− z0, ω − z0〉 ≤ 0.

(3.22)
Step 5. Finally, we will show that lim

n→∞
xn = z0, where z0 = PFu. By nonexpan-

siveness of Kn, we have

‖xn+1 − z0‖
2 =‖αnu+ βnxn + γn (bnun + (1− bn)Knun)− z0‖

2

≤‖βn(xn − z0) + γn (bn(un − z0) + (1− bn)(Knun − z0)) ‖
2

+ 2αn〈u− z0, xn+1 − z0〉

≤(1− αn)‖xn − z0‖
2 + 2αn〈u− z0, xn+1 − z0〉.

Applying Lemma 2.2 and (3.22), we have the sequence {xn} converges strongly to
z0 = PFu. This completes the proof.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space

H. For every i = 1, 2, . . . , N , let F : C × C → R be a bifunction satisfing (A1) −
(A4) and ϕ : C → R

⋃

{+∞} be a proper lower semicontinuous function and

convex function. Let A be α-strongly monotone and L -Lipschitzian mappings from

C into H . Let {Ti}∞i=1 be an infinite family of nonexpansive mapping of C into

itself with
⋂∞

i=1 Fix(Ti) 6= ∅ and λ1, λ2, . . . be real numbers such that 0 < λi < 1
for every i = 1, 2, . . . with

∑∞

i=1 λi < ∞. For every n ∈ N, let Kn be the K-

mapping generated by T1, T2, . . . , Tn and λ1, λ2, . . . , λn and let K be the K-mapping

generated by T1, T2, . . . and λ1, λ2, . . ., i.e., Kx = limn→∞ Knx for every x ∈ C.

Assume F :=
⋂∞

i=1 Fix(Ti)
⋂

GMEP (F, ϕ,A) 6= ∅. For every n ∈ N, assume the

either (B1) or (B2) holds and let the sequences {xn} and {un} be generated by

x1, u ∈ C and

F (un, y) + ϕ(y)− ϕ(un) + 〈Axn, y − un〉+
1

rn
〈y − un, un − xn〉 ≥ 0,

xn+1 = αnu+ βnxn + γn (bnun + (1− bn)Knun) , ∀n ≥ 1, (3.23)

where the sequence {αn}, {βn}, {γn}, {bn} ⊂ [0, 1] with αn + βn + γn = 1, for all

n ≥ 1. Suppose the following conditions hold:

(i)
∞
∑

n=1

αn = ∞, lim
n→∞

αn = 0;

(ii) 0 < a ≤ βn, bn ≤ b < 1, for some a, b ∈ R and for all n ≥ 1;

(iii) 0 < c ≤ rn ≤ d < 2ᾱ
L̄2 , for some c, d ∈ R and for all n ≥ 1;

(iv)

∞
∑

n=1

|rn+1 − rn| < ∞,

∞
∑

n=1

|αn+1 − αn| < ∞,

∞
∑

n=1

|γn+1 − γn| < ∞,

∞
∑

n=1

|βn+1 − βn| < ∞.
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Then the sequence {xn} converges strongly to z0 = PFu.

Proof. Put A ≡ Ai for every 1, 2, ..., N in Theorem 3.1. From Theorem 3.1, we
obtain the desired result.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space

H. Let F : C × C → R be a bifunction satisfing (A1) − (A4). Let {Ti}∞i=1 be

infinite family of nonexpansive mapping of C into itself with
⋂∞

i=1 Fix(Ti) 6= ∅
and λ1, λ2, . . . be real numbers such that 0 < λi < 1 for every i = 1, 2, . . .
with

∑∞

i=1 λi < ∞. For every n ∈ N, let Kn be the K-mapping generated

by T1, T2, . . . , Tn and λ1, λ2, . . . , λn and let K be the K-mapping generated by

T1, T2, . . . and λ1, λ2, . . ., i.e., Kx = limn→∞ Knx for every x ∈ C. Assume

F :=
⋂∞

i=1 Fix(Ti)
⋂

EP (F ) 6= ∅. For every n ∈ N, let the sequences {xn} and

{un} be generated by x1, u ∈ C and

F (un, y) +
1

rn
〈y − un, un − xn〉 ≥ 0,

xn+1 = αnu+ βnxn + γn (bnun + (1− bn)Knun) , ∀n ≥ 1, (3.24)

where the sequence {αn}, {βn}, {γn}, {bn} ⊂ [0, 1] with αn + βn + γn = 1, for all

n ≥ 1. Suppose the following conditions hold:

