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1 Introduction and Preliminaries

The Mittag-Leffler function has gained importance and popularity due to its
applications in solutions of fractional-order differential, integral, integro-differential
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and difference equations arising in several problems of applied sciences such as
physics, chemistry, biology and engineering (See for example [1]. This function
was introduced by the Swedish mathematician Mittag-Leffler [2] in terms of the
following power series

Eα (x) =

∞
∑

n=0

xn

Γ (αn+ 1)
, x, α ∈ C, Re(α) > 0. (1.1)

The Mittag-Leffler function (1.1) reduces to the exponential function when
α = 1. For 0 < α < 1 it interpolates between the pure exponential ex and the
geometric function 1

1−x =
∑∞

n=0 x
n; (|x| < 1).

A generalization of (1.1) was studied by Wiman [3] in the form

Eα,β (x) =
∞
∑

n=0

xn

Γ (αn+ β)
, x, α, β ∈ C, Re (α) , Re (β) > 0. (1.2)

A further generalization of (1.2) was studied by Prabhakar [4] as

Eγ
α,β (x) =

∞
∑

n=0

(γ)n
Γ (αn+ β)

xn

n!
=

1

Γ (γ)
1ψ1

[

(γ, 1)
(β, α)

∣

∣

∣

∣

x

]

, x, α, β, γ ∈ C, Re (α) > 0,

(1.3)
where pψq is the Fox-Wright function defined as [5]

pψq

[

(a1, A1) , ..., (ap, Ap)
(b1, B1) , ..., (bq, Bq)

∣

∣

∣

∣

x

]

=
∞
∑

n=0

Γ (a1 +A1n) ...Γ (ap +Apn)

Γ (b1 +B1n) ...Γ (bq +Bqn)

xn

n!
, (1.4)

x, aj , Aj , bj, Bj ∈ C, Re (aj) , Re (Aj) > 0, j = 1, ..., p, Re (Bj) > 0, j = 1, ..., q

and 1 +Re
(

∑q
j=1 Bj −

∑p
j=1 Aj

)

≥ 0.

Kiryakova [6] defined a multi-index Mittag-Leffler type function by means of
the following power series

E(

1
ρi

)

,(µi)
(x) =

∞
∑

n=0

xn

∏m
j=1 Γ

(

µj +
n
ρj

) , (1.5)

where m > 1 is an integer, ρ1, ρ2, ...., ρm and µ1, µ2, ...., µm are arbitrary and real
parameters.

Shukla & Prajapati [7] defined a generalization of Mittag-Leffler type function
(1.3) in the form

Eγ,q
α,β (x) =

∞
∑

n=0

(γ)qn
Γ (αn+ β)

xn

n!
=

1

Γ (γ)
1ψ1

[

(γ, q)
(β, α)

∣

∣

∣

∣

x

]

, (1.6)

where α, β, γ ∈ C, Re (α) , Re (β) , Re (γ) > 0, q ∈ (0, 1) ∪ N.
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A further generalization of the above function (1.6) has been introduced and
studied by Srivastava & Tomovski [8] wherein the parameter q is replaced by K
with Re (K) > 0.

Some extensions of Mittag-Leffler type functions (1.5) and (1.6) have been
introduced and studied by Saxena & Nishimoto [9] in the form

Eγ,K

[

(αj , βj)1,m ;x
]

= Eγ,K [(α1, β1) , ...., (αm, βm) ;x] =

∞
∑

r=0

(γ)rKxr

∏

m
j=1 Γ(αjr+βj)(r)!

