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1 Introduction

Let H be a real Hilbert space and C be a nonempty closed convex subset of
H . Let ϕ be a bifunction of C ×C into R, where R is the set of real numbers and
a nonlinear mapping A : C → H . The generalized equilibrium problem [1] is to
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find x ∈ C such that

ϕ(x, y) + 〈Ax, y − x〉 ≥ 0 for all y ∈ C. (1.1)

The set of such solutions x is denoted by EP (ϕ,A), i.e.,

EP (ϕ,A) = {x ∈ C : ϕ(x, y) + 〈Ax, y − x〉 ≥ 0 for all y ∈ C}.

In the case of A ≡ 0, then this problem coincides with the equilibrium problem
and EP (ϕ,A) is denoted by EP (ϕ). In the case of ϕ ≡ 0, this problem coincides
with the variational inequality problem and EP (ϕ,A) is denoted by V I(C,A).
The problem (1.1) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, the Nash equi-
librium problem in noncooperative games (see [2,3]). Note that many researchers
studied iterative methods for finding the equilibrium problems. For example, one
can see [3].

Let T : C → H be a mapping. We denote by F (T ) = {x ∈ C : x = Tx} the
set of fixed points of T . A mapping T : C → H is said to be

• nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C;

• quasi-nonexpansive if F (T ) 6= ∅ and

‖Tx− y‖ ≤ ‖x− y‖ for all x ∈ C and y ∈ F (T ).

Several articles have appeared providing methods for approximating fixed
points of (quasi-)nonexpansive mappings. Two classical iterative schemes are
Mann iteration [4] and Halpern iteration [5]. It is known that under appropri-
ate conditions the Mann iteration converges only weakly to a fixed point of T but
the Halpern iteration converges strongly to a fixed point of T .

In 2007, Aoyama et al. [6] extended Mann iteration to obtain weak convergence
to a common fixed point of a countable family of nonexpansive mappings {Tn}

∞
n=1

by the following iteration:

xn+1 = αnxn + (1− αn)Tnxn for all n ∈ N, (1.2)

where x1 ∈ C and {αn} is a sequence in (0, 1). On the other hand, Aoyama et
al. [7] extended Halpern iteration to obtain strong convergence to a common fixed
point of a countable family of nonexpansive mappings {Tn}

∞
n=1 by the following

iteration:
xn+1 = αnx+ (1− αn)Tnxn for all n ∈ N, (1.3)

where x1 = x ∈ C and {αn} is a sequence in (0, 1). In the literature, the schemes
(1.2) and (1.3) have been widely studied and extended in [8–13] and references
therein. Iterative methods for finding a common element of the set of solutions for
an (a generalized) equilibrium problem and the set of fixed points of a nonexpansive



On Strong Convergence of a Halpern-Mann’s Type Iteration ... 455

mapping are studied. For instance, Takahashi and Takahashi [1] introduced an
iterative method for a generalized equilibrium problem in the following way:





x1 = x ∈ C,
ϕ(un, y) + 〈Axn, y − zn〉+

1
rn
〈y − zn, un − xn〉 ≥ 0 for all y ∈ C,

yn = αnx+ (1− αn)un,
xn+1 = βnxn + (1− βn)Tyn for all n ∈ N,

(1.4)

where {αn} and {βn} are sequences in (0, 1) and {rn} is a sequence in (0,∞). It
is known that under appropriate conditions the iterative method (1.4) converges
strongly to an element of F (T ) ∩ EP (ϕ,A). Recently, there are many authors
introduced and studied the iterative methods for finding a common element of the
set of solutions for a generalized equilibrium problem and the set of fixed points
of a countable family of nonexpansive mappings (see [14–18]).

We know that there are perturbations always occurring in the iterative pro-
cesses because the manipulations are inaccurate. In 2011, Yao and Shahzad [19]
defined a iteration with perturbation for a nonexpansive mapping as follows:

{
x1 ∈ C,
xn+1 = (1− βn)xn + βnPC(αnwn + (1− αn)Txn) for all n ∈ N,

where {αn} and {βn} are sequences in (0, 1) and {wn} is a small perturbation in
H . Recently, Chuang et al. [20] defined an iteration with perturbation for finding
a common element of the set of solutions of the equilibrium problem and the set
of fixed points for a quasi-nonexpansive mapping as follows:





x1 ∈ H,
ϕ(un, y) +

1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

xn+1 = αnwn + (1 − αn)(βnun + (1− βn)Tun) for all n ∈ N,

where {αn} and {βn} are sequences in (0, 1), {rn} is a sequence in (0,∞) and
{wn} is a perturbation in H . They proved a strong convergence theorem for such
iterations under some appropriate assumptions.

In this paper, motivated by above works, we introduce a new iterative scheme
for finding a common element of a generalized equilibrium problem and a fixed
point problem for a countable family of quasi-nonexpansive mappings with pertur-
bation and then establish strong convergence theorems of the scheme by using the
NST-condition introduced by Nakajo et al. [9]. Our results extend and improve
the main results of Chuang et al. [20] and Wang [21]. Some results for solving the
minimum-norm problems are also included. Using the technique in [22], we obtain
the strong convergence theorems by the modified viscosity method for finding the
common element of the set of solutions of the generalized equilibrium problem and
the set of fixed points of a countable family of nonexpansive mappings in a real
Hilbert space which extend and improve Nilsrakoo and Saejung [23], Duan and
He [24], and many others.
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2 Preliminaries

We present several definitions and preliminaries which are needed in this paper.
Let H be a real Hilbert space. It is well-known that

‖x+ y‖2 = ‖x‖2 − ‖y‖2 + 2〈x+ y, y〉 (2.1)

and
‖λx+ (1 − λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1 − λ)‖x− y‖2 (2.2)

for all x, y ∈ H and all λ ∈ (0, 1). The identity (2.2) implies that the following
inequality holds

‖αx+ βy + γz‖2 ≤ α‖x‖2 + β‖y‖2 + γ‖z‖2 − αβ‖x− y‖2 − αγ‖x− z‖2 (2.3)

for all x, y, z ∈ H and all α, β, γ ∈ (0, 1) with α + β + γ = 1. We write xn ⇀ x
to indicate that the sequence {xn} converges weakly to x and xn → x to indicate
that {xn} converges strongly to x.