(i)

∞
∑

n=1

αn = ∞, lim
n→∞

αn = 0;

(ii) 0 < a ≤ βn, bn ≤ b < 1, for some a, b ∈ R and for all n ≥ 1;

(iii) 0 < c ≤ rn ≤ d < 2ᾱ
L̄2 , for some c, d ∈ R and for all n ≥ 1;

(iv)

N
∑

i=1

ain = 1, for all n ≥ 1;

(v)
∞
∑

n=1

|rn+1 − rn| < ∞,

∞
∑

n=1

|αn+1 − αn| < ∞,

∞
∑

n=1

|γn+1 − γn| < ∞,

∞
∑

n=1

|βn+1 − βn| < ∞.

Then the sequence {xn} converges strongly to z0 = PFu.

Proof. Put ϕ ≡ 0 and Ai ≡ 0 for every 1, 2, ..., N in Theorem 3.1. From Theorem
3.1, we obtain the desired result.

4 Apply to Generalized Equilibrium Problem

In this section, we utilize our main results for the following result: From
Lemma 2.10, the following result is related to generalized equilibrium problem:
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Lemma 4.1. Let C be a nonempty closed convex subset of a real Hilbert space

H. Let F be a bifunction from C × C to R satisfing (A1) − (A4). For every

i = 1, 2, . . . , N , let Ai be αi-strongly monotone from C into H with αi > 0,
ᾱ = min{αi} and

⋂N

i=1 EP (F,Ai) 6= ∅. Then

EP (F,

N
∑

i=1

aiAi) =

N
⋂

i=1

EP (F,Ai)

where 0 < ai < 1, for every i = 1, 2, ..., N and
∑N

i=1 ai = 1.

Proof. Put ϕ ≡ 0. Then we obtain the desired result.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H.

For every i = 1, 2, . . . , N , let F : C×C → R be a bifunction satisfing (A1)− (A4).
Let Ai be αi-strongly monotone and Li-Lipschitzian mappings C into H where ᾱ =
mini=1,2,...,N{αi} and L̄ = maxi=1,2,...,N{Li}. Let {Ti}∞i=1 be infinite family of

nonexpansive mapping of C into itself with
⋂∞

i=1 Fix(Ti) 6= ∅ and λ1, λ2, . . . be real

numbers such that 0 < λi < 1 for every i = 1, 2, . . . with
∑∞

i=1 λi < ∞. For every

n ∈ N, let Kn be the K-mapping generated by T1, T2, . . . , Tn and λ1, λ2, . . . , λn

and let K be the K-mapping generated by T1, T2, . . . and λ1, λ2, . . ., i.e., Kx =
limn→∞ Knx for every x ∈ C. Assume F :=

⋂∞

i=1 Fix(Ti)
⋂⋂N

i=1 EP (F,Ai) 6= ∅.
For every n ∈ N , let the sequences {xn} and {un} be generated by x1, u ∈ C and

F (un, y) +

〈

N
∑

i=1

ainAixn, y − un

〉

+
1

rn
〈y − un, un − xn〉 ≥ 0,

xn+1 = αnu+ βnxn + γn (bnun + (1− bn)Knun) , ∀n ≥ 1, (4.1)

where the sequence {αn}, {βn}, {γn}, {bn} ⊂ [0, 1] with αn + βn + γn = 1, for all

n ≥ 1. Suppose the following conditions hold:

(i)

∞
∑

n=1

αn = ∞, lim
n→∞

αn = 0;

(ii) 0 < a ≤ βn, bn ≤ b < 1, for some a, b ∈ R and for all n ≥ 1;

(iii) 0 < c ≤ rn ≤ d < 2ᾱ
L̄2 , for some c, d ∈ R and for all n ≥ 1;

(iv)

N
∑

i=1

ain = 1, for all n ≥ 1;

(v)

∞
∑

n=1

|rn+1 − rn| < ∞,

∞
∑

n=1

|αn+1 − αn| < ∞,

∞
∑

n=1

|γn+1 − γn| < ∞,

∞
∑

n=1

∣

∣

∣
ajn+1 − ajn

∣

∣

∣
< ∞,

∞
∑

n=1

|βn+1 − βn| < ∞.

