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Abstract : In this work, we suggest and analyze an iterative scheme for solving
the system of nonconvex variational inequalities by using projection technique.
We prove strong convergence of iterative scheme to the solution of the system
of nonconvex variational inequalities requires to the modified mapping T which
is Lipschitz continuous but not strongly monotone mapping. Our result can be
viewed and improvement the result of N. Petrot [1].
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1 Introduction

The theory of variational inequalities is a branch of the mathematical sciences
dealing with general equilibrium problems. It has a wide range of applications in
economics, operations research, industry, physical, and engineering sciences. Many
research papers have been written lately, both on the theory and applications of
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this field. Important connection with main areas of pure and applied science have
been made, see for example [2] 3] [4] and the references cited therein.

Variational inequalities theory, which was introduce by Stampacchia [5], pro-
vides us with a simple, natural general and unified framework to study a wide class
of problems arising in pure and applied science. The development of variational
inequality theory can be viewed as the simultaneous pursuit of two different lines
of research. On the one hand, it reveals the fundamental facts on the qualitative
aspects of the solutions to important classes of problems. On the other hand, it
also enables us to develop highly efficient and powerful new numerical methods for
solving, for example, obstacle, unilateral, free, moving, and complex equilibrium
problems.

In 2010, N. Petrot [1], introduced some existence theorems and provide the
conditions for existence solutions of the variational inequalities problems in non-
convex setting and prove the strongly monotonic assumption of the mapping may
not need for the existence of solutions.

In this work we consider the iterative scheme for modified mapping is Lip-
schitz continuous but not strongly monotone mapping and we can prove strong
convergence of iterative to the solution of the system of nonconvex variational
inequalities.

2 Preliminaries

Let C be a closed subset of a real Hilbert space H with inner product (-, -)
and norm || - | respectively. Let us recall the following well-known definitions and
some auxiliary results of nonlinear convex analysis and nonsmooth analysis.

Definition 2.1. Let u € H be a point not lying in C. A point v € C' is called a
closest point or a projection of u onto C if do(u) = ||u — v|| when d¢ is a usual
distance. The set of all such closest points is denoted by P (u); that is,

Po(u)={v e C :dc(u) = |lu—1|}. (2.1)

Definition 2.2. Let C be a subset of H. The proximal normal cone to C at z is
given by
NE(x) ={2€ H:3p> 0;x € Po(x + pz)}. (2.2)

The following characterization of NE (x) can be found in [6].
Lemma 2.3. Let C be a closed subset of a Hilbert space H. Then
z € NE(z) if and only if Jo > 0, (z,y — x) < oy — z||?, Vy € C. (2.3)

Clark et al. [7] and Poliquin et al. [§] have introduced and studied a new
class of nonconvex sets, which are called uniformly prox-regular sets. This class
or uniformly prox-regular sets has played an important part in many nonconvex
applications such as optimization, dynamic systems, and differential inclusions.
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Definition 2.4. For a given r € (0, +00], a subset C of H is said to be uniformly
prox-reqular with respect to r if, for all T € C' and for all 0 # z € Ng (z), one has

z 1 9
= -7 < —|z-7 : .
(HZH,:E z) < QTHJJ z|*, Vzel (2.4)

It is well known that a closed subset of a Hilbert space is convex if and only
if it is proximally smooth of radius r > 0. Thus, in Definition 24} in the case of
7 = 00, the uniform r-prox-regularity C is equivalent to convexity of C. Then, it is
clear that the class of uniformly prox-regular sets is sufficiently large to include the
class p-convex sets, C*! submanifolds (possibly with boundary) of H, the images
under a C1! diffeomorphism of convex sets, and many other nonconvex sets; see
[7 §].

Let C;, be a uniformly r-prox-regular(nonconvex) set. For given nonlinear
mappings T : C,, — H, we consider the problem of finding =*,y* € C,. such that

(pTy" + 2" —y*,z—2*) >0,Vz € Cr,p >0
Tz +y* — 2",z —y*) > 0,Vz € Cpyn > 0, (2.5)

which is called the system of nonconver variational inequalities.
It is worth mentioning that if 2* = y* = v and p = 7, then problem (1)) is
equivalent to finding v € C). such that

(Tu,v—u) > 0,Yv € Cp, (2.6)

which is known as monconver variational inequalities introduced and studied by
Bounkhel et. al. [9] and Noor [10, [11].
It is known that problem (Z8]) is equivalent to finding v € C,. such that

0€ Tu+ NE (u), (2.7)

which N£ (u) denote the normal cone of C;. at u. The problem (2T is called the
variational inclusion associated with nonconvex variational inequalities ([2.6]).