=
1

Γ (γ)
1ψm

[

(γ,K)
(β1, α1) , (β2, α2) , ...., (βm, αm)

∣

∣

∣

∣

x

]

, (1.7)

where x, γ, αj , βj ∈ C,
∑m

j=1 Re (αj) > Re (K)− 1, j = 1, ....,m, Re (K) > 0 and
by Paneva-Konovska [10] as 3m-indices M-L type functions in the form:

E
(γi),m
(αi),(βi)

(x) =

∞
∑

k=0

(γ1)k ...(γm)k
Γ(α1k + β1)...Γ(αmk + βm)

xk

(k!)m
. (1.8)

A multivariate analogue of generalized Mittg-leffler type function is defined by
Saxena et al. [11] in the form

E
(γj)

(ρj),λ
(z1, ..., zm)=E

(γ1,...,γm)
(ρ1,...,ρm),λ(z1, ..., zm)=

∑∞
k1,...,km=0

(γ1)k1
...(γk)km

Γ(λ+
∑

m
j=1 ρiki)

z
k1
1 ...zkm

m

(k1)!...(km)! ,

where λ, γj , ρj , zj ∈ C, Re (ρj) > 0, j = 1, 2, ...,m.
A generalized multiparameter function of Mittag-Leffler type is defined by

Kalla et al. [12] in the form

HEλ1,λ2,...,λr
µ1,µ2,...,µr

(z) ≡ HEλ
µ (z) =

∞
∑

k=0

(−1)
k

∏r
i=1 Γ (1 + µi + λik)

( z

Λ

)Λk+M

, (1.9)

where µi ∈ C, λi > 0, i = 1, 2, ..., r,
∑r

i=1 µi =M and
∑r

i=1 λi = Λ.
Recently, Garg et al. [13] studied a Mittag-Leffler type function of two vari-

ables in the form

E1 (x, y) = E1

(

γ1, α1; γ2, β1
δ1, α2, β2; δ2, α3; δ3, β3

∣

∣

∣

∣

x
y

)

=

∞
∑

m=0

∞
∑

n=0

(γ1)α1m
(γ2)β1n

Γ (δ1 + α2m+ β2n)

xm

Γ (δ2 + α3m)

yn

Γ (δ3 + β3n)
. (1.10)

2 A New Mittag-Leffler Type Function

Let us note that special functions mentioned in Section 1, such as the classical
Mittag-Leffler function (1.1), (1.2) and its generalizations as (1.3), (1.5), (1.8) can
be presented as particular cases of the Fox-Wright function (1.4).
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Avoiding increasing number of variables and parameters, in the present paper,
we investigate the following Mittag-Leffler type function with four parameters
α, β, γ, δ ∈ C as

γ,δEα,β (x) =

∞
∑

n=0

(γ)δn
Γ (αn+ β)

xn, x ∈ C, Re (α) > Re (δ) > 0. (2.1)

Remark 2.1. Particularly for δ = 1 in (2.1), γ,δEα,β (x) reduces to another new

generalized Mittag-Leffler type function as

γ,1Eα,β (x) =

∞
∑

n=0

(γ)n x
n

Γ (αn+ β)
. (2.2)

Remark 2.2. On taking δ → 0 in (2.1), γ,δEα,β (x) reduces to the Mittag-Leffler

function Eα,β (x) as

γ,0Eα,β (x) =
∞
∑

n=0

xn

Γ (αn+ β)
= Eα,β (x) . (2.3)

Remark 2.3. On taking δ → 0, β = 1 in (2.1), γ,δEα,β (x) reduces to the Mittag-

Leffler function Eα (x) as

γ,0Eα,1 (x) =

∞
∑

n=0

xn

Γ (αn+ 1)
= Eα (x) . (2.4)

Theorem 2.4. For Re (α) > Re (δ) > 0, the Mittag-Leffler type function γ,δEα,β (x)
defined by (2.1) is an entire function in the complex plane. The order ρ and type

σ of γ,δEα,β(x) are given by
1

ρ
= Re (α− δ) (2.5)

and

σ =
1

ρ

(

{Re (δ)}Re(δ)

{Re (α)}Re(α)

)ρ

. (2.6)

Further when Re (α) = Re (δ) > 0, the power series in (2.1) converges absolutely

for |x| < 1.