Then the sequence {xn} converges strongly to z0 = PFu.
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Proof. Put ϕ ≡ 0 in Theorem 3.1. By Lemma 4.1 and Theorem 3.1, we obtain
the desired result.

From Lemma 2.10, we have the result involving variational inequality problem
as follows:

Lemma 4.3. Let C be a nonempty closed convex subset of a real Hilbert space

H. For every i = 1, 2, . . . , N , let Ai be αi-strongly monotone from C into H with

αi > 0, ᾱ = min{αi} and
⋂N

i=1 V I(C,Ai) 6= ∅. Then

V I(C,

N
∑

i=1

aiAi) =

N
⋂

i=1

V I(C,Ai)

where 0 < ai < 1 for every i = 1, 2, .., N and
∑N

i=1 ai = 1.

Proof. Put F ≡ ϕ ≡ 0 in Lemma 2.10. From Lemma 2.10, we obtain the desired
result.

Theorem 4.4. Let C be a nonempty closed convex subset of a real Hilbert space

H. For every i = 1, 2, . . . , N , let Ai be αi-strongly monotone and Li -Lipschitzian

mappings from C into H where ᾱ = mini=1,2,...,N{αi} and L̄ = maxi=1,2,...,N{Li}.
Let {Ti}∞i=1 be an infinite family of nonexpansive mapping of C into itself with
⋂∞

i=1 Fix(Ti) 6= ∅ and λ1, λ2, . . . be real numbers such that 0 < λi < 1 for every i =
1, 2, . . . with

∑∞

i=1 λi < ∞. For every n ∈ N, let Kn be the K-mapping generated

by T1, T2, . . . , Tn and λ1, λ2, . . . , λn and let K be the K-mapping generated by

T1, T2, . . . and λ1, λ2, . . ., i.e, Kx = limn→∞ Knx for every x ∈ C. Assume F :=
⋂∞

i=1 Fix(Ti)
⋂⋂N

i=1 V I(C,Ai) 6= ∅. For every n ∈ N, let the sequences {xn} and

{un} be generated by x1, u ∈ C and

xn+1 =αnu+ βnxn + γn
(

bnPC(I − rn

N
∑

i=1

ainAi)xn

+ (1 − bn)KnPC(I − rnΣ
N
i=1a

i
nAi)xn

)

, ∀n ≥ 1, (4.2)

where the sequence {αn}, {βn}, {γn}, {bn} ⊂ [0, 1] with αn + βn + γn = 1, for all

n ≥ 1. Suppose the following conditions hold:

(i)

∞
∑

n=1

αn = ∞, lim
n→∞

αn = 0;

(ii) 0 < a ≤ βn, bn ≤ b < 1, for some a, b ∈ R and for all n ≥ 1;

(iii) 0 < c ≤ rn ≤ d < 2ᾱ
L̄2 , for some c, d ∈ R and for all n ≥ 1;

(iv)

N
∑

i=1

ain = 1, for all n ≥ 1;
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(v)

∞
∑

n=1

|rn+1 − rn| < ∞,

∞
∑

n=1

|αn+1 − αn| < ∞,

∞
∑

n=1

|γn+1 − γn| < ∞,

∞
∑

n=1

∣

∣

∣
ajn+1 − ajn

∣

∣

∣
< ∞,

∞
∑

n=1

|βn+1 − βn| < ∞.

Then the sequence {xn} converges strongly to z0 = PFu.

Proof. Put F ≡ ϕ ≡ 0 in Theorem 3.1, we have

〈y − un, xn − rnΣ
N
i=1a

i
nAixn − un〉 ≥ 0, ∀y ∈ C.

It implies that

un = PC(I − rnΣ
N
i=1a

i
nAi)xn.

By Lemma 4.3 and Theorem 3.1, we obtain the desired result.

