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1 Introduction

In [1] the author introduced the generalized K-Gamma Function I';(z) as

1.1 £-1
Ip(z) = lim m,k>0,x€0\k2_, (1.1)

n—s 00 (m)‘rhk
where (), is the K-Pochhammer symbol and is given by
(@) = z(x + k) (x + 2k).....(z+ (n — 1)k),z € C,k € Rne NT. (1.2)

The integral form of generalized K-Gamma function is given by,

[ee] tk’
Iy(z) = / t*le~®dt,x € O,k € R, Re(x) > 0, (1.3)
0
and it follows easily that
Ii(z) = k%*lr(%). (1.4)
and
(x4 k) =zl (x). (1.5)
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K-Bessel function defined [2], [3] as

o (gt

where k€ Rt 9 €T and ¥ > —k

2 Main Results

In this section we evaluate eight differential recurrence relations and five pure
recurrence relations of K-Bessel function.

Theorem 2.1. For k€ Rt, 9 c I and ¥ > —k, then

23§(2) = 2I5() — 22, (2.1)
where
Ty = S I5(2)
Proof. Consider the definition of K-Bessel function (1.6),

i —1)7(5)¥+F
= I (rk + 90 + k) ()

differentiating with respect to z, we have

N R I )
=2

#i(e LTk 0 k()
= (1)t
2J5(2) = Z rk+19+k)(r—1)!’

replacing r by r 4+ 1, we obtain

. 9 00 (71)r(%)2r+%
2Jj(z) = 775(2) - g T(rk + (9 + &) + k) (r)!”

. 9
2T5(2) = LIS = 2T5a2).

Which completes the proof. O
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Theorem 2.2. For k€ RT,9 € I and 9 > —k, then

2Ib(2) = —I5(E) + 25 (2) (2.2)
or
dii[z%Jg] %Jﬂ k (2.3)
where p

The) = S I5(z).
Proof. Counsider the definition of K-Bessel function (1.6),
9
(=gt

Z rk+19+k)( 1’

differentiating with respect to z, we have

oS ()R er 2l )
UOEDYD r;(rk+z9+k)(rl§) =

r=0

(1)) R (2r +2)

. 9
i) = O ks a s e

using (1.5), we obtain

ij(z):f—J Z (=" (2)2T+
v 1@+ < I (rk + (9 — k) + k) (r)!’
0 z
2J5(2) = 2 IS () + 2T u(2)
Which completes the proof. ([l

Theorem 2.3. For k€ RY,9 € I and ¥ > —k, then

2k (2) = T5_x(2) = kJj 44 (2). (2.4)

where p
ikey 9 gk
Jy(2) = dzjﬂ(z)'

Proof. Adding equation (2.1) and (2.2), we immediately have the above result. O
Theorem 2.4. For k€ RY,9 € I and ¥ > —k, then

2075 (2) = 2[J5_k(2) + kT4 (2)]. (2.5)



680 Thai J. Math. 14 (2016)/ K.S. Gehlot

Proof. Substrating (2.1) from (2.2), we immediately obtain the above result. O

Theorem 2.5. For k€ RT™,9 € I and 9 > —k, then

. ¥ 9 22 z
205 = (7~ DT = 1) + 2750) (26)
where
d2

I5(2) = =5 J5(2).

Proof. Differentiate (2.1) with respect to z, and multiply by z, we have

ZQJf;(z) = (% - 1)2J§(2) - z(ngJrk(z)) - ngJrk(z), (2.7)

put the value of zJ%(z) from (2.1) and zjngrk(z) from (2.2) in (2.7), we obtain

275:) = 13 - )Y = 215 + 25,

Which completes the proof. O

Theorem 2.6. For k€ RT™,9 €I and 9 > —k, then

> o0
2T ) = S0 0 2R T ), (28)
r=0
Or -
z - ”
5752 =Y (1) (0 + @ + DR TS o 16 (2). (2.9)
r=0
Proof. From (2.5), we have
k k 20
T (2) + kg (2) = —J5(2), (2.10)

replacing ¢ by ¥ + 2k, in (2.10) and changing the sign, we have
k k 2 k
= Jyyi(2) = kJy an(2) = *;(19 + 2k)Jg o1 (2), (2.11)
replacing ¥ by ¥ + 4k, in (2.10), we have
k k 2 k
Jo131(2) + kg s (2) = ;(19 + 4k)Jg 1 ar(2), (2.12)
replacing ¢ by ¥ + 6k, in (2.10) and changing the sign, we have

(9 + 6k).J5, 60 (2), etc. (2.13)

2
- J§+5k(z) - kJ1];+7k(z) = 7
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multplying (2.10) by one, (2.11) by k, (2.12) by k2, (2.13) by k3, so on and adding,

we obtain
oo

S5 (2) = D () (0 + 2RI g (2).

r=0
since J5(2) = 0 as ¥ = oo.
Replacing 9 by 9 + k, in (2.8), we obtain

o0

z
§J5(2) =Y (1)@ + @r + DR)E T oy 1) (2):
r=0
Which completes the proof. ([l

Theorem 2.7. For k€ Rt,9 €I and ¥ > —k, then

J5(z) = lk g Z (0 + 2rk) KT g (2)]. (2.14)

where J
J(2) = T (2)
Proof. Put the value of Jg_k(z) from (2.8) in to (2.2), we immediately obtain the
above result. O
Theorem 2.8. For k€ RY,9 € I and ¥ > —k, then
d 2.9

LB + M) = 225G~ 0+ WS (215)
Proof. Consider the left hand side
d
A= {5 + K5 ()),
A= 205(2)J5(2) + 2k ()5 (2), (2.16)
put the value of J¥(z) from (2.1) and j§+k(z) from (2.2) in (2.16), we obtain the
desire result. O