Lemma 2.5 ([I]). Let C be a nonempty closed subset of H, r € (0,+00] and set
Cri={x € H:d(z,C) < r}. If C is uniform r-uniformly proz-regular, then the
following hold:

(1) for all x € Cy, Po(z) # 0,

(2) for all s € (0,7), Pc is Lipschitz continuous with constant ts = -~ on Cs,

(3) the proximal normal cone is closed as a set-valued mapping.

Let C be a closed subset of a real Hilbert space H. A mapping T : C' — H is
called v — strongly monotone if there exists a constant v > 0 such that

(Tz —Ty,x—y) =]z —yl? (2.8)

for all z,y € C. A mapping T is called yu — Lipschitz if there exists a constant
1 > 0 such that
|72 = Ty < ulle -y, (2.9)

for all z,y € C.
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Lemma 2.6. In a real Hilbert space H, there holds the inequality
Lo lz+yll? < =l +2(y, 2 +y) 2,y € H and |lz—y|* = [|l2]]> - 2{z, )+ |y]*,
2 it + (1 = )yl = tlz]* + (1 = )yl — t(1 = )]z — y||?,v¢ € [0, 1].

3 Main Results

In this section we first establish the equivalent between the system of noncon-
vex variational inequalities (2.) and the fixed point problem with the projection
technique.

Lemma 3.1. For given z*,y* € C} is a solution of system of nonconvex varia-
tional inequalities (Z2), if and only if

zt = Poly” — pTy"],
y* = Pola™ —nTx"], (3.1)
where Po is the projection of H onto the uniformly proz-reqular set C...

Proof. Let x*,y* € C, be a solution of (Z1)), from (27, for a constant p > 0, we
have

0€pTy* +a* —y* + pNE (2%) = (I + pNE ) (z*) = [y* — pTy"]
if and only if
a* = (I 4 pNE) 'y — pTy*] = Pely* — pTy*],

where we have used the well-known fact that Po = (I 4+ pNE )1
Similarly, we obtain
y* = Polaz* — nTa”].

This prove our assertions. O

algorithm 3.2. For arbitrarily chosen initial points xg,yo € Cy, T1,T5 : C — H
with T =Ty + Ts, the sequence {x,} and {y,} in the following way:

yn = Polzn, —nTz,],n>0
(1 - Oén)mn + anPC[yn - pTyn]a p>0, (32)

I'nJrl
where {an} s a sequence in [0, 1].

Remark 3.3 ([1]). Let C be a uniformly r-proxz-regular closed subset of a Hilbert
space H, and let Ty, T5 : C'— H be such that T} is a p1-Lipschitz continuous and
~v-strongly monotone mapping, Ts is a ps-Lipschitz continuous mapping. Let

2 2 2 2
M2 — My — YH2)" — U (Y — U2
gfr[ufffy \/(1 M2) 1( )]
1

(3.3)
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then for each s € (0,€), we have

Yt — iz > (2 — i3) (12 1), (3.4)

where ts = .

In this paper, we may assume that MP"pcy < &, we see that for any s €
(MP167(cy,§) it satisfy the inequality [34]) too. where MP" = min{p,n},drc) =
sup{|lu — v|| : u,v € T(C)}.

Now, we suggest and analyze the following explicit projection method ([B2))
for solving the system of nonconvex variational inequalities (2.5). Thus, from now
on, without loss of generality we will always assume that ps < p;.