Proof. Here we follow the classical techniques used by Kriyakova [6], and Paneva-
Konovska [10] to find the order and type of Mittag-Leffler type functions. The ra-

dius of convergenceR of the power series γ,δEα,β (x) =
∑∞

n=0
(γ)δnx

n

Γ(αn+β) =
∑∞

n=0 φnx
n

is given by

R = lim sup
n→∞

∣

∣

∣

∣

φn
φn+1

∣

∣

∣

∣

. (2.7)

Using the asymptotic formula [14]

Γ (z + a)

Γ (z + b)
= za−b

[

1 +
1

2z
(a− b) (a+ b− 1) + O

(

1

z2

)]

, (2.8)
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where a and b are fixed arbitrary complex numbers and −π < arg z < π, we get
from (2.1)

R = lim sup
n→∞

∣

∣

∣

φn

φn+1

∣

∣

∣
= lim sup

n→∞

∣

∣

∣

Γ(γ+δn)
Γ(γ+δ+δn) .

Γ(αn+α+β)
Γ(αn+β)

∣

∣

∣
∼ {Re(α)}Re(α)

{Re(δ)}Re(δ) .n
Re(α−δ)

=

{

∞, when Re (α) > Re (δ) > 0
1, when Re (α) = Re (δ) > 0

, (2.9)

which proves first part of the theorem.

The order ρ of an entire function γ,δEα,β (x) =
∑∞

n=0 φnx
n is given by the

formula

ρ = lim sup
n→∞

n lnn

ln [1/ |φn|]
. (2.10)

The Stirling formula in the form [14]

Γ (z + a) ∼
√
2πzz+a− 1

2 .e−z, |z| → ∞, (2.11)

gives

1

|φn|
=
∣

∣

∣

Γ(γ)Γ(αn+β)
Γ(γ+δn)

∣

∣

∣
∼ |Γ (γ)| eRe[(αn+β− 1

2 ) ln(αn)−(γ+δn− 1
2 ) ln(δn)−(α−δ)n], n→ ∞.

(2.12)

Hence by definition (2.10), we have

1

ρ
= lim sup

n→∞

ln [1/ |φn|]
n lnn

= lim
n→∞

ln|Γ(γ)|+Re[(αn+β− 1
2 ) ln(αn)−(γ+δn− 1

2 ) ln(δn)−(α−δ)n]
n lnn

= Re (α− δ) ,

which is the required result (2.5).

Further, the type σ of the function γ,δEα,β (x) =
∑∞

n=0 φnx
n of order ρ is

determined by the relation

σeρ = lim sup
n→∞

[

n |φn|ρ/n
]

. (2.13)

Proceeding as above for finding ρ, we can easily obtain

σ =
1

ρ

(

{Re (δ)}Re(δ)

{Re (α)}Re(α)

)ρ

, (2.14)

which is as given by (2.6).
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3 Some Results for γ,δEα,β (x)

Integral Representations

Result 1(a). For x, α, β, γ, δ ∈ C, Re (α) > Re (δ) > 0, Re (γ) > 0, the following
integral representation of γ,δEα,β (x) holds

γ,δEα,β (x) =
1

Γ (γ)

∫ ∞

0

e−ttγ−1Eα,β

(

xtδ
)

dt. (3.1)

(b) For x, α, β, γ, δ ∈ C, Re (α) > Re (δ) > 0, Re (β) > Re (γ) > 0, we obtain an
integral representation of γ,αEα,β (x), as follows:

γ,αEα,β (x) =
1

Γ (γ) Γ (β − γ)

∫ 1

0

tγ−1 (1− t)
β−γ−1

(1− xtα)
−1
dt. (3.2)

Proof. (a) The gamma function is defined by

Γ (z) =

∫ ∞

0

e−ttz−1dt, Re (z) > 0, (3.3)

we obtain the integral representation (3.1) by making use of this definition in the
power series given by (2.1) with Re (γ) > 0 and changing the order of summation
and integration, permissible under the conditions stated with the result, evaluating
the integral and expressing the power series thus obtained, in terms of the Mittag-
Leffler function using definition (1.2).

