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Abstract : Let R be a commutative semiring with nonzero identity and ¢ a func-
tion from #(R) into . (R) U {0} where .#(R) is the set of ideals of R. Let n be
a positive integer. In this paper, we introduce the concept of ¢-n-absorbing ideals
which are a generalization of n-absorbing ideals. A proper ideal I of R is called a
¢-n-absorbing ideal if whenever z125 - xp41 € I — ¢(I) for z1,22,...,Zn41 € R,
then x129 - 2;—1@iy1 - Tpy1 € I for some i € {1,2,...,n+1}. A number of re-
sults concerning relationships between ¢-n-absorbing ideals and n-absorbing ideals
as well as examples of n-absorbing ideals are given. Moreover, ¢-n-absorbing ide-
als of decomposable semirings, of quotient semirings and of semirings of fractions
are investigated.
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1 Introduction

Throughout this paper, all rings and semirings are assumed to be commuta-
tive rings with nonzero identity and commutative semirings with nonzero iden-
tity, respectively. Moreover, the notation ¢ is assumed to be a function from
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J(R) into #(R) U {0} in which .#(R) is the set of ideals of a semiring R (ring
R). Furthermore, if R is a semiring (ring) and ¢ is a function from .#(R) into
S (R) U {0}, then R is called a semiring with ¢ (ring with ¢). Let n and m be
positive integers, we denote Z; ,4+1 the element of R obtained by eliminating z;

from the product z1xy - 2,41 where z1,29,...,2,41 € R; in addition, we de-
note (i iy, .. im}nt+1 the element of R obtained by eliminating z;,, iy, ..., i,
from the product x1xs - xpy1 where z1,29,..., 2,41 € R and {i1,42,...,im} C

{1,2,...,n+1}.

The concept of 2-absorbing ideals of rings was introduced and investigated by
A. Badawi in 2007 [1]. He defined a 2-absorbing ideal I of a ring R to be a proper
ideal and if whenever a,b,c € R, abc € I implies ab € I or ac € I or bc € I. In
2011, D. F. Anderson and A. Badawi [2] generalized the concept of 2-absorbing
ideals of rings to n-absorbing ideals of rings. A proper ideal I of a ring R is
called an n-absorbing ideal if for z1,29,...,2p41 € R, 129 - xp41 € I implies
Zimt1 € I for some i € {1,2,...,n+1}. From the definition of n-absorbing ideals,
it is easy to see that if n and n’ are positive integers such that n < n’ and I is
an n-absorbing ideal, then I is an n’-absorbing ideal. Moreover, if n = 1, then
1-absorbing ideals are just prime ideals.

In 2008, D. D. Anderson and M. Bataineh [3] generalized the concept of prime
ideals, weakly prime ideals, almost prime ideals, n-almost prime ideals and w-
prime ideals of rings to ¢-prime ideals of rings with ¢. They defined a ¢-prime
ideal I of a ring R with ¢ to be a proper ideal and if for a,b € R, ab € I — ¢(I)
implies a € I or b € I. After that, in 2012, M. Ebrahimpour and R. Nekooei [4] in-
troduced the concept of (n — 1, n)-¢-prime ideals (n > 2) of rings with ¢ which are
a generalization of n-absorbing ideals of rings and ¢-prime ideals of rings with ¢.
They defined an (n — 1,n)-¢-prime ideal I of a ring R with ¢ to be a proper ideal
and if whenever x1,22,...,2, € R and x122---z, € I — ¢(I), then &;, € I for
some i € {1,2,...,n}. Then (n — 1,n)-¢-prime ideals are just (n — 1)-absorbing
ideals if ¢ : Z(R) — #(R) U {0} is a function with ¢[.# (R)] = {0}.

In this paper, we extend notions of n-absorbing ideals and (n — 1, n)-¢-prime
ideals of rings to m-absorbing ideals and ¢-n-absorbing ideals of semirings. We
define n-absorbing ideals of semirings in the same manner as the definition of
n-absorbing ideals of rings. Besides, we define a ¢-n-absorbing ideal I of a semir-
ing R with ¢ to be a proper ideal and if whenever x 1o+ 2,41 € I — ¢(I) for
Z1,T2,...,Tnt1 € R, then &; ,41 € I for some i € {1,2,...,n+ 1}. Hence, if I is
an n-absorbing ideal, then I is, obviously, a ¢-n-absorbing ideal for any ¢.

As a result, we give an equivalent definition of ¢-n-absorbing ideals. In addi-
tion, relationships between ¢-n-absorbing ideals (weakly n-absorbing ideals) and
n-absorbing ideals are investigated in decomposable semirings. Moreover, if ¢-
n-absorbing ideals of semirings are given, then we can construct ¢-n-absorbing
ideals of quotient semirings and of semirings of fractions. We also show that , for
a semiring R and its @Q-ideal I, if P/I is a ¢-n-absorbing ideal of R/I, then P is
a ¢-n-absorbing ideal of R.
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2 ¢-n-Absorbing Ideals

In this section, we investigate ¢-n-absorbing ideals of semirings with ¢. For
the sake of completeness, we state some definitions in the same fashion as found
in [2] and [3] which are used throughout this paper.