Let C be a subset of H and α > 0. A mapping T : C → H is said to be

• firmly nonexpansive if

‖Tx− Ty‖2 ≤ ‖x− y‖2 − ‖(x− y)− (Tx− Ty)‖2 for all x, y ∈ C;

• α-Lipschitzian if

‖Tx− Ty‖ ≤ α‖x− y‖ for all x, y ∈ C;

in particular, if α ∈ [0, 1), then T is called α-contraction;

• monotone if
〈Tx− Ty, x− y〉 ≥ 0 for all x, y ∈ C;

• α-strongly monotone if

〈Tx− Ty, x− y〉 ≥ α‖x− y‖2 for all x, y ∈ C;

• α-inverse-strongly monotone if

〈Tx− Ty, x− y〉 ≥ α‖Tx− Ty‖2 for all x, y ∈ C.

Remark 2.1. It follows directly from the definitions above that:

• Every firmly nonexpansive mapping is nonexpansive and every nonexpansive
mapping is 1-Lipschitzian.

• If T is α-inverse-strongly monotone, then T is 1/α-Lipschitzian.

• If T is α-strongly monotone and L-Lipschitzian, then T is α/L2-inverse-
strongly monotone.
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If C is nonempty closed and convex, then for every point x ∈ H, there exists
a unique nearest point of C, denoted by PCx, such that

‖x− PCx‖ ≤ ‖x− y‖ for all y ∈ C.

Such a PC is called the metric projection from H onto C. We know that PC is a
firmly nonexpansive mapping from H onto C. Furthermore, for any x ∈ H and
z ∈ C, z = PCx if and only if

〈x− z, z − y〉 ≥ 0 for all y ∈ C.

For solving the equilibrium problem for a bifunction ϕ : C × C → R, let us
assume that ϕ satisfies the following conditions (see [1–3]):

(A1) ϕ(x, x) = 0 for all x ∈ C;

(A2) ϕ is monotone, i.e., ϕ(x, y) + ϕ(y, x) ≤ 0 for all x, y ∈ C;

(A3) lim
t→0

ϕ(tz + (1− t)x, y) ≤ ϕ(x, y) for all x, y, z ∈ C;

(A4) for each x ∈ C, y 7→ ϕ(x, y) is convex and lower semicontinuous.

The following lemma gives a characterization of a solution of an equilibrium
problem proved by [2, Corollary 1] and [3, Lemma 2.12].

Lemma 2.2. Let C be a closed convex subset of a real Hilbert space H, let ϕ be
a bifunction from C ×C into R satisfying the conditions (A1)-(A4) and let r > 0.
Define a mapping Tr : H → C by Tr(x) = x∗ where x∗ is the unique element in C
such that

ϕ(x∗, y) +
1

r
〈y − x∗, x∗ − x〉 ≥ 0 for all y ∈ C.

Such a mapping Tr is called the resolvent of ϕ for r. Then, the followings hold:

(i) Tr is firmly nonexpansive, that is,

‖Trx− Try‖
2 ≤ ‖x− y‖2 − ‖(x− y)− (Trx− Try)‖

2 for all x, y ∈ C;

(ii) F (Tr) = EP (ϕ);

(iii) EP (ϕ) is closed and convex.

Remark 2.3. Some well-known examples of resolvents of bifunctions satisfying
the conditions (A1)-(A4) are presented in [3, Lemma 2.15].

Lemma 2.4. Let C be a closed convex subset of a real Hilbert space H and let
ϕ : C × C → R be a bifunction satisfying the conditions (A1)-(A4). Let A be an
α-inverse-strongly monotone mapping of C into H. Let {xn} and {un} be bounded
sequences in C such that un = Trn(xn − rnAxn) for all n ∈ N where Trn is
the resolvent of ϕ for rn with rn ∈ [a, b] ⊂ (0, 2α). Then we have the following
assertions.



458 Thai J. Math. 14 (2016)/ M. Wattanataweekul

(i) ‖un − p‖2 ≤ ‖xn − p‖2 − a(2α− b)‖Axn −Ap‖2 for each p ∈ EP (ϕ,A).

(ii) If xn − un → 0 and un ⇀ u, then u ∈ EP (ϕ,A).

Proof. (i) Since Trn is firmly nonexpansive, we obtain

‖un − p‖2 = ‖Trn(xn − rnAxn)− Trn(p− rnAp)‖
2

≤ ‖(xn − p)− rn(Axn −Ap)‖2

= ‖xn − p‖2 − 2rn〈xn − p,Axn −Ap〉+ r2n‖Axn −Ap‖2

≤ ‖xn − p‖2 − 2rnα‖Axn −Ap‖2 + r2n‖Axn −Ap‖2

= ‖xn − p‖2 + rn(rn − 2α)‖Axn −Ap‖2

≤ ‖xn − p‖2 − a(2α− b)‖Axn −Ap‖2.

(ii) Since A is 1/α-Lipschitzian and xn − un → 0, we obtain Axn −Aun → 0.
Since

ϕ(un, y) + 〈Axn, y − un〉+
1

rn
〈y − un, un − xn〉 ≥ 0

and by the condition (A2), we obtain

〈Axn, y − un〉+
1

rn
〈y − un, un − xn〉 ≥ ϕ(y, un) (2.4)

for all y ∈ C. Put zt = ty + (1 − t)u for all t ∈ (0, 1]. Then, we have zt ∈ C. So,
from (2.4) and monotonicity of A we have

〈zt − un, Azt〉 ≥ 〈zt − un, Azt〉 − 〈zt − un, Axn〉 −
〈
zt − un,

un − xn

rn

〉
+ ϕ(zt, un)

= 〈zt − un, Azt −Aun〉+ 〈zt − un, Aun −Axn〉

−
〈
zt − un,

un − xn

rn

〉
+ ϕ(zt, un)

≥ 〈zt − un, Aun −Axn〉 −
〈
zt − un,

un − xn

rn

〉
+ ϕ(zt, un).

From the condition (A4) and let n → ∞ we get

〈zt − u,Azt〉 ≥ ϕ(zt, u). (2.5)

From the conditions (A1), (A4) and (2.5), we also have

0 = ϕ(zt, zt) ≤ tϕ(zt, y) + (1− t)ϕ(zt, u)

≤ tϕ(zt, y) + (1− t)〈zt − u,Azt〉

= tϕ(zt, y) + t(1− t)〈y − u,Azt〉

and hence

0 ≤ ϕ(zt, y) + (1− t)〈y − u,Azt〉.
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Letting t → 0, we have, for each y ∈ C,

0 ≤ ϕ(u, y) + 〈y − u,Au〉.

This implies u ∈ EP (ϕ,A).

The following lemma is needed for proving the main results.