Theorem 3.4. Let C be a uniformly r-proz-reqular closed subset of a Hilbert
space H, and let Ty, Ty : C — H be such that Ty is a pi1-Lipschitz continuous
and y-strongly monotone mapping, Ts is a po-Lipschitz continuous mapping. If
T =T\ + Ty and there exists constant p,n > 0 and s € (M?"0py,§), such that

’7ts — U2
to(pd — p3)
/(s = (W3 —p3) (#2-1)
- ts(ni—n3) ’
oy, € [0,1] with 322 oy, = oo, then the sequences {xn} and {y,} obtained from
Algorithm converge to a solution of the system of nonconver variational in-

equalities (2.7).
Proof. Let z*,y* € C, be a solution of (2) and from Lemma B}, we have

: ’}/ts*,u'Q 1
— A, < pyn <min{————+ + L, — 1}, 3.5
t v R

where Ay,

If the sequence of positive real number

[#n41 — 2" = [[(1 = an)rn + anPolyn — pTyn] — 27|

= (1 = an)(@n — %) + an(Polyn — pTya] — Poly”™ — pTy"])|

< —an)lzn — 27| + anllPelyn — pTys] — Pely”™ — pTy"]|

< (A =an)lzn — 27| + antsl|(yn — pTyn) — (y* — pTy")||

< (A —an)llen — 27| + ants[l[(yn — y*) — p(Tryn — Tay")||

+ pll(T2yn — Toy™)||] (3.6)

From T7 are both p-Lipschitz continuous and v-strongly monotone mapping and
from Lemma 2.6] we obtain

12 = llyn — v I* = 20(yn — y*, Ty — Try™)

+ P2 Thyn — Thy*||?
< lyn =¥ 1% = 207Mlyn — v*11> + P13 lyn — v*|I?
= (1= 2p7+ o) lyn — y*|%

| (yn —v*) — p(Tryn — T1y")

It follows that

[ —y*) — p(Tryn — Toy*)|| < A1 =207 + P23 |lyn — y*]I- (3.7)
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On the other hand, from 75 is ps-Lipschitz continuous, we have
1T2yn — Toy™ || < p2llyn — y* |- (3.8)
Thus, by B6), B7) and (B8], we have

[2nt1 = 2" < (1= an)l|lzn = 27| + ants(pp2 + /1 = 207 + p?13) [yn — 7| (3.9)

Similarly, we have
lyn =yl = lPelen —nTen] — 7|
|1Po(n —nTen] — Pela™ —nTz"]]|
tsl[(@n = nTwn) — (¢ —na”)|
tsll(@n — 2%) = n(Than — Tha”)|| + 9l Toxn — Tox™]. (3.10)

IN N

Similarly, from T; are both p1-Lipschitz continuous and y-strongly monotone map-
ping, we obtain

(20 —a*) = (Tiwy — Tua")|2 = [l — 2" — 29(e — 2%, Try, — Tha")
1P| Ty, — T |2

< N —a* 2 =20y llen —2* P +0P i | an — 2|
= (I=2npy+nud)llen —=*|°.
It follows that
(@0 —2%) = n(Tizn — Tiaz")|| < /1 =20y + 023 ||z, — 27 (3.11)

On the other hand, from T5 is ps-Lipschitz continuous, we have
| Toxy, — Tox™|| < po||l@, — ™. (3.12)
Thus, by BI0), (11) and BIZ), we have

lym — y*|| < ts(npa + /1 — 20y + p2u2) |20 — ¥ (3.13)

Moreover, from 39) and BI3) we put 01 = ts(ppa + /1 —2py + p2u?), 0o =
ts(nua + /1 — 20y + n2u3), it follows that

[Ener =2 < (L= an)lzn — 27| + anbrbszn — 27|
= (1= =01b2)an)|zn — 27|

n

< JJa - @ - 6165)0) |20 — 2*]. (3.14)

=0

Since X% ja,, = oo and conditions ([B.3]), we obtain

lim. []a =@ =6162)0;) = 0. (3.15)
=0
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It follows from (BI5) and BI4), we have

nhﬂngo |z, —2*| = 0. (3.16)

From [BI3) and ([BI4), we have
Jimlyn —y*[ =0. (3.17)

Which is z*,y* € C, satisfying the system of nonconvex variational inequalities
@3). This completes the proof. O

Corollary 3.5. Let C be a uniformly r-proz-reqular closed subset of a Hilbert space
H, and let T : C — H be such that T is a p-Lipschitz continuous and ~y-strongly
monotone mapping. If there exists constant p,n > 0 and s € (M?"5pcy, &), such
that

v

112

Dy, < pyn < % + Ay, (3.18)

(2 _
where [Ny, = (Vts)i (L‘Q))(t‘% b If the sequence of positive real number o, € [0,1]
with 52 g, = 00, and a, € [0,1] with X5 ja,, = 0o, then the sequence {xy} and

n=0
{yn} is generated by for xg,yo € Cr,

yn = Polxn —nmTz,],n>0
Tn+1 = PC [yn - PTyn]; P > 0) (319)

strongly converge to a solution of the system of nonconvex variational inequalities

(Z3).