Definition 2.1. Let R be a semiring and n a positive integer.

A proper ideal I of R is said to be n-absorbing if x1,x2,...,2n41 € R and
1% - - Tpt1 € I implies &; p41 € I for some ¢ € {1,2,...,n+ 1}.

A proper ideal I of R is said to be weakly n-absorbing if x1,x2,..., 2541 € R
and 2122 - Tpg1 € I — {0} implies &5 p41 € I for some i € {1,2,...,n+ 1}.

A proper ideal I of R is said to be almost n-absorbing if x1,z9,...,2n41 € R
and x123 - -+ Tpt1 € I — I? implies ;11 € I for some i € {1,2,...,n+ 1}.

A proper ideal I of R is said to be m-almost n-absorbing (m > 2)if x1,xza,...,
Tnt1 € Rand xixg -+ xpy1 € I—-I™ implies &; 41 € I forsomei € {1,2,...,n+ 1}.

A proper ideal I of R is said to be w-n-absorbing if x1,z2,..., 2,41 € R and
T1Xg - XTpy1 € 1 — ﬁi’ilﬂ implies &; 41 € I for some i € {1,2,...,n+ 1}.

Example 2.2. Let n be a positive integer with n > 2 and p1,po,...,p, prime
numbers (not necessary distinct). Then pips - - - an(J{ is an m-absorbing ideal but
not an (n — 1)-absorbing ideal of the semiring Zd under usual addition and usual
multiplication.

In the following, we define ¢-n-absorbing ideals of semirings. These ideals gen-
eralize n-absorbing ideals, weakly n-absorbing ideals, almost n-absorbing ideals,
m~almost n-absorbing ideals and w-n-absorbing ideals of semirings.

Definition 2.3. A proper ideal I of a semiring R is said to be ¢-n-absorbing if
whenever z1,xa,...,2n41 € R and x129 - Tpt1 € I — ¢(I), then &; pyq1 € I for
some i € {1,2,...,n+1}.

Hence, for a semiring R, if we define ¢y : . (R) — Z(R)U{0} by ¢¢(I) = 0 for
all I € Z(R), then a ¢g-n-absorbing ideal is just an n-absorbing ideal. Similarly,
if we define ¢g : S (R) — F(R) U {0} by ¢o(I) = {0} for all I € #(R), then
a ¢g-n-absorbing ideal is a weakly m-absorbing ideal. In the same way, if we
define the functions ¢, : #(R) — #(R) U {0} such that ¢o(I) = I%, ¢, (I) = I™
where m € N with m > 2 and ¢, (1) = N2, 1! for all I € #(R), then a ¢a-n-
absorbing (¢,,-n-absorbing, ¢,-n-absorbing) ideal is an almost n-absorbing (m-
almost n-absorbing, w-n-absorbing) ideal, respectively. These functions are defined
analogously to those (for the ring-case) found in [3].

Recall that a k-ideal (subtractive ideal) of a semiring R is an ideal I of R such
that if for z,y € R and x,x +y € I, then y € I. It is easy to see that if A, B are
k-ideals of a semiring R and I = AU B is an ideal of R, then I = A or [ = B.

Let R be a semiring. Given two functions ¢1,¢2 : Z(R) — F(R) U {0}, we
define 1 < g if p1(I) C (1) for each I € .#(R) in the same manner as given
in [3].
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Proposition 2.4. Let R be a semiring, I a proper ideal of R and @1 < o where
©1 and @2 are functions from Z(R) into J(R)U{0}. If I is a @1-n-absorbing
ideal, then I is a p2-n-absorbing ideal.

Proof. The proof is straightforward. O

Corollary 2.5. Let I be a proper ideal of a semiring and n,m € N with m > 2.
Consider the following statements:

(1) I is an n-absorbing ideal.
(2) I is a weakly n-absorbing ideal.
(3) I is an w-n-absorbing ideal.
(4) I is an (m + 1)-almost n-absorbing ideal.
(5) I is an m-almost n-absorbing ideal.
(6) I is an almost n-absorbing ideal.
Then (1) = (2) = (3) = (4) = (5) = (6).
In the following result, we give an equivalent definition of ¢-n-absorbing ideals.

Theorem 2.6. Let R be a semiring with ¢, I a proper ideal of R and n,n’ positive
integers with n < n’. Then I is a ¢-n-absorbing ideal if and only if whenever
1Ty Xy € T — @(I) for any x1,22,..., 0 € R, then x; iy ---x;, € I for
some distinct i1,42,...,i, € {1,2,...,n/}.