Lemma 2.5 ([25, Lemma 2.6] and [26, Lemma 2.1]). Let {an} be a sequence in
[0,∞), {ζn} be a sequence in (0, 1) such that

∑∞
n=1 ζn = ∞, and {δn} be a sequence

of real numbers. Suppose that

an+1 ≤ (1− ζn)an + ζnδn for all n ∈ N,

and one of the following holds:

(i)
∑∞

n=1 ζnδn < ∞;

(ii) lim supk→∞ δnk
≤ 0 for every subsequence {ank

} of {an} satisfying
lim infk→∞(ank+1 − ank

) ≥ 0.

Then limn→∞ an = 0.

3 Halpern-Mann’s Type Iterations with Pertur-

bations

In this section, motivated by [20, Thoerem 3.1], we give strong convergence
theorems for finding the common element of the set of solutions of a generalized
equilibrium problem and the set of fixed points of a countable family of quasi-
nonexpansive mappings by iterations with perturbations in a real Hilbert space.
To this end, the following condition of a family of mappings is needed in this paper.
A family {Tn} of mappings of C into H is said to satisfy the NST-condition [9] if
every weak cluster point of {xn} belong to ∩∞

n=1F (Tn) whenever {xn} is a bounded
sequence in C. We know several examples of families of quasi-nonexpansive map-
pings satisfying the NST-condition; see [7–13,15]).

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H and
let ϕ : C × C → R be a bifunction satisfying the conditions (A1)-(A4). Let A
be an α-inverse-strongly monotone mapping of H and let {Tn} be a family of
quasi-nonexpansive mappings of C into H satisfying the NST-condition and F :=
∩∞
n=1F (Tn)∩EP (ϕ,A) 6= ∅. Let {wn} be a sequence in H and {rn} be a sequence

in [a, b] ⊂ (0, 2α). For a given x1 ∈ H, define the sequences {xn}, {yn} and {un}
by





ϕ(un, y) + 〈Axn, y − un〉+
1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

yn = PC(λnxn + (1 − λn)un),
xn+1 = αnwn + βnyn + γnTnyn for all n ∈ N,

(3.1)

where {αn}, {βn}, {γn} and {λn} are sequences in (0, 1). Assume that
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(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ and αn + βn + γn = 1;

(ii) lim infn→∞ βnγn > 0;

(iii) lim supn→∞ λn < 1;

(iv) limn→∞ wn = w for some w ∈ H.

Then {xn}, {yn} and {un} converge strongly to PFw.

Proof. Since F is nonempty closed convex, for convenience, we put x̄ = PFw. Note
that un can be rewritten as un = Trn(xn − rnAxn) for each n ∈ N.

We prove the theorem in the following steps.
Step 1: We show that {xn}, {yn} and {un} are bounded. From Lemma 2.4(i),

we obtain

‖un − x̄‖ ≤ ‖xn − x̄‖. (3.2)

By the definition of yn, we have

‖yn − x̄‖ ≤ ‖λn(xn − x̄) + (1− λn)(un − x̄)‖

≤ λn‖xn − x̄‖+ (1− λn)‖un − x̄‖ (3.3)

≤ ‖xn − x̄‖. (3.4)

So, we obtain

‖xn+1 − x̄‖ = ‖αnwn + βnyn + γnTnyn − x̄‖

≤ αn‖wn − x̄‖+ βn‖yn − x̄‖+ γn‖Tnyn − x̄‖

≤ αn‖wn − x̄‖+ βn‖yn − x̄‖+ γn‖yn − x̄‖

= αn‖wn − x̄‖+ (1− αn)‖yn − x̄‖ (3.5)

≤ αn‖wn − x̄‖+ (1− αn)‖xn − x̄‖. (3.6)

Since limn→∞ wn = w for some w ∈ H, we obtain {wn} is a bounded sequence.
Then there exists M > 0 such that supn∈N ‖wn − x̄‖ ≤ M. From (3.6) and by
induction, we obtain

‖xn+1 − x̄‖ ≤ αn‖wn − x̄‖+ (1− αn)‖xn − x̄‖

≤ αnK + (1− αn)K

= K,

where K = max{‖x1 − x̄‖,M}. Hence, the sequence {xn} is bounded and so {yn}
and {un} are also bounded sequences.

Step 2: We show that if there exists a subsequence {xnk
} of {xn} such that

lim inf
k→∞

(‖xnk+1 − x̄‖ − ‖xnk
− x̄‖) ≥ 0,

then
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(a) limk→∞ ‖xnk
− unk

‖ = 0;

(b) limk→∞ ‖Tnk
ynk

− ynk
‖ = 0;

(c) limk→∞ ‖xnk+1 − unk
‖ = 0.

Let {xnk
} be a subsequence of {xn} such that

lim inf
k→∞

(‖xnk+1 − x̄‖ − ‖xnk
− x̄‖) ≥ 0.

(a) By (3.5), (3.3), (3.2) and αn → 0, we obtain

0 ≤ lim inf
k→∞

(
‖xnk+1 − x̄‖ − ‖xnk

− x̄‖
)

≤ lim inf
k→∞

(
αnk

‖wnk
− x̄‖+ (1 − αnk

)‖ynk
− x̄‖ − ‖xnk

− x̄‖
)

= lim inf
k→∞

(‖ynk
− x̄‖ − ‖xnk

− x̄‖)

≤ lim inf
k→∞

(
λnk

‖xnk
− x̄‖+ (1− λnk

)‖unk
− x̄‖ − ‖xnk

− x̄‖
)

= lim inf
k→∞

(1− λnk
)
(
‖unk

− x̄‖ − ‖xnk
− x̄‖

)

≤ lim sup
k→∞

(1− λnk
)
(
‖unk

− x̄‖ − ‖xnk
− x̄‖

)

≤ lim sup
k→∞

(1− λnk
)
(
‖xnk

− x̄‖ − ‖xnk
− x̄‖

)

= 0.

Thus
lim
k→∞

(1− λnk
)
(
‖unk

− x̄‖ − ‖xnk
− x̄‖

)
= 0.

Since lim supn→∞ λn < 1, we obtain

lim
k→∞

(
‖unk

− x̄‖ − ‖xnk
− x̄‖

)
= 0. (3.7)

This together with Lemma 2.4(i) gives

a(2α− b)‖Axnk
−Ax̄‖2 ≤ ‖xnk

− x̄‖2 − ‖unk
− x̄‖2 → 0.