Theorem 2.9. For k€ RT,9 € I and 9 > —k, then
d

IS5 ()] = 2 (B — (e () (217)
Proof. Consider the left hand side
= A b))
A= T5(2) 5 (2) + 205 (2) I (2) + T5 4 (2) T5 (2)] (2.18)

put the value of J¥(z) from (2.1) and jg+k(z) from (2.2) in (2.18), we obtain the
desire result. O
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Theorem 2.10. For k € RT,9 € I and 9 > —k, then
(5 (2))? + 2[k (5 (2))? + k2 (T3, (2))* + K2 (T3 (2))* + ] = 1
Proof. Put ¥ =0 in (2.15), we have

LU +RIEE = 20— R EE),

put ¥ =k in (2.15), we have

d

TR + k(J5(2))"] = %[(J;'E(Z))2 = (2k)(J3(2))?],

put ¥ = 2k in (2.15), we have

da

- [(J5())* + E(J31,(2))%] 2 [2(5(2))? — (BR) (T (2))?), ete

Tz
adding (2.20), k times (2.21), k% times (2.22) etc, we obtain

d

ZG(2))7 + 20k (JE (2))* + B (T3, (2)) + B (5 (2))* + -] = 0,
since J5(z) = 0 as ¥ = oc.

Integrate (2.23), we obtain

(J5(2))? + 2[k (T (2))? + K2 (53, (2))® + K° (J3(2))? + ...] = ¢ (constant),

putting z =0 in (2.24), we have ¢ =1
there for (2.24) becomes

(J5 (2))* + 2[k(J (2))? + k(I3 (2))? + K (S5, (2)* + .. = 1.
Which completes the proof.

Theorem 2.11. For k € RT,9 € I and 9 > —k, then

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

2=2[J5 Q) Jf Q)+ 3K Jf () I3, () +5k> I3 @) T3k (2) 4.4+ (2r+ 1) IS5 @ 1y @ + ).

Proof. Put ¥ =0 in (2.17), we have

LI = 2L S — (JEE)P)

Put ¥ =k in (2.17), we have

a

(b)) = 2 (B — ()

(2.25)

(2.26)

(2.27)
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Put ¥ = 2k in (2.17), we have

d 1
[T (2) 5 (2)] = 2l (T3 (2))? = (J5i(2))7], ete (2.28)
multiply (2.26) by k, (2.27) by 3k2, (2.28) by 5k3, etc. and adding, we obtain

d .
E[ng(Z)Jf(Z) + 32k (2) I3y (2) + 52k° I3y (2) T (2) + ..] =

2[(J5 (2))% + 2k (g (2))? + K2 (J3,(2))? + K> (J5,(2))? + -] (2.29)

using (2.19), we have
diz[ng(z)Jf(z) + 322 T8 (2) I8 (2) + 52k3 05 (2) T8 (2) + ..] = 2, (2.30)
integrate (2.30), we obtain

2
[2J8(2)JF(2) + 32k2TF (2) I3 (2) + 52k3 T5 (2) I8 (2) + ...] = % + ¢ (constant),

(2.31)
putting z =0 in (2.31), we have ¢ =0
2=2[JEQJF Q) +3k2 T (@) IS @) +5E3 T8 () Tr. @) + ...+ (2r + 1) 5, (Z)J(l“,,+1)k(z) +....
Which completes the proof. O

Theorem 2.12. Fork ¢ RT,9 €I and 9 > —k, then

dr S nipn
TTEE) = YR TS g (2) (2:32)

n=0

2"k"

Proof. Differentiate (2.4) with respect to z and multiply by 2k, we have
22k2JE(2) = 2k Th5_(2) — k2K (2), (2.33)
substitute the value of J5_, (z) and j§+k(2) from (2.4), we obtain
D212 J(2) = J5_yu(2) — 2 TH(2) + K25 00 (2), (2.34)
differentiate (2.34) with respect to z and multiply by 2k, we have
k3T (2) = 2kJE_oi(2) — 2k.2kJE(2) + K22k JE ok (), (2.35)
substitute the value of J% ., (2) , J%(z) and j£+2k(2) from (2.4), we obtain
2°% jg(z) = Jy_ai(2) = 3kJ§_x(2) + 3k2jg+k(2) - k3J§+3k(2)7 (2.36)

applying the same process again and again, we have

o0

T1.T dr nirn
2"k ng(z) = Z(—l) k ngkﬂnk(z)-

n=0

Which completes the proof. ([l
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Theorem 2.13. For k€ RT,9 € I and 9 > —k, then

z)2 *
JE W+ k) - M
(19+2k)_ 2 k(i)zl
(9438~ e
Proof. From (2.5), we have
2(9+ k)
Jf;(z) = 7*]5%(2) - k‘]ngQk(Z)a
divide by Jj;, , (2)
T _200+k) kJ§+2k(2) (2.38)
J§+k z J1]9€+k(2) ’
T5 i1 1
Ik = 204k _ % ' (2.39)
* J§+k(z)
J5+2k(z)
JE (2
put the value of ;:L() from (2.38), we obtain
k(%)
k
Jﬁzk = 2001k : k ’ (2.40)
Jﬁ ~ T 200+2K) 3
z T8 18k ()
o)
continuing this process, we obtain
T
5 W k) — LG Y.
(2w -——
(9+38) ~ gty =
Which completes the proof. O

Particular Cases

For k = 1, all the results given by equations (2.1), (2.2)(2.4), (2.5), (2.6), (2.8), (2.14),
(2.15),(2.17), (2.19), (2.25), (2.32) and (2.37) will reduces for well known Recur-
rence Relations of Bessel’s Function given by ([4], pages 110-111).
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