Proof. First, assume that I is a ¢-n-absorbing ideal of R. Let x1,x2,...,T, € R
be such that x129 - Tp(Tpi1Tnt2 - Tn) = 122+ Tp € T — $(I). Since I is
a ¢-n-absorbing ideal, x1xo---zp € I or & p(Tpt1Tny2 - 2n) € I for some
1€ {1,2,...,n}. If x129- -2, € I, then we are done. So we suppose that
ZinTnt1Tnt2 - Ty € I. Since 129 -+ - Tps & H(I), we obtain & nTni1Tnt2 -« Tn/
= ZinTnt1(Tnt2 - xn) € I —@(I). Because I is a ¢g-n-absorbing ideal, it follows
that ; n2n11 € I or &5 51 i1 (Tnyo -~ Tnr) € I forsome j € {1,2,...,n+1}—{i}.
If ; nxpy1 € I, then we are done. If not, we continue this process, and hence we
obtain x;, x;, - - - x;, € I for some distinct i1,42,...,4, € {1,2,...,n'}.
Conversely, the proof is clear by choosing n’ =n + 1. O

Corollary 2.7. Let R be a semiring, I a proper ideal of R and n,n’ positive
integers with n < n’. Then I is an n-absorbing ideal if and only if whenever
T1%2 T € I for xy,x9,..., 2y € R, then x;, x4, ---x;, € I for some distinct
11,82y, 0y € {1,2,...,’[7,/}.

It is easy to see that n-absorbing ideals imply n/-absorbing ideals for any
n,n’ € N with n < n/; moreover, this statement is also true for ¢-n-absorbing
ideals as shown in the next proposition.
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Proposition 2.8. Let R be a semiring with ¢, I a proper ideal of R and n a pos-
itive integer. If I is a ¢p-n-absorbing ideal, then I is a ¢-n'-absorbing ideal for all
n' € N withn <n'.

Proof. Assume that I is a ¢-n-absorbing ideal of R. Let n’ € N be such that
n < n/. Note that, if n’ = n, then there is nothing to do. So we assume that
n < n'. Let x1,22,...,2,4+1 € R be such that zyz9-- 241 € T — ¢(I). We

obtain from Theorem that x;, a4, -+ - a;, € I for some distinct i1,42,...,i, €
{1,2,...,n + 1}. By choosing all distinct
in+1,in+2,. ey lp € {1,2,.. .,n' + 1}‘ — {’L'l,’L'Q,.. ,Zn}

and by multiplying, z;, x, - - z; , = (i @iy -+ i) (xiw,+1$in+2 - -xnf) € I. Hence
I is a ¢-n’-absorbing ideal of R. Therefore, I is a ¢-n’-absorbing ideal for all
n<n. O

Since the empty set is a subset of all sets, n-absorbing ideals imply ¢-n-
absorbing ideals for any ¢ by Proposition 24l The converse of this statement
is not true. Nevertheless, in 2015, M. K. Dubey and P. Sarohe [5] gave the condi-
tions for ¢-n-absorbing ideals to be n-absorbing ideals.

Proposition 2.9 ([5]). Let R be a semiring with ¢, n a positive integer and I a
proper k-ideal of R such that ¢(I) is a k-ideal. If I is a ¢-n-absorbing ideal with
I"*1 ¢ ¢(I), then I is an n-absorbing ideal.

From Corollary 5] we know that every m-absorbing ideal is a weakly n-
absorbing ideal. Nonetheless, the converse of this statement is not true. In 2015,
M. K. Dubey and P. Sarohe [5] also gave some characters of ideals which are weakly
n-absorbing k-ideal but are not n-absorbing ideals as follows.

Corollary 2.10 ([B]). Let R be a semiring and n a positive integer. If I is a
weakly n-absorbing k-ideal but is not an n-absorbing ideal, then I"*1 = {0}.

We would like to point out here that Corollary 2.10] is used to prove several
results in the next section.

3 On Decomposable Semirings

In this section, we examine n-absorbing ideals, weakly n-absorbing ideals and
¢-n-absorbing ideals of decomposable semirings.

For a decomposable semiring R = Ry X Ro X+ - - X Ry, (m € N with m > 2) such
that R; is a semiring with ¢; for all i € {1,2,...,m} and an ideal I} x Is X - - - X I,
of R, it follows that o1 (I1) X @2 (I2) X - X om (I, ) is an ideal of R or the empty set.
Hence there is a function ¢ : #(R) — #(R)U{0} such that ¢(I1 X s x - - x I,;,) =
w1(l) X pa(Iz) X -+ X (L) for all I} X Iy x -+ - X I, € #(R); in addition, we
denote the function ¢ which is defined as the previous by ¢ = 1 X g X -+ X .

Moreover, for an ideal I = I} x Is X --- X I,,, of a decomposable semiring
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R=R; X Ry X --- X Ry, it is easy to see that I is a k-ideal of R if and only if I;
is a k-ideal of R; for all i € {1,2,...,m}.