This implies that

‖Axnk
−Ax̄‖ → 0. (3.8)

Using Lemma 2.2 (i), we obtain

‖un − x̄‖2 = ‖Trn(xn − rnAxn)− Trn(x̄− rnAx̄)‖
2

≤ ‖(xn − rnAxn)− (x̄− rnAx̄)‖
2 − ‖un − xn‖

2

= ‖(xn − x̄)− rn(Axn −Ax̄)‖2 − ‖un − xn‖
2

= ‖xn − x̄‖2 − 2rn〈xn − x̄, Axn −Ax̄〉+ r2n‖Axn −Ax̄‖2 − ‖xn − un‖
2.
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Thus

‖xn − un‖
2 ≤ ‖xn − x̄‖2 − ‖un − x̄‖2 − 2rn〈xn − x̄, Axn −Ax̄〉+ r2n‖Axn −Ax̄‖2.

This together with (3.7) and (3.8) gives

lim
k→∞

‖xnk
− unk

‖ = 0

(b) By (3.6) and αn → 0, we obtain

‖xn+1 − x̄‖ − ‖xn − x̄‖ ≤ αn(‖wn − x̄‖ − ‖xn − x̄‖) → 0.

Thus

lim sup
n→∞

(‖xn+1 − x̄‖ − ‖xn − x̄‖) ≤ 0.

This implies that

lim
k→∞

(‖xnk+1 − x̄‖ − ‖xnk
− x̄‖) = 0. (3.9)

By (2.3) and (3.4), we obtain

‖xn+1 − x̄‖2 = ‖αnwn + βnyn + γnTnyn − x̄‖2

≤ αn‖wn − x̄‖2 + βn‖yn − x̄‖2 + γn‖Tnyn − x̄‖2 − βnγn‖Tnyn − yn‖
2

≤ αn‖wn − x̄‖2 + (βn + γn)‖yn − x̄‖2 − βnγn‖Tnyn − yn‖
2

≤ αn‖wn − x̄‖2 + (1 − αn)‖xn − x̄‖2 − βnγn‖Tnyn − yn‖
2.

Thus

βnγn‖Tnyn − yn‖
2 ≤ αn(‖wn − x̄‖2 − ‖xn − x̄‖2) + ‖xn − x̄‖2 − ‖xn+1 − x̄‖2.

By αn → 0 and (3.9), we obtain

βnk
γnk

‖Tnk
ynk

− ynk
‖ → 0.

It follows from the condition (ii) that

‖Tnk
ynk

− ynk
‖ → 0.

(c) It follows from (a), (b) and αn → 0 that

‖xnk+1 − unk
‖ ≤ ‖xnk+1 − ynk

‖+ ‖ynk
− unk

‖

≤ ‖αnk
(wnk

− ynk
) + γnk

(Tnk
ynk

− ynk
)‖

+ ‖PC(λnk
xnk

+ (1− λnk
)unk

)− PCunk
‖

≤ αnk
‖wnk

− ynk
‖+ γnk

‖Tnk
ynk

− ynk
‖+ λnk

‖xnk
− unk

‖ → 0.
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Step 3: We show that

‖xn+1 − x̄‖2 ≤ (1− αn)‖xn − x̄‖2 + 2αn〈xn+1 − x̄, wn − x̄〉 for all n ∈ N.

To do this, by using (2.1), (2.3) and (3.4), we obtain

‖xn+1 − x̄‖2 ≤ ‖αn(wn − x̄) + βn(yn − x̄) + γn(Tnyn − x̄)‖2

≤ ‖βn(yn − x̄) + γn(Tnyn − x̄)‖2 + 2αn〈xn+1 − x̄, wn − x̄〉

≤ βn‖yn − x̄‖2 + γn‖Tnyn − x̄‖2 + 2αn〈xn+1 − x̄, wn − x̄〉

≤ (βn + γn)‖yn − x̄‖2 + 2αn〈xn+1 − x̄, wn − x̄〉

≤ (1− αn)‖xn − x̄‖2 + 2αn〈xn+1 − x̄, wn − x̄〉.

Step 4: We show that xn → x, yn → x and un → x. From Step 3 with setting
an = ‖xn − x̄‖2, we obtain

an+1 ≤ (1− αn)an + αnδn,

where δn = 2〈xn+1− x̄, wn− x̄〉 for all n ∈ N. From Lemma 2.5(ii) and
∑∞

n=1 αn =
∞, we only show that lim supk→∞ δnk

≤ 0 for every subsequence {ank
} of {an}

satisfying lim infk→∞(ank+1−ank
) ≥ 0. To show this inequality, take a subsequence

{ni} of {nk} such that

lim sup
k→∞

〈xnk+1 − x̄, wnk
− x̄〉 = lim

i→∞
〈xni+1 − x̄, wni

− x̄〉. (3.10)

Since {un} is bounded, without loss of generality, we may assume that uni
⇀ u.

Since

lim inf
k→∞

(ank+1 − ank
) = lim inf

k→∞
(‖xnk+1 − x̄‖2 − ‖xnk

− x̄‖2) ≥ 0,

we get

lim inf
k→∞

(‖xnk+1 − x̄‖ − ‖xnk
− x̄‖) ≥ 0.

From Step 2(b) and {Tn} satisfies the NST-condition, we get u ∈ ∩∞
n=1F (Tn).

Furthermore, from Step 2(a) and Lemma 2.4(ii), we obtain u ∈ EP (ϕ,A). This
means that u ∈ F. From Step 2(c), we have xni+1 → u. Since wn → w and the
property of metric projection with x̄ = PFw, it follows from (3.10) that

lim sup
k→∞

〈xnk+1 − x̄, wnk
− x̄〉 = lim

i→∞
〈xni+1 − x̄, wni

− x̄〉 = 〈u− x̄, w − x̄〉 ≤ 0.

Thus lim supk→∞ δnk
≤ 0 and then xn → x. It follows from (3.2) and (3.4) that

un → x and yn → x. This completes the proof.

If we put Tn ≡ T and use Theorem 3.1, then we get the following result.
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Corollary 3.2. Let C be a closed convex subset of a real Hilbert space H and
let ϕ : C × C → R be a bifunction satisfying the conditions (A1)-(A4). Let A be
an α-inverse-strongly monotone mapping of H and let T be a quasi-nonexpansive
mapping of C into H satisfying I−T is demiclosed at 0 and F (T )∩EP (ϕ,A) 6= ∅.
Let {wn} be a sequence in H and {rn} be a sequence in [a, b] ⊂ (0, 2α). For a
given x1 ∈ H, define the sequences {xn}, {yn} and {un} by





ϕ(un, y) + 〈Axn, y − un〉+
1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

yn = PC(λnxn + (1− λn)un),
xn+1 = αnwn + βnyn + γnTyn for all n ∈ N,

where {αn}, {βn}, {γn} and {λn} are sequences in (0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ and αn + βn + γn = 1;

(ii) lim infn→∞ βnγn > 0;

(iii) lim supn→∞ λn < 1;

(iv) limn→∞ wn = w for some w ∈ H.