Theorem 4.5. Let C be a nonempty closed convex subset of a real Hilbert space H.

For every i = 1, 2, . . . , N , let F : C × C → R be a bifunction satisfy (A1) − (A4)
and ϕ : C → R

⋃

{+∞} be a proper lower semicontinuous function and convex

function. Let Ai be αi-strongly monotone and Li-Lipschitzian mappings from C
into H where ᾱ = mini=1,2,...,N{αi} and L̄ = maxi=1,2,...,N{Li}. Let {Di}∞i=1 be

di-inverse strongly monotone mapping of C into H with d̄ = mini=1,2,...,N{di}.
Define the mapping Gi : C → C by

Gix = PC(I − ρDi)x, ∀x ∈ C, 0 ≤ ρ ≤ 2d̄

and λ1, λ2, . . . be real numbers such that 0 < λi < 1 for every i = 1, 2, . . .
with

∑∞

i=1 λi < ∞. For every n ∈ N, let Kn be the K-mapping generated

by G1, G2, . . . , Gn and λ1, λ2, . . . , λn and let K be the K-mapping generated by

G1, G2, . . . and λ1, λ2, . . .. i.e., Kx = limn→∞ Knx for every x ∈ C. Assume

F :=
⋂∞

i=1 V I(C,Di)
⋂⋂N

i=1 GMEP (F, ϕ,Ai) 6= ∅. For every n ∈ N, assume the

either (B1) or (B2) holds and let the sequences {xn} and {un} be generated by

x1, u ∈ C and

F (un, y) + ϕ(y)− ϕ(un) +

〈

N
∑

i=1

ainAixn, y − un

〉

+
1

rn
〈y − un, un − xn〉 ≥ 0,

xn+1 = αnu+ βnxn + γn (bnun + (1− bn)Knun) , ∀n ≥ 1, (4.3)

where the sequence {αn}, {βn}, {γn}, {bn} ⊂ [0, 1] with αn + βn + γn = 1, for all

n ≥ 1. Suppose the following conditions hold:

(i)

∞
∑

n=1

αn = ∞, lim
n→∞

αn = 0;

(ii) 0 < a ≤ βn, bn ≤ b < 1, for some a, b ∈ R and for all n ≥ 1;
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(iii) 0 < c ≤ rn ≤ d < 2ᾱ
L̄2 , for some c, d ∈ R and for all n ≥ 1;

(iv)

N
∑

i=1

ain = 1, for all n ≥ 1;

(v)

∞
∑

n=1

|rn+1 − rn| < ∞,

∞
∑

n=1

|αn+1 − αn| < ∞,

∞
∑

n=1

|γn+1 − γn| < ∞,

∞
∑

n=1

∣

∣

∣
ajn+1 − ajn

∣

∣

∣
< ∞,

∞
∑

n=1

|βn+1 − βn| < ∞.

Then the sequence {xn} converges strongly to z0 = PFu.

Proof. First, we show that I − ρDi is a nonexpansive mapping for every i =
1, 2, ..., N . For any x, y ∈ C, we have

‖(I − ρDi)x− (I − ρDi)y‖
2
= ‖(x− y)− ρ(Dix−Diy)‖

2

= ‖x− y‖2+ρ2 ‖Dix−Diy‖
2−2ρ〈x− y,Dix−Diy〉

≤ ‖x− y‖2 + ρ2 ‖Dix−Diy‖
2 − 2ρdi ‖Dix−Diy‖

2

≤ ‖x− y‖2 + ρ2 ‖Dix−Diy‖
2 − 2ρd̄ ‖Dix−Diy‖

2

≤ ‖x− y‖2 + ρ(ρ− 2d̄) ‖Dix−Diy‖
2

≤ ‖x− y‖2 .

Then, I − ρDi is a nonexpansive mapping for every i = 1, 2, ..., N .
It implies that PC(I−ρDi) is a nonexpansive mapping for every i ∈ N. By Lemma
2.4, we can conclude that

∞
⋂

i=1

V I(C,Di) =

∞
⋂

i=1

F (PC(I − ρDi)).

From Theorem 3.1, we obtain the desired result.
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