First, we would like to show that, for m,n € N with m > n + 1, a nonzero
weakly n-absorbing ideal I1 X I3 X --- X I, of a decomposable semiring Ry X Rg X
-+ X Ry, has at least one I; = R; for some i € {1,2,...,m}.

Proposition 3.1. Let R= R; X Ry X --- X R,, where m,n € N with m > n-+1 be
a decomposable semiring and I = Iy X I3 X --- X I, a nonzero proper ideal of R.
If I is a weakly n-absorbing ideal, then I; = R; for some i € {1,2,...,m}.

Proof. Assume that I is a weakly n-absorbing ideal. Since I is a nonzero ideal,
there is (1,22, ...,Zm) € I such that (z1,z2,...,2m) # (0,0,...,0). Then

(ana"'vo)?é(xlaan"'axm)
:(xl,l,...,1)(1,3@2,1,...,1)---(1,...,1,xn+1,...,xm)EI.

Thus (z1,Z2,...,Tp,1,...,1) € Tor (1,..., %1, 1, Zig1, oy, Tnt1yeeTm) €T
for some ¢ € {1,2,...,n} because I is a weakly n-absorbing ideal. Hence 1 € I;
for some i € {1,2,...,m}. Therefore, I, = R;. O

We know that n-absorbing ideals imply weakly n-absorbing ideals but not
vice versa in general. However, in decomposable semirings, the converse of this
statement is true if we assume those ideals are nonzero proper k-ideals.

Proposition 3.2. Let R= R; X Ry X --- X R,, where m,n € N with m > n-+1 be
a decomposable semiring and I = I; x Iy X - -- X I, a nonzero proper k-ideal of R.
Then I is a weakly n-absorbing ideal if and only if I is an n-absorbing ideal.

Proof. Assume that I is a weakly m-absorbing ideal of R. Then I; = R; for
some i € {1,2,...,m} by Proposition Bl Thus I"*! # {0}. Therefore, I is an
n-absorbing ideal by Corollary The converse is clear by Corollary O

From Proposition B.2] we can conclude that weakly n-absorbing ideals and
n-absorbing ideals are coincide if we provide that they are nonzero proper k-
ideals of decomposable semirings with m components where m > n 4+ 1. In the
following theorem, we assume the condition that “there is at least one I; = R;
where i € {1,2,...,m}” holds while the condition that “I is a nonzero ideal and
m > n+1” can be omitted. We still obtain the same result; moreover, we get that
any proper components of I are n-absorbing ideals.

Theorem 3.3. Let R = Ry X Ry X --- X Ry, be a decomposable semiring, n a
positive integer and I = Iy X Is X -+ X I, a proper k-ideal of R with at least one
I; = R; wherei € {1,2,...,m}. Consider the following statements:

(1) I is a weakly n-absorbing ideal of R.
(2) I is an n-absorbing ideal of R.
(8) If I; # R; where j € {1,2,...,m}, then I; is an n-absorbing ideal of R;.
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Then (1) and (2) are equivalent and (2) implies (3).

Proof. The proof for (1) < (2) is clear by Corollary 25 and Corollary 2101

To show (2) = (3), assume that [ is an n-absorbing ideal of R and I; # R, for
some j € {1,2,...,m}. Let x1,22,...,Znt1 € R;j be such that 129 -+ - xp1 € ;.
We obtain (0, ...,0,21,0,...,0)(0,...,0,22,0,...,0)---(0,...,0,25,41,0,...,0) =
(0,...,0,z122 - - - Tpy1,0,...,0) € I. Since I is an n-absorbing ideal, it follows that
0,...,0,& n+1,0,...,0) € I forsome ! € {1,2,...,m}. Hence & ,,+1 € I;. There-
fore, I; is an n-absorbing ideal of R;. O

From Theorem [3.3] we can conclude that if I; X I X - - - X I,, is an n-absorbing
ideal (weakly n-absorbing ideal) of Ry x Rp X --- X Ry, then I; with I; # R; is
an n-absorbing ideal of R; where j € {1,2,...,m}. Nevertheless, the converse of
this statement is not true in general as we show in the following example.

Example 3.4. Let R = Ry x Ra x -+ X Ry, = Z§ xZ x - -+ x Z& and n a positive
integer. Let Iy = pips---pnZ§ and Iy = qiga---qnZ§ where p1,pa, ..., pn,q1,
2, - - -, qn are positive primes. Thus I; and I3 are n-absorbing ideals of Zg . Since

(p171517"'71)(p27q1715'"71)"'(pfuqn—hla'"71)(1aQTL715"'71) = (p1p2"'pm
QG2 qn,1,1,...,1) € [1 X Iy Xx Ry X -+ X Ry, but p; », ¢ I1 and §j,, ¢ Io for all
1,7 €4{1,2,...,n}, the ideal I1 x Iy X Rg x - -+ X R,, is not an n-absorbing ideal.