Then {xn}, {yn} and {un} converge strongly to PF (T )∩EP (ϕ,A)w.

Remark 3.3. (1) Corollary 3.2 extends and improves [20, Theorem 3.1] by set-
ting A ≡ 0 and λn ≡ 0.

(2) Corollary 3.2 is still true if T is one of generalized hybrid mappings, hy-
brid mappings, λ-hybrid mappings, nonspreading mappings, nonexpansive
mappings, mappings with condition (B) or (C). Indeed, these mappings are
quasi-nonexpansive mapping satisfying I − T is demiclosed at 0. For more
details, see [20].

If we put ϕ ≡ 0, A ≡ 0, rn ≡ 1 and use Theorem 3.1, then Trn ≡ PC and we
get the following result.

Corollary 3.4. Let C be a closed convex subset of a real Hilbert space H and
let {Tn} be a family of quasi-nonexpansive mappings of C into H satisfying the
NST-condition and F := ∩∞

n=1F (Tn) 6= ∅. Let {wn} be a sequence in H. For a
given x1 ∈ C, define the sequence {xn} by

xn+1 = PC(αnwn + βnxn + γnTnxn) for all n ∈ N,

where {αn}, {βn} and {γn} are sequences in (0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ and αn + βn + γn = 1;

(ii) lim infn→∞ βnγn > 0;

(iii) limn→∞ wn = w for some w ∈ H;

Then {xn} converges strongly to PFw.
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Remark 3.5. If Tn ≡ T , then Corollary 3.4 reduces to [20, Theorem 4.1].

Let {Tn} be a family of nonexpansive mappings ofC into itself and let λn
1 , λ

n
2 , λ

n
3

be real numbers for all n ∈ N such that 0 < λn
i ≤ 1 for i = 1, 2, 3 with

λn
1 + λn

2 + λn
3 = 1 and λn

3 ≥ a > 0 for all n ∈ N. Then for any n ∈ N, we
define a mapping Sn of C into itself [16] as follow:

Un,n+1 = I,

Un,n = λn
1TnUn,n+1 + λn

2Un,n+1 + λn
3 I,

Un,n−1 = λn−1
1 Tn−1Un,n + λn−1

2 Un,n + λn−1
3 I,

...

Un,k = λk
1TkUn,k+1 + λk

2Un,k+1 + λk
3I,

...

Un,2 = λ2
1T2Un,3 + λ2

2Un,3 + λ2
3I,

Sn = Un,1 = λ1
1T1Un,2 + λ1

2Un,2 + λ1
3I. (3.11)

Such a mapping Sn is called the S-mapping generated by T1, T2, . . . , Tn and
λn
1 , λ

n
2 , λ

n
3 . It is obvious that Sn and Un,k are nonexpansive for every n ≥ k.

The following lemma is proved in [15, Lemma 3.4].

Lemma 3.6. Let C be a closed convex subset of a real Hilbert space H. Let {Tn} be
a sequence of nonexpansive mappings of C into itself with ∩∞

i=1F (Ti) is nonempty.
Let {λn

i : i = 1, 2, 3} be real numbers in [0, 1] such that λn
1 + λn

2 + λn
3 = 1 and

λn
3 ≥ a > 0 for all n ∈ N. Then the sequence {Sn} of S-mapping defined by (3.11)

satisfies the NST-condition.

Using Theorem 3.1 and Lemma 3.6, we get the following result.

Theorem 3.7. Let C be a closed convex subset of a real Hilbert space H and let
ϕ : C×C → R be a bifunction satisfying the conditions (A1)-(A4). Let A be an α-
inverse-strongly monotone mapping of H and let {Tn} be a family of nonexpansive
mappings of C into itself with F := ∩∞

n=1F (Tn) ∩ EP (ϕ,A) 6= ∅. Let {wn} be a
sequence in H and {rn} be a sequence in [a, b] ⊂ (0, 2α). For a given x1 ∈ H,
define the sequences {xn}, {yn} and {un} by





ϕ(un, y) + 〈Axn, y − un〉+
1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

yn = PC(λnxn + (1− λn)un),
xn+1 = αnwn + βnyn + γnSnyn for all n ∈ N,

where Sn is the S-mapping defined by (3.11) and {αn}, {βn}, {γn} and {λn} are
sequences in (0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ and αn + βn + γn = 1;

(ii) lim infn→∞ βnγn > 0;
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(iii) lim supn→∞ λn < 1;

(iv) limn→∞ wn = w for some w ∈ H.

Then {xn}, {yn} and {un} converge strongly to PFw.

The common minimum-norm problem of a subset D of a real Hilbert space H
is finding x∗ ∈ D such that

‖x∗‖ = min{‖x‖ : x ∈ D}.

In other words, x∗ is the metric projection of the origin (0) on D. In many prac-
tical problems, such as optimization problems, finding the minimum norm fixed
point of mappings is quite important (see [15, 19, 27–30]). For finding the com-
mon minimum-norm element of the set of solutions of the generalized equilibrium
problem and the set of fixed points of a countable family of quasi-nonexpansive
mappings in a real Hilbert space, let us put wn ≡ 0 and use Theorems 3.1. We
get the following result.

Theorem 3.8. Let C be a closed convex subset of a real Hilbert space H and
let ϕ : C × C → R be a bifunction satisfying the conditions (A1)-(A4). Let A
be an α-inverse-strongly monotone mapping of H and let {Tn} be a family of
quasi-nonexpansive mappings of C into H satisfying the NST-condition and F :=
∩∞
n=1F (Tn)∩EP (ϕ,A) 6= ∅. Let {rn} be a sequence in [a, b] ⊂ (0, 2α). For a given

x1 ∈ H, define the sequences {xn}, {yn} and {un} by





ϕ(un, y) + 〈Axn, y − un〉+
1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

yn = PC(λnxn + (1− λn)un),
xn+1 = βnyn + (1 − αn − βn)Tnyn for all n ∈ N,

where {αn} and {βn} are sequences in (0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞;

(ii) lim infn→∞ βn(1− βn) > 0.

(iii) lim supn→∞ λn < 1;

Then {xn}, {yn} and {un} converge strongly to PF0 which is the common minimum-
norm element of F.

Proof. Let wn ≡ 0 and γn ≡ 1−αn−βn. Then limn→∞ wn = 0, αn+βn+γn ≡ 1
and lim infn→∞ βnγn > 0. Using Theorem 3.1, we obtain the desired result.