(b) For the integral representation (3.2) of γ,αEα,β (x), we write

γ,αEα,β (x) =

∞
∑

n=0

(γ)αn
Γ (αn+ β)

xn =
1

Γ (γ) Γ (β − γ)

∞
∑

n=0

Γ (γ + αn) Γ (β − γ)

Γ (αn+ β)
xn.

(3.4)

Now using the definition of beta function in (3.4), changing the order of sum-
mation and integration and evaluating the integral thus obtained, we arrive at the
integral representation (3.2).

Recurrence Relations

Result 2. For x, α, β, γ, δ ∈ C, Re (α) > Re (δ) > 0, we have

(a)

γ,δEα,β (x) = βγ,δEα,β+1 (x) + αxγ,δE
′
α,β+1 (x) , (3.5)

(b) β (β + 1) γ,δEα,β+3 (x)+αx {2 + α+ 2β} γ,δE
′
α,β+3 (x)+α

2x2γ,δE
′′
α,β+3 (x)

= γ,δEα,β+1 (x)− γ,δEα,β+2 (x) , (3.6)

where γ,δE
′
α,β (x) denotes differentiation of γ,δEα,β (x) with respect to x.
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Proof. (a) The recurrence relation (3.5) can easily be obtained by considering its
right-hand side, performing differentiation and then writing the two series in one
to form γ,δEα,β (x).

(b) To prove recurrence relation (3.6), we begin with γ,δEα,β+2 (x) and write
it as

γ,δEα,β+2 (x) = γ,δEα,β+1 (x) − S, (3.7)

where

S =
∞
∑

n=0

(γ)δn
(αn+ β + 1)Γ (αn+ β)

xn. (3.8)

Using simple identity 1
u = 1

u(u+1) +
1

u+1 and the result Γ (n+ 1) = nΓ (n), we
can write

S =

∞
∑

n=0

(γ)δn (αn+ β)

Γ (αn+ β + 3)
xn +

∞
∑

n=0

(γ)δn (αn+ β + 1) (αn+ β)

Γ (αn+ β + 3)
xn

= p

∞
∑

n=0

(γ)δn x
n

Γ (αn+ β + 3)
+ q

∞
∑

n=0

(γ)δn n

Γ (αn+ β + 3)
xn + r

∞
∑

n=0

(γ)δn n
2

Γ (αn+ β + 3)
xn,

(3.9)
where p = β (β + 2) , q = 2α (β + 1) and r = α2.

Next, we observe that

d

dx
[xγ,δEα,β+3 (x)] =

∞
∑

n=0

(γ)δn (n+ 1)

Γ (αn+ β + 3)
xn

and
d2

dx2
[

x2γ,δEα,β+3 (x)
]

=

∞
∑

n=0

(γ)δn
(

n2 + 3n+ 2
)

Γ (αn+ β + 3)
xn,

which gives
∞
∑

n=0

(γ)δn n

Γ (αn+ β + 3)
xn = xγ,δE

′
α,β+3 (x) (3.10)

and
∞
∑

n=0

(γ)δn n
2

Γ (αn+ β + 3)
xn = xγ,δE

′
α,β+3 (x) + x2γ,δE

′′
α,β+3 (x) . (3.11)

Using (3.10) and (3.11) in (3.9), we obtain the value of S which being substi-
tuted in (3.7), provides the recurrence relation (3.6).