In the next theorem, we assume a stronger condition than conditions given in
Theorem B3 in order to make (1), (2) and (3) be equivalent.

Theorem 3.5. Let R = Ry X Ry X --- X Ry, be a decomposable semiring, n a
positive integer and I = Iy X Is X -+ X I, a proper k-ideal of R with exactly one
I; # R; wherei € {1,2,...,m}. The following statements are equivalent.

(1) I is a weakly n-absorbing ideal of R.
(2) I is an n-absorbing ideal of R.
(3) I; is an n-absorbing ideal of R;.

Proof. It remains to show (3) = (2). Assume I; is an n-absorbing ideal of R;. Let
(115, Z1m), (T21,- -5 T2m)s « - (T(ng1)1s -+ - T(ng1)m) € R be such that

(.ﬁll, .. .,mlm)(I217 . 7.7/'2m) s (x(n+1)1, PN ,l‘(n+1)m) el.

Note that I = Ry X -+ X Rj—1 X I; X Rj41 X --- X Ry,. Thus

(I11I21 “ T(nA1)ls - -5 X120 T(ng1)is - -y LImT2m " 'x(nJrl)m) el

Since I; is an m-absorbing ideal of R;, we obtain Ij; (n41); € I; for some j €

{1, 2, ceey n+1} Thus (:Eu, . ,Q’Jlm) s (x(j—l)la ceey x(j—l)m)(m(j—',-l)la . 7x(j+1)m)
. (x(nﬂ)l, o T(ms1ym) € I. Therefore, I is an n-absorbing ideal of R.
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Corollary 3.6. Let R= R; X Ry X --- X Ry, be a decomposable semiring with ¢,
n a positive integer and I = 11 X Is X -+ X I,, a proper k-ideal of R with exactly
one I, # R; wherei € {1,2,...,m}. If I; is an n-absorbing ideal of R;, then I is
a ¢-n-absorbing ideal of R.

Besides, we investigate that if I; is an n-absorbing ideal of a semiring R;, then
I =Ry X Ryx -+ X Rj_1 XI; xRiy1 X--- X Ry, is a ¢-n-absorbing ideal of the
decomposable semiring Ry x Ry X --- X R,, for any ¢. We also study in case of I;
is a weakly n-absorbing ideal of R; as follows.

Theorem 3.7. Let R = Ry X Ry X -+ X Ry, be a decomposable semiring, n a
positive integer and I = Iy X Is X -+ X I, a proper k-ideal of R with exactly one
I; # R; where i € {1,2,...,m}. If I; is a weakly n-absorbing ideal of R;, then I
is a ¢p-n-absorbing ideal of R for all ¢, < ¢.

Proof. Infact, I = Ry x-+-xXR;_1 XI; x Riy1 XX Ry, for some i € {1,2,...,m}.
Without loss of generality, we assume that ¢ = 1. Assume that [; is a weakly n-
absorbing ideal of Ry. Since [ is a k-ideal, I is a k-ideal. If I; is an n-absorbing
ideal of Ry, then I is an n-absorbing ideal of R by Theorem B0l and so I is a
¢w-n-absorbing ideal of R. Assume that I; is not an m-absorbing ideal of Rj.
Thus ;"' = {0} by Corollary 210 Consider the element (zy,...,Zm) € ¢u(I) =
AR I8 C I = (I x Ry x -+ X Rpyp)"™ C IPT X Ry x -+ x Ry, = {0} x
Ry x --- x R,,. Let (xll, e ,xlm), (l‘gl, Ce ,xgm), ceey (x(nJrl)l, Ce ,I(nJrl)m) S
R be such that (211221 T(nt1)1s- - T1mT2m  T(np1)ym) € I — ¢u(I). Then
11221 - T(py1)1 € It — {0}. Since I; is a weakly n-absorbing ideal, we obtain

ijl,(n-{—l)l € Il for some ] € {1, 2, ey + 1} Hence (ijl,(n+1)1ai'j2,(n+1)2a ey
Zjm, (n+1)m) € I. Thus I is a ¢,,-n-absorbing ideal. Therefore, in any cases, I is a
¢.-n-absorbing ideal, and so I is a ¢-n-absorbing ideal for all ¢, < ¢. O

Next, we are interested in case of I = I1 X Is X - - - X I, is a weakly n-absorbing
k-ideal which every component I; # {0}.

Theorem 3.8. Let R = Ry X Ry X -+ X Ry, be a decomposable semiring, n a
positive integer with n > 2 and I = I} X Iy X -+ x I, where I; # {0} for all
i €{1,2,...,m} is a weakly n-absorbing k-ideal. Then I is an n-absorbing ideal
of R or I; is an (n — 1)-absorbing ideal of R; for alli € {1,2,...,m}.