If Tn is the S-mapping Sn in Theorem 3.8, then we get the following result.

Corollary 3.9. Let C be a closed convex subset of a real Hilbert space H and let
ϕ : C×C → R be a bifunction satisfying the conditions (A1)-(A4). Let A be an α-
inverse-strongly monotone mapping of H and let {Tn} be a family of nonexpansive
mappings of C into itself with F := ∩∞

n=1F (Tn) ∩ EP (ϕ,A) 6= ∅. Let {rn} be a
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sequence in [a, b] ⊂ (0, 2α). For a given x1 ∈ H, define the sequences {xn}, {yn}
and {un} by





ϕ(un, y) + 〈Axn, y − un〉+
1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

yn = PC(λnxn + (1− λn)un),
xn+1 = βnyn + (1− αn − βn)Snyn for all n ∈ N,

where Sn is the S-mapping defined by (3.11), and {αn} and {βn} are sequences in
(0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞;

(ii) lim infn→∞ βn(1− βn) > 0;

(iii) lim supn→∞ λn < 1.

Then {xn}, {yn} and {un} converge strongly to PF0 which is the common minimum-
norm element of F.

If ϕ ≡ 0, λn ≡ 0 and use Corollary 3.9, then we get the following corollary by
the iterative method like Yao et al.’s iteration [28] with a new control parameter
which is complementary to Yao’s result [28, Theorem 3.1] and Wang’s result [21,
Theorem 3.4]. More precisely, it provides a new convergence theorem for a wider
class of the operator A (see Remark 2.1) and Sn ≡ Wn which is called the W -
mapping defined by Takahashi [31] if setting λn

2 ≡ 0 in (3.11).

Corollary 3.10. Let H be a real Hilbert space and A be an α-inverse-strongly
monotone mapping of H and let {Tn} be a family of nonexpansive mappings of H
with F := ∩∞

n=1F (Tn) ∩ V I(H,A) 6= ∅. Let {rn} be a sequence in [a, b] ⊂ (0, 2α).
For a given x1 ∈ H, define the sequences {xn}, and {yn} by

{
yn = xn − rnAxn,
xn+1 = βnyn + (1− αn − βn)Snyn for all n ∈ N,

where Sn is the S-mapping defined by (3.11), and {αn} and {βn} are sequences in
(0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞;

(ii) lim infn→∞ βn(1− βn) > 0.

Then {xn} and {yn} converge strongly to PF0 which is the common minimum-
norm element of F.

We present a strong convergence of the iteration (3.1) with another control
condition of perturbations which extends and improves [19, Theorem 3.7] as fol-
lows.

Theorem 3.11. Let C be a closed convex subset of a real Hilbert space H and
let ϕ : C × C → R be a bifunction satisfying the conditions (A1)-(A4). Let A be
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an α-inverse-strongly monotone mapping of C into H and let {Tn} be a family
of nonexpansive mappings of C into itself satisfying the NST-condition and F :=
∩∞
n=1F (Tn)∩EP (ϕ,A) 6= ∅. Let {wn} be a sequence in H and {rn} be a sequence

in [a, b] ⊂ (0, 2α). Let {xn}, {yn} and {un} be sequences generated iteratively by
(3.1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ and αn + βn + γn = 1;

(ii) lim infn→∞ βnγn > 0;

(iii) lim supn→∞ λn < 1;

(iv)
∑∞

n=1 αn‖wn‖ < ∞ or limn→∞ wn = 0.

Then {xn}, {yn} and {un} converge strongly to PF0 which is the common minimum-
norm element of F.

Proof. Let ŵn ≡ 0 and let {x̂n}, {ŷn} and {ûn} be sequences defined as follows:





x̂1 = x1 ∈ C,
ϕ(ûn, y) + 〈Ax̂n, y − ûn〉+

1
rn
〈y − ûn, ûn − x̂n〉 ≥ 0 for all y ∈ C,

ŷn = PC(λnx̂n + (1− λn)ûn),
x̂n+1 = αnŵn + βnŷn + γnTnŷn for all n ∈ N.

Using Theorem 3.1, we get that {x̂n}, {ŷn} and {ûn} converge strongly to PF0.
Notice that un ≡ Trn(I − rnA)xn and ûn ≡ Trn(I − rnA)x̂n. Then

‖ûn − un‖ ≤ ‖x̂n − xn‖,

‖ŷn − yn‖ ≤ ‖λn(x̂n − xn) + (1− λn)(ûn − un)‖

≤ λn‖x̂n − xn‖+ (1− λn)‖ûn − un‖

≤ ‖x̂n − xn‖

and so

‖x̂n+1 − xn+1‖ ≤ αn‖wn‖+ βn‖ŷn − yn‖+ γn‖Tnŷn − Tnyn‖

≤ (1 − αn)‖ŷn − yn‖+ αn‖wn‖

≤ (1 − αn)‖x̂n − xn‖+ αn‖wn‖.

By Lemma 2.5, we get x̂n−xn → 0. It follows that {xn}, {yn} and {un} converge
strongly to PF0 as desired.

Remark 3.12. Our results can be applied to solve the problem of finding com-
mon zeros of maximal monotone operators, the common minimizer problem, the
multiple-sets split feasibility problem. For more details, see [15,32].
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4 Modified Viscosity Methods

Using Theorem 3.1 and the technique in [22], we obtain the following strong
convergence theorem by the modified viscosity method for finding the common
element of the set of solutions of the generalized equilibrium problem and the set
of fixed points of a countable family of nonexpansive mappings in a real Hilbert
space.

Theorem 4.1. Let C be a closed convex subset of a real Hilbert space H and
let ϕ : C × C → R be a bifunction satisfying the conditions (A1)-(A4). Let
A be an α-inverse-strongly monotone mapping of H and let {Tn} be a family
of nonexpansive mappings of C into H satisfying the NST-condition and F :=
∩∞
n=1F (Tn) ∩ EP (ϕ,A) 6= ∅. Let f is a κ-contraction of H with κ ∈ [0, 1). Let

{rn} be a sequence in [a, b] ⊂ (0, 2α). For a given x1 ∈ H, define the sequences
{xn}, {yn} and {un} by





ϕ(un, y) + 〈Axn, y − un〉+
1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

yn = PC(λnxn + (1− λn)un),
xn+1 = αnf(Tnxn) + βnyn + γnTnyn for all n ∈ N,

where {αn}, {βn}, {γn} and {λn} are sequences in (0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ and αn + βn + γn = 1;

(ii) lim infn→∞ βnγn > 0;

(iii) lim supn→∞ λn < 1.