Proof. From Theorem [34] if 75 = 0 and «,, = 1 for any n > 0, we have a
result. |

4 Applications

In this section, we can applied Theorem [3.4] to the system of general of non-
convex variational inequalities, for given nonlinear mappings T, g : C,, — H, we
consider the problem of finding z*, y* € C,. such that

(pTg(y™) +g(z*) —g9(y"),z — g(x")) > 0,Yz € Cr, p> 0
(Tg(z*) +g(y*) — g(x™),z — g(y*)) > 0,Yz € Cp,n >0, (4.1)

which is called the system of general nonconvex variational inequalities. Similar
of the proof of Lemma [3.1], we can proof that
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Lemma 4.1. For given z*,y* € C} is a solution of system of nonconvex varia-
tional inequalities [{f.1)), if and only if

9(y") = Felg(z®) —nTg(x7)], (4.2)
where Po is the projection of H onto the uniformly proz-reqular set C...

Theorem 4.2. Let C be a uniformly r-proz-reqular closed subset of a Hilbert
space H, let g : C' — H is injective mapping and let Ty, T : C'— H be such that
Ty is a py-Lipschitz continuous and y-strongly monotone mapping, To is a pa-
Lipschitz continuous mapping. If T = T1 + Ty and there exists constant p,n > 0
and s € (M?"5py,§), such that

Vs — p2 . Yts — M2 1
— o — O, < pynp <min{—————%- + Ay, —— 1, (4.3)
ts(u3 — p3) ts(u3 — p3) tspio

_ A/ Orts—p)?— (i —pd)(#2-1)
where Ay, = ta(pi—p3) ‘

ay, € [0,1] with £ g, = 00, then the sequence {zn} and {y,} is generated by
for zo,y0 € Cy,

If the sequence of positive real number

g(yn) = PC[g(xn) - nTg(xn)]vn >0
9(Tnt1) = (I —an)g(zn) + anPclg(yn) — pT9(yn)l, p > 0, (4.4)

strongly converge to a solution of the system of nonconvex variational inequalities
(i

Proof. Similar the proof in Theorem [B4] let z*, y* € C,. be a solution of (@) and
from Lemma HI] we can compute that

lg(zni1) — gz < H(l — (1= 6102)ai) |9 (o) — g(a")] (4.5)

where 01 = ts(pp2 + /1 —2py + p?113), 02 = ts(npu2 + /1 — 29y +n?u7. From
22 o, = o0 and conditions (@3], we obtain

lim [10 == 6165)0:) = 0. (4.6)
i=0
It follows from (@A) and (4), we have
Tim_[lg(za) - g(a")]| = 0. (4.7)

And we can compute that

l9(yn) — gyl < O2llg(zn) — g(™)], (4.8)
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where 6 = ts(nu2 + /1 — 2y + n?u?), it follows that

lim ||g(yn) = g(y")Il = 0. (4.9)
n—oo
From g¢ is injective mapping, we have lim,, o ||z, — 2*|| = 0 and lim,, o0 ||yn —
y*|| = 0 satisfying the system of general nonconvex variational inequalities (ZT]).
This complete the proof. O

Corollary 4.3. Let C' be a uniformly r-prozx-regular closed subset of a Hilbert
space H, let g : C — H s injective mapping and let T : C — H be such that
T is a p-Lipschitz continuous and ~y-strongly monotone mapping. If there exists
constant p,m >0 and s € (MP"5py,§), such that

J o
112
N NG .
where [y, = (rt );(L%))(t? 3 If the sequence of positive real number oy, € [0, 1]
with 9%y, =0, and oy, € [0,1] with 302 g, = 0o, then the sequence {x,} and
{yn} is generated by for xo,yo € C,,

Ao, < pin < % A (4.10)

9(yn) = Pclg(zn) —nTg(xn)],n >0
9(wnyr1) = Polg(yn) — pTg(yn)],p > 0, (4.11)

strongly converge to a solution of the system of nonconvex variational inequalities

#-1).

Proof. From Theorem [3.4] if 75 = 0 and a,, = 1 for any n > 0, we have a
result. |
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