Proof. If I is an n-absorbing ideal of R, then we are done. Suppose that I is not
an n-absorbing ideal of R. Then I"™! = {0} by Corollary 2100 Hence I; # R;
for all j € {1,2,...,m}. Let i,j € {1,2,...,m}. Without loss of generality, we
assume that j < i. We show that I; is an (n — 1)-absorbing ideal of R;. Let
x1,%2,...,Tn € R; be such that xyxs---x, € I;. Since I; # {0}, there exists
0#y, €. So (0,0,...,0) #(0,...,0,2129 -+ T, 0,...,0,9;,0,...,0) € I. Thus
(0,0,...,0) # (0,...,0,21,0,...,0,1,0,...,0)(0,...,0,22,0,...,0,1,0,...,0) -
0,...,0,2,,0,...,0,1,0,...,0)(0,...,0,1,0,...,0,4:.0,...,0) € L.
Since I is weakly n-absorbing, 1 € I; or &;,, € I, for some [ € {1,2,...,n}. Since
I; # R;, we obtain 1 ¢ I;, and hence &; ,, € I;. Therefore, I; is an (n—1)-absorbing
ideal of R;. O
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Let R = Ry X Ry X---X Ry, be a decomposable semiring and [ = [1 xI3 X+ - - X I,
a proper ideal of R with exactly one I; # R; where i € {1,2,...,m}. From
Theorem B8] if I; is an n-absorbing ideal of R;, then I is an n-absorbing ideal
of R. In the next result, we consider in case of every component I; of I is an
n;-absorbing ideal of R;, then we obtain an interesting result which is I must be
an n-absorbing ideal where n = nq + ns + - - - + n,y,; in addition, in this theorem
n; can be zero. In case n; = 0, we denote 0-absorbing ideal the ideal R.

Theorem 3.9. Let R = Ry X Ry X --- X Ry, be a decomposable semiring and
I =1 xIs x- - X I an ideal of R. If I; is an n;-absorbing ideal of R; where
n; € Zar for all i € {1,2,...,m}, then I is an n-absorbing ideal of R where
n=ni1+ns+ -+ nm,, so that I is a ¢p-n-absorbing ideal of R.

Proof. Assume that I; is an n;-absorbing ideal of R; where n; € Zg’ for all ¢ €

{1, 2,.. .,m}. Let n = ni+no+- - -4+n,,. Let (In,xlg, o ,$1m), (Igl,xgg, o ,$2m),
o (D)1 Tt )25 - - - T(ng1)m) € R be such that

(I117$127 e 7$1m)($21, T22,. -, $2m) T (I(n+1)lvx(n+1)2a e 7x(n+1)m) €l
We obtain (211221 Z(nt1)1, L1222 T(nt1)2 - -+ > Tim@2m *** T(ny1ym) € 1.

Since I; is an m;-absorbing ideal, @1;72;  T(ng1ys € [; and n; < n + 1, we
obtain zj;,;x,; - xj,: € I; for some distinct ji,j2,...,Jn, € {1,2,...,n+ 1}
by Corollary 27 Suppose that U™ {j1,52,--sJn;} = {41,J5s---»7n}- Thus
{1, 95 -, Jnt €4{1,2,...,n+ 1} and h < n since nq +ng + - - + n,, = n. Since
{10255 dns} S {015 G0 -+ dn ) and @555 xj,, 5 € i foralli € {1,2,...,m},
we obtain

.ﬁjiin;i .- 'xj;,’i S Iz
. . . . . o .
By choosing all distinct j; 1, 55,9,---5Jn € {1,2,...,n + 1} = {41,75,.. -, Jn }s
hence
Tji¥jpi- Tini = (xjiixjéi a .l‘jllli)(xj;m+lixj;m+2i o 'IJ’M) € I.
Then we obtain
(30]‘11730]‘12, cee ,fj;m)(%gl, Ljt2y .- 7xjém) T (Ij;&l, Tjr2,--- ,$j;m)

Therefore, I is an n-absorbing ideal of R, and hence I is a ¢-n-absorbing ideal
of R. 0

Example 3.10. Consider the semiring R = Z3 x Z§ x Z§ x Z7 .

(1) Then 2Z7 x 6Z3 x 30Z¢ x Z7 is a 6-absorbing ideal of R because 27 is
a l-absorbing ideal, 628‘ is a 2-absorbing ideal, 3026|r is a 3-absorbing ideal and
Z¢§ is a 0-absorbing ideal of the semiring Z .

(2) Then 2274 x 23Z§ x 24ZF x 2°Z is a 14-absorbing ideal of R because
274 is an l-absorbing ideal of the semiring Zg for all I € N.
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From Theorem [3.9, we can conclude that, for an ideal I = I} x Is x -+- X I,
of a decomposable semiring R = Ry X Rg X - -- X R,,, if every component of [ is a
prime ideal of its semiring, then I is an m-absorbing ideal of R.