Then {xn}, {yn} and {un} converge strongly to z ∈ F where z = PFf(z).

Proof. Since PFf is contraction, there is z ∈ F such that z = PFf(z). Let ŵn ≡
f(z) and let {x̂n}, {ŷn} and {ûn} be sequences defined as follows:





x̂1 = x1 ∈ C,
ϕ(ûn, y) + 〈Ax̂n, y − ûn〉+

1
rn
〈y − ûn, ûn − x̂n〉 ≥ 0 for all y ∈ C,

ŷn = PC(λnx̂n + (1− λn)ûn),
x̂n+1 = αnŵn + βnŷn + γnTnŷn for all n ∈ N.

Using Theorem 3.1, we get that {x̂n}, {ŷn} and {ûn} converge strongly to z =
PFf(z). We also obtain

‖ûn − un‖ ≤ ‖x̂n − xn‖, ‖ŷn − yn‖ ≤ ‖x̂n − xn‖
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and

‖x̂n+1 − xn+1‖

≤ αn‖f(z)− f(Tnxn)‖ + βn‖ŷn − yn‖+ γn‖Tnŷn − Tnyn‖

≤ αnκ‖z − Tnxn‖+ (1− αn)‖ŷn − yn‖

≤ αnκ‖z − xn‖+ (1 − αn)‖x̂n − xn‖

≤ αnκ‖x̂n − xn‖+ αnκ‖z − x̂n‖+ (1− αn)‖x̂n − xn‖

= (1 − αn(1− κ))‖x̂n − xn‖+ αn(1− κ)
κ‖z − x̂n‖

1− κ
.

Since
∑∞

n=1 αn = ∞, we have
∑∞

n=1 αn(1− κ) = ∞. By Lemma 2.5 and x̂n → z,
we get x̂n − xn → 0. It follows that {xn}, {yn} and {un} converge strongly to z
as desired.

Similarly to the proof of Theorem 4.1, we have the following theorem.

Theorem 4.2. Let C be a closed convex subset of a real Hilbert space H and
let ϕ : C × C → R be a bifunction satisfying the conditions (A1)-(A4). Let
A be an α-inverse-strongly monotone mapping of H and let {Tn} be a family
of nonexpansive mappings of C into H satisfying the NST-condition and F :=
∩∞
n=1F (Tn) ∩EP (ϕ,A) 6= ∅. Let f is a κ-contraction of H with κ ∈ [0, 1) and let

{rn} be a sequence in [a, b] ⊂ (0, 2α). For a given x1 ∈ C, define the sequences
{xn}, {yn} and {un} by





ϕ(un, y) + 〈Axn, y − un〉+
1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

yn = PC(λnxn + (1− λn)un),
xn+1 = αnf(xn) + βnyn + γnTnyn for all n ∈ N,

where {αn}, {βn}, {γn} and {λn} are sequences in (0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ and αn + βn + γn = 1;

(ii) lim infn→∞ βnγn > 0;

(iii) lim supn→∞ λn < 1.

Then {xn}, {yn} and {un} converge strongly to z ∈ F where z = PFf(z).

Next we consider a more generalized iterative like the viscosity iteration with
a family of contraction mappings and we obtain strong convergence theorem for
finding the common element of the set of solutions of the generalized equilibrium
problem and the set of fixed points of a countable family of nonexpansive mappings
in a real Hilbert space.

Theorem 4.3. Let C be a closed convex subset of a real Hilbert space H and
let ϕ : C × C → R be a bifunction satisfying the conditions (A1)-(A4). Let
A be an α-inverse-strongly monotone mapping of H and let {Tn} be a family
of nonexpansive mappings of C into H satisfying the NST-condition and F :=
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∩∞
n=1F (Tn) ∩ EP (ϕ,A) 6= ∅. Let fn is a family of κn-contractions of H with

κn ∈ [0, 1) and lim supn→∞ κn < 1. Let {rn} be a sequence in [a, b] ⊂ (0, 2α). For
a given x1 ∈ C, define the sequences {xn}, {yn} and {un} by





ϕ(un, y) + 〈Axn, y − un〉+
1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C,

yn = PC(λnxn + (1− λn)un),
xn+1 = αnfn(xn) + βnyn + γnTnyn for all n ∈ N,

where {αn}, {βn}, {γn} and {λn} are sequences in (0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ and αn + βn + γn = 1;

(ii) lim infn→∞ βnγn > 0;

(iii) lim supn→∞ λn < 1.

If there is a contraction f such that f(x) = limn→∞ fn(x) for each x ∈ F, then
{xn}, {yn} and {un} converge strongly to z ∈ F where z = PFf(z).

Proof. Let z = PFx1 ∈ F. There is a contraction f such that f(z) = limn→∞ fn(z).
Let ŵn ≡ fn(z) and let {x̂n}, {ŷn} and {ûn} be sequences of C defined as follows:





x̂1 = x1 ∈ C,
ϕ(ûn, y) + 〈Ax̂n, y − ûn〉+

1
rn
〈y − ûn, ûn − x̂n〉 ≥ 0 for all y ∈ C,

ŷn = PC(λnx̂n + (1− λn)ûn),
x̂n+1 = αnŵn + βnŷn + γnTnŷn for all n ∈ N.

Using Theorem 3.1, we get that {x̂n}, {ŷn} and {ûn} converge strongly to PFf(z).
Since z ∈ F, we get z = PFf(z). Moreover, we have

‖ûn − un‖ ≤ ‖x̂n − xn‖, ‖ŷn − yn‖ ≤ ‖x̂n − xn‖

and

‖x̂n+1 − xn+1‖

≤ αn‖fn(z)− fn(xn)‖ + βn‖ŷn − yn‖+ γn‖Tnŷn − Tnyn‖

≤ αnκn‖z − xn‖+ (1− αn)‖ŷn − yn‖

≤ αnκn‖x̂n − xn‖+ αnκn‖z − x̂n‖+ (1 − αn)‖x̂n − xn‖

= (1− αn(1− κn))‖x̂n − xn‖+ αn(1− κn)
κn‖z − x̂n‖

1− κn

.

Since
∑∞

n=1 αn = ∞, lim supn→∞ κn < 1 and x̂n → z, we have
∑∞

n=1 αn(1−κn) =

∞ and κn‖z−x̂n‖
1−κn

→ 0. By Lemma 2.5, we get x̂n − xn → 0. It follows that {xn},
{yn} and {un} converge strongly to z as desired.