Differential Formula
Result 3. For w, x, α, β, γ, δ ∈ C, Re (α) > Re (δ) > 0 and m ∈ N, we have

(

d

dx

)m
[

xβ−1
γ,δEα,β (wx

α)
]

= xβ−m−1
γ,δEα,β−m (wxα) . (3.12)
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Proof. Using the definition of γ,δEα,β (wx
α) given by (2.1), in the left hand side

of (3.12), then changing the order of differentiation and summation and writing
the result in terms of γ,δEα,β−m (wxα) we arrive at the required result (3.12).

Fractional Calculus Operators
Result 4. Let a ∈ R+ and ω, λ, α, β, γ, δ ∈ C, Re (α) > Re (δ) > 0 then for x > a
there hold the relations

Iλa+

(

(t− a)
β−1

γ,δEα,β [ω (t− a)
α
]
)

(x) = (x− a)
β+λ−1

γ,δEα,β+λ [ω (x− a)
α
] ,

(3.13)

Dλ
a+

(

(t− a)β−1
γ,δEα,β [ω (t− a)α]

)

(x) = (x− a)β−λ−1
γ,δEα,β−λ [ω (x− a)α] .

(3.14)

Proof. The Riemann-Liouville fractional integral operator of order λ ∈ C, Re (λ) >
0 is defined as (Miller & Ross [16], Samko et al. [15])

Iλa+ (f (t)) (x) =
1

Γ (λ)

∫ x

a

(x− t)λ−1 f (t) dt, x > a. (3.15)

The Riemann-Liouville fractional derivative of order λ ∈ C, n−1 < Re (λ) ≤ n,
n ∈ N is defined as (Miller & Ross [16])

Dλ
a+ (f (t)) (x) = DnIn−λ

a+ f (x) =
1

Γ (λ)
Dn

∫ x

a

(x− t)
n−λ−1

f (t) dt, x > a.

(3.16)
Using definitions (3.15) and (2.1) and applying the known result (Samko et al.

[15])

Iλa+

(

(x− a)
β−1
)

=
Γ (β)

Γ (λ+ β)
(x− a)

β+λ−1
, λ, δ ∈ C, Re (λ) , Re (β) > 0, (3.17)

we obtain (3.13).

Next, using (2.1), (3.16) and (3.13) we arrive at (3).

Mellin-Barnes Integral Representation
Result 5. For min (δ, α) > 0, α < δ + 2 and |argx| < π

2 (δ − α+ 2) we have

γ,δEα,β (x) =
1

2πiΓ (γ)

∫

L

Γ (−s) Γ (1 + s) Γ (γ + δs)

Γ (β + αs)
xsds, (3.18)

where for details of contour L and convergence of (3.18), we refer the book by
Srivastava et al. [17].
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Proof. Making use of relation between γ,δEα,β (x) and the H-function by compar-
ing their series representations, we obtain the Mellin-Barnes integral representation
as follows

γ,δEα,β (x) = H1,2
2,2

[

x

∣

∣

∣

∣

(1− γ, δ) , (0, 1)
(0, 1) , (1− β, α)

]

=
1

2πiΓ (γ)

∫

L

Γ(−s)Γ(1+s)Γ(γ+δs)
Γ(β+αs) xsds.

(3.19)

Integral Transforms

Result 6. Euler (Beta) transform
For a, b, α, β, γ, δ, σ ∈ C, Re (a) , Re (b) , Re (σ) > 0, Re (α) > Re (δ) > 0, we have

∫ 1

0

ua−1 (1− u)b−1
γ,δEα,β (xu

σ) du =
Γ (b)

Γ (γ)
3ψ2

[

(γ, δ) , (a, σ) , (1, 1) ;
(β, α) (a+ b, σ) ;

x

]

.

(3.20)

Particularly for a = β, b = µ, σ = α, (3.20) reduces to the integral

∫ 1

0

uβ−1 (1− u)
µ−1

γ,δEα,β (xu
α) du = Γ (µ) γ,δEα,β+µ (x) . (3.21)

Proof. Using the definition of γ,δEα,β (x) given by (2.1), changing the order of
differentiation and integration, which is permissible under the given conditions,
using the definition of the beta function and writing the power series thus obtained
in terms of the Fox-Wright function pψq defined by (1.4), we arrive at the required
result (3.20).