4 On Quotient Semirings and Semirings of Frac-
tions

In this final section, we concern with ¢-n-absorbing ideals of quotient semirings
and ¢-n-absorbing ideals of semirings of fractions.

An ideal I of a semiring R is called a Q-ideal (partitioning ideal) if there exists
a subset @ of R such that R=U{q+ 1| g€ Q}and (¢1 +1)N(g2+ 1) # 0 if and
only if ¢1 = g for q1,¢2 € Q.

Let I be a Q-ideal of a semiring R and R/I = {¢+ 1 | ¢ € Q}. Then R/I
forms a semiring under the binary operations & and ® defined as follows:

((+Dd(ge+I)=qgs+1 and G+ (ge+I)=qu+T

where ¢3,q4 € @ are the unique elements such that ¢ + g2 + 1 C g3 + I and
q192 + I C g4 + I. This semiring R/I is called the quotient semiring of R by I.
In addition, since R is a commutative semiring with nonzero identity, R/I is a
commutative semiring with nonzero identity, see [6].

Next, we would like to give the notion of a subtractive extension of an ideal
which was introduced by D. R. Bonde and J. N. Chuadhari in 2014 [7].

Definition 4.1 ([7]). Let I be an ideal of a semiring R. An ideal P of R
containing I is said to be subtractive extension of I if whenever z,y € R and
zel,x+ye P, theny € P.

Note that, every k-ideal of a semiring R containing an ideal I of R is a sub-
tractive extension of I; nevertheless, the converse of this statement is not true as
shown in the next example.

Example 4.2. Let I =47 x {0} and P = 2Z3 x (Z$ — {1}). Then I and P are
ideals of the semiring R = Z& x Z§ such that I C P. Since (4,2), (4,2) + (2,1) =
(6,3) € P but (2,1) ¢ P, the ideal P is not a k-ideal of R. Let z € I and
r+y € P. Thus z = (4n,0) for some n € Z; and = +y = (2m,[) for some
m € Z& and for some | € ZT — {1}. Let y = (a,b) for some a,b € ZJ. Then
2m,l) =z +y = (4n,0) + (a,b) = (4n+ a,b). Hence 4n+a = 2m and b = [, and
so we obtain a € 2Z} and b € Z& — {1}. That is y = (a,b) € P. Therefore, P is a
subtractive extension of I.

Let R be a semiring and I a Q-ideal of R. Then L is an ideal of R/I if and
only if there exists an ideal P of R such that P is a subtractive extension of I and
P/I={q+1:qe@QnNP} =1L as shown by D. R. Bonde and J. N. Chaudhari in
2014, see [1].
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Moreover, if I is a (-ideal of a semiring R and P is a k-ideal containing I,
then I is an (P N @Q)-ideal of the semiring P and P/I = {¢+[:q€ PNQ} is a
k-ideal of R/I as given by S. E. Atani in 2007, see [0].

Let R be a semiring and I a ()-ideal of R. Moreover, let ¢ be a function
from #(R) into . (R) U {0} such that ¢(L) is a subtractive extension of I for all
ideal L of R where L is a subtractive extension of I. We define ¢; : #(R/I) —
F(R/TU{D} by ¢r(J/I) = (¢(J))/I for each ideal J of R where J is a subtractive
extension of I.

We call R a semiring with ¢ satisfying the property (x) if R is a semiring with ¢,
I is a Q-ideal of R and ¢y is a function from . (R/I) into #(R/I)U {0} where ¢
and ¢j are defined in the previous paragraph.

Example 4.3. Consider the semiring ZS‘ and its @Q-ideal I = 1226”. Define
¢: I(ZF) — F(Z5)U{0} by ¢(J) = 3Z¢ if J is a subtractive extension of I and
#(J) = {0} otherwise for all J € #(Z7). Certainly, ¢(L) = 3Z is a subtractive
extension of I = 12Z¢ for all L € #(R) where L is a subtractive extension of I.
Define ¢ : Z(R/I) — F(R/T)U{0} by ¢1(J/I) = (3Z7)/I for each ideal J of R
where J is a subtractive extension of I. Thus ZS‘ is the semiring with ¢ satisfying
the property (x).

Theorem 4.4. Let R be a semiring with ¢ satisfying the property (%), n a positive
integer, I a Q-ideal of R and P a subtractive extension of I. Then P is a ¢-n-
absorbing ideal of R if and only if P/I is a ¢r-n-absorbing ideal of R/I.

Proof. First, assume that P is a ¢-n-absorbing ideal of R. Then P/I is an ideal of
R/I because P is a subtractive extension of I. Let g1 +1,q2+1,...,qgny1+1 € R/T
be such that (g1 +I)(ga+ 1)+ (gnt1+ 1) € P/I — ¢ (P/I). Thus q1g2 - Gny1 €
P—¢(P). Since P is a ¢-n-absorbing ideal, §; n+1 € P for somei € {1,2,...,n+1}.
Hence (g1 + 1)+ (qi—1 + [)(gix1 + 1) - (gny1 + I) € P/I. Therefore, P/I is a
¢1-n-absorbing k-ideal of R/1.