If we put ϕ ≡ 0, A ≡ 0, rn ≡ 1 and use Theorem 4.3, then we get the following
result.
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Corollary 4.4. Let C be a closed convex subset of a real Hilbert space H and let
{Tn} be a family of nonexpansive mappings of C into itself satisfying the NST-
condition and F := ∩∞

n=1F (Tn) 6= ∅. Let {fn} is a family of κn-contractions of H
with κn ∈ [0, 1) and lim supn→∞ κn < 1. For a given x1 ∈ C, define the sequence
{xn} by

xn+1 = PC(αnfn(xn) + βnxn + γnTnxn) for all n ∈ N,

where {αn}, {βn} and {γn} are sequences in (0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞ and αn + βn + γn = 1;

(ii) lim infn→∞ βnγn > 0.

If there is a contraction f such that f(x) = limn→∞ fn(x) for each x ∈ F, then
{xn} converges strongly to z ∈ F where z = PFf(z).

Remark 4.5. If Tn ≡ T ◦Trn and fn ≡ f , then Tn satisfies the NST-condition (see
[10, Theorem 4.10]) and hence Corollary 4.2 extends and improves [23, Theorem
5]. More precisely, the condition limn→∞(rn+1 − rn) = 0 is removed.

Finally, we show that our results not only include [24, Theorem 3.1] as special
cases but also give a simple proof.

Theorem 4.6. Let C be a closed convex subset of a real Hilbert space H and let
{Tn} be a family of nonexpansive mappings of C into itself. Let {fn} is a family
of κn-contractions of C into itself with κn ∈ [0, 1) and lim supn→∞ κn < 1. For a
given x1 ∈ C, define the sequences {xn}, {yn} and {un} by

xn+1 = αnfn(xn) + (1 − αn)Tnxn for all n ∈ N,

where {αn} is a sequence in (0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞;

(ii) limn→∞ αn/αn+1 = 1 or
∑∞

n=1 |αn − αn+1| < ∞.

Let
∑∞

n=1 sup{‖Tn+1z − Tnz‖ : z ∈ B} < ∞ for any bounded subset B of C and
T be a mapping of C into itself defined by Tz = limn→∞ Tnz for all z ∈ C and
suppose that F (T ) =

⋂∞
n=1 F (Tn). If there is a contraction f of C into itself such

that f(x) = limn→∞ fn(x) for each x ∈ F (T ), then {xn} converges strongly to
z ∈ F (T ) where z = PF (T )f(z).

Proof. Let z = PFx1 ∈ F. There is a contraction f of C into itself such that
f(z) = limn→∞ fn(z). Define a sequence {zn} by z1 = x1 and

zn+1 = αnf(z) + (1 − αn)Tnzn for all n ∈ N.
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As in [7, Theorem 3.1], we can show that {zn} converges strongly to z = PF (T )f(z).
We consider

‖zn+1 − xn+1‖

≤ αn‖f(z)− fn(xn)‖ + (1− αn)‖Tnzn − Tnxn‖

≤ αn‖f(z)− fn(z)‖+ αn‖fn(z)− fn(zn)‖+ αn‖fn(zn)− fn(xn)‖

+ (1− αn)‖zn − xn‖

≤ (1− αn(1− κn)‖zn − xn‖+ αn(1− κn)
‖f(z)− fn(z)‖+ κn‖zn − z‖

1− κn

.

By Lemma 2.5, we get zn − xn → 0. It follows that {xn} converges strongly to z
as desired.

Remark 4.7. 1. In the presence of the stronger family than a family of non-
expansive mappings such as a family of firmly type nonexpansive mappings
or a family of strongly nonexpansive mappings, using [11, Theorem 10] in
the proof of Theorem 4.6, we can weaken and remove the restriction on the
sequence {αn}. More precisely, condition (ii) is removed.

2. The condition that
∑∞

n=1 sup{‖Tn+1z−Tnz‖ : z ∈ B} < ∞ for any bounded
subset B of C and T is a mapping of C into itself defined by Tz = limn→∞ Tnz
for all z ∈ C and suppose that F (T ) =

⋂∞
n=1 F (Tn) can be replaced by a more

general assumption, e.g. for any bounded subset B of C, there exists a non-
expansive mapping T of C into itself such that limn→∞ sup{‖Tnz−T (Tnz)‖ :
z ∈ B} → 0 and F (T ) =

⋂∞
n=1 F (Tn). Moreover, we are able to weaken the

restriction on {αn} when we use [12, Theorem 3.1] or [13, Theorem 5.1] in
the proof of Theorem 4.6,

3. By using the same ideas and techniques, we can also discuss the strong
convergence in a wider space which is a uniformly convex Banach space
whose norm is uniformly Gâteaux differentiable.

If we put Tn ≡ T and use Theorem 4.6, then we get the following result.

Corollary 4.8. Let C be a closed convex subset of a real Hilbert space H and
let T be a nonexpansive mapping of C into itself. Let {fn} is a family of κn-
contractions of C with κn ∈ [0, 1) and lim supn→∞ κn < 1. For a given x1 ∈ C,
define the sequences {xn}, {yn} and {un} by

xn+1 = αnfn(xn) + (1− αn)Txn for all n ∈ N,

where {αn} is a sequence in (0, 1). Assume that

(i) limn→∞ αn = 0,
∑∞

n=1 αn = ∞;

(ii) limn→∞ αn/αn+1 = 1 or
∑∞

n=1 |αn − αn+1| < ∞.

If there is a contraction f such that f(x) = limn→∞ fn(x) for each x ∈ F (T ), then
{xn} converges strongly to z ∈ F (T ), where z = PF (T )f(z).
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Proof. Let Tn ≡ T . Then
∑∞

n=1 sup{‖Tn+1z − Tnz‖ : z ∈ B} = 0 < ∞ for any
bounded subset B of C, Tz = limn→∞ Tnz for all z ∈ C and F (T ) =

⋂∞
n=1 F (Tn).

Using Theorem 4.6, we obtain the desired result.

Remark 4.9. Corollary 4.8 extends and improves [24, Thoerem 3.1] in the fol-
lowing ways:

(i) The conditions limn→∞ αn/αn+1 = 1 and
∑∞

n=1 |αn − αn+1| < ∞ are not
comparable in general.

(ii) The restriction that {fn(x)} is uniformly convergent for each x ∈ D, where
D is any bounded subset of C is weakened and replaced by there is a con-
traction f such that f(x) = limn→∞ fn(x) for each x ∈ F (T ).

(iii) The condition lim infn→∞ κn > 0 is removed.

(iv) We can give a simple proof of [24, Thoerem 3.1] by using this technique
and [26, Theorem 2.3].
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