Particularly for a = β, b = µ, σ = α, we have

Γ(µ)
Γ(γ) 3ψ2

[

(γ, δ) , (a, σ) , (1, 1) ;
(β, α) (a+ b, σ) ;

x

]

=
Γ (µ)

Γ (γ)

∞
∑

n=0

Γ(γ+δn)
Γ(β+µ+αn)x

n = Γ (µ) γ,δEα,β+µ (x) ,

which proves (3.21).

Result 7. Laplace transform

(a) For a, α, β, γ, δ, σ, s ∈ C, Re (α) > Re (δ + σ) , Re (δ) , Re (σ) , Re (s) > 0,
we have

L
{

ua−1
γ,δEα,β (xu

σ) ; s
}

=

∫ ∞

0

ua−1e−su
γ,δEα,β (xu

σ) du =
s−a

Γ (γ)
3ψ1

[

(γ, δ) , (a, σ) , (1, 1) ;
(β, α) ;

x

sσ

]

,

(3.22)

(b) L−1
{

s−1
γ,δEα,β

(

s−1
)

;x
}

= Eγ,δ
α,β (x) .
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Proof. (a) Using the definition of the generalized Mittag-Leffler type function

γ,δEα,β (x) given by (2.1), changing the order of summation and integration, eval-
uating the integral and writing the resulting series in terms of the Fox-Wright
function pψq defined by (1.4), we arrive at the result (3.22).
(b) By taking the Laplace transform of the generalized Mittag-Leffler type function

Eγ,δ
α,β (x), we arrive at the required result.

Result 8. Mellin transform
For α > δ > 0, 0 < s < γ

δwe have

M {γ,δEα,β (wx) ; s} =

∫ ∞

0

xs−1
γ,δEα,β (wx) dx =

Γ (s) Γ (1− s) Γ (γ − δs)

wsΓ (γ) Γ (β − αs)
.

(3.23)

Proof. Let M {γ,δEα,β (wx) ; s} = f (s) then by the Mellin inversion theorem, we
have

M−1 {f (s) ;x} =
1

2πi

∫

L

f (s)x−sds. (3.24)

Using the Mellin Barnes integral representation of γ,δEα,β (x), given by (3.18)
and the Mellin inversion theorem (3.24), we obtain

f (s) =
Γ (−s) Γ (1− s) Γ (γ − δs)

wsΓ (γ) Γ (β − αs)
,

which proves the required result (3.23).

4 An Integral Operator Involving the Generalized

Mittag-Leffler Type Function and Its Proper-

ties

We consider the following integral operator

(

ℑω,γ,δ
a+;α,βφ

)

(x) =

∫ x

a

(x− t)β−1
γ,δEα,β [ω (x− t)α]φ (t) dt, x > a,

where γ, ω ∈ C, Re (α) > Re (δ) > 0, Re (β) > 0.

Particularly for ω = 0, ℑω,γ,δ
a+;α,β corresponds to the right handed Riemann-

Liouville fractional integral operator.

Theorem 4.1. Under the various parametric constraints stated with the definition

(2.1), let the function φ be in the space L (a, b) of Lebesgue measurable functions

given by

L (a, b) =

{

f : ‖f‖1 =

∫ b

a

|f (x)| dx <∞
}

, (4.1)
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then the integral operator ℑω,γ,δ
a+;α,βφ is bounded on L (a, b) and

∥

∥

∥
ℑω,γ,δ

a+;α,βφ
∥

∥

∥

1
≤ B ‖φ‖1 , (4.2)

where

B = (b− a)
Re(β)

∞
∑

n=0

|(γ)δn|
∣

∣

∣
ω (b− a)