Conversely, assume that P/I is a ¢j-n-absorbing ideal of R/I. We show
that P is a ¢-n-absorbing ideal of R. Let x1,x2,...,2,41 € R be such that
X1Z2+Tpt1 € P — ¢(P). Then there exist ¢1,¢q2...,qn+1 € @ such that
x; €+ 1 foralli € {1,2,...,n+ 1}. So there is y; € I such that z; = ¢; + y;
for alli € {1,2,...,n+ 1}. Hence we obtain (g1 +y1)(g2 + y2) - - (¢n+1 + Yn+1) €
P — ¢(P). Then qiq2---qn+1 € P — ¢(P) because P and ¢(P) are subtractive
extensions of I. Thus (g1 + I)(g2 + I) - (gny1 +I) € P/I — ¢;(P/I). Hence
(G +I1) (g1 + (g1 +I) - (gny1 + 1) € P/I for some i € {1,2,...,n+ 1}
since P/I is a ¢r-n-absorbing ideal. Then §; ,4+1 € P. Thus & n+1 = (@1 +
Y1) (gi-1 + Yi-1)(Git1 + Yit1) - (@ns1 + Yny1) € P. Therefore, P is a ¢-n-
absorbing ideal of R. |

Corollary 4.5. Let R be a semiring with ¢ satisfying the property (%), n a positive
integer and I a Q-ideal of R. Then I is a ¢-n-absorbing ideal of R if and only if
the zero ideal of R/I is a ¢r-n-absorbing ideal.
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Let R be a semiring and S the set of all multiplicatively cancellable elements
of R. Define a relation ~ on R x S as follows :

(a,s) ~ (b,t) if and only if at = bs
for all (a,s), (b,t) € R x S. Then ~ is an equivalence relation on R x S.

a
For (a,s) € R x S, denote the equivalence class of ~ containing (a, s) by —,
S

and denote the set of all equivalence classes of ~ by Rg. Then Rg forms a semiring
under operations

a b at+sb a b ab
-+ - = and (—) - =—
S t st S t st

for all a,b € R and s,t € S. This new semiring Rg is called the semiring of
fractions of R with respect to S, see [8].

Let I be an ideal of R. The ideal generated by I of Rg, that is the set of
all finite sums a181 + ass2 + -+ - + anS, where a; € I and s; € Rg, is called the
extension of I to Rg, and is denoted by IRg. Let J be an ideal of Rg. Then

the contraction of J in Ris JN R = {7‘ eR: g € J}, which is an ideal of R.

a
Moreover, x € I Rg if and only if it can be written in from x = — for some a € I
c

and c € S, see [3].

Let R be a semiring with ¢. We define ¢5 : #(Rs) — #(Rg) U {0} by
¢s(J) = d(JNR)Rs if (JNR) € #(R) and ¢pg(J) =0 if (J N R) = for all
J e f(Rs)

In the last theorem, we would like to show that if I is a ¢-n-absorbing ideal
of R under some conditions, then I Rg is a ¢g-n-absorbing ideal of Rg.

Theorem 4.6. Let R be a semiring with ¢, S the set of all multiplicatively can-
cellable elements of R and I an ideal of R with INS =0 and ¢(I)Rs C ¢s(IRg).
If I is a ¢p-n-absorbing ideal of R, then IRg is a ¢s-n-absorbing ideal of Rg.

Proof. Assume that I is a ¢-n-absorbing ideal of R. Since I NS = 0, it fol-

lows that IRg is a proper ideal of Rg. Let E, 2 Intl € Rg be such

€ IRs — ¢g(IRg). Then =2 """*L ¢ TRy — ¢(I)Rs
8182 Sp+41 5182+ Sp+1

because ¢(I)Rs C ¢s(IRs). Thus there exist a € I and v € S such that
o I P | a

T1Xo -+ T 1
that ——= "l

= —. Hence z1x5 - xp41v = 5182 - Spy1a € I. f 129 - - - 20 €
5182 Sn+1 v
T1X2 - Tp41 T1X2 " Tp41V

o(I), then = € ¢(I)Rs which is a contradiction.
8182 Sp41 8182 Sp41V
Then 122 Zpt1v € I — ¢(I). Since I is ¢-n-absorbing, x5z, € I or
R . T1To T TinTnielV
ZinTnt1v € I for some i € {1,2,...,n}. Thus atiat R = IRg or fnin“ €
$152 - Sp Si,nSn+1v

IRg. Hence M € IRg for some j € {1,2,...,n+ 1}. Therefore, IRg is a

Sj,n+1
¢s-n-absorbing ideal of Rg. O
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