Re(α)
∣

∣

∣

n

{Re (α)n+Re (β)} |Γ (αn+ β)| . (4.3)

Proof. First of all, we observe that if φn denote the nth term of the series in (4.3)
then

φn+1

φn
= |Γ(γ+δ+δn)|

|Γ(γ+δn)| .
{Re(α)n+Re(β)}

{Re(α)(n+1)+Re(β)} .
|Γ(αn+β)|

|Γ(αn+α+β)| |ω| (b− a)Re(α)

∼ |δ|Re(δ) |ω| (b− a)Re(α)

|α|Re(α)
nRe(δ)−Re(α)

→ 0, as n→ ∞, whenRe(α) > Re(δ) > 0 (4.4)

Hence the series in right hand side of (4.3) is bounded and the constant B is
finite.

Using the definition of ‖.‖1, given in (4.1) and the definition of integral oper-
ator, given in (2.1) and then interchanging the order of integration, we have

∥

∥

∥
ℑω,γ,δ

a+;α,βφ
∥

∥

∥

1
=

∫ b

a

∣

∣

∣

∣

∫ x

a

(x− t)
β−1

γ,δEα,β [w (x− t)
α
]φ (t) dt

∣

∣

∣

∣

dx

≤
∫ b

a

[

∫ b

t
(x− t)

Re(β)−1 |γ,δEα,β [w (x− t)
α
]| dx

]

|φ (t)| dt
=
∫ b

a

[

∫ b−t

0 uRe(β)−1 |γ,δEα,β [wu
α]| du

]

|φ (t)| dt

≤
∫ b

a

[

∫ b−a

0

uRe(β)−1 |γ,δEα,β [wu
α]| du

]

|φ (t)| dt.

For the inner integral, using (2.1), carrying out term by term integration and
taking into account (4.3), we obtain

∫ b−a

0

uRe(β)−1 |γ,δEα,β [wu
α]| du ≤

∞
∑

n=0

|(γ)δn| |ω|
n

|Γ (αn+ β)|

∫ b−a

0

uRe(β)+Re(α)n−1du = B.

(4.5)
Now using (4.5) in, we arrive at (4.2).

Theorem 4.2. Let λ ∈ C, Re (λ) > 0 and ω, γ, δ, α, β ∈ C, then the relations

Iλa+ℑω,γ,δ
a+;α,βφ = ℑω,γ,δ

a+;α,β+λφ = ℑω,γ,δ
a+;α,βI

λ
a+φ hold for function φ ∈ L (a, b).
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Proof. Using (2.1) and (3.15) and interchanging the order of integration, we have
for x > a

(

Iλa+ℑω,γ,δ
a+;α,βφ

)

(x)= 1
Γ(λ)

∫ x

a

(x−u)λ−1

[
∫ u

a

(u− t)
β−1

γ,δEα,β [ω (u−t)α]φ (t) dt
]

du

=
1

Γ (λ)

∫ x

a

[
∫ x

t

(x− u)
λ−1

(u− t)
β−1

γ,δEα,β [ω (u− t)
α
] du

]

φ (t) dt

=
1

Γ (λ)

∫ x

a

[
∫ x−t

0

(x− t− τ)
λ−1

τβ−1
γ,δEα,β (ωτ

α) dτ

]

φ (t) dt

=
1

Γ (λ)

∫ x

a

[

Iλ0+
[

τβ−1
γ,δEα,β (ωτ

α)
]

(x− t)
]

φ (t) dt. (4.6)

Using formula (3.13), we obtain

(

Iλa+ℑω,γ,δ
a+;α,βφ

)

(x) =
1

Γ (λ)

∫ x

a

(x− t)
β+λ−1

γ,δEα,β+λ (ω (x− t)
α
)φ (t) dt

=
(

ℑω,γ,δ
a+;α,β+λφ

)

(x) ,

which proves first part of the relation (4.2) and the rest can be proved similarly.
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