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1 Introduction

Let H be a real Hilbert space and C' be a nonempty closed convex subset of
H. Let ¢ be a bifunction of C' x C' into R, where R is the set of real numbers and
a nonlinear mapping A : C — H. The generalized equilibrium problem [I] is to
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find « € C such that
olx,y) + (Az,y —xz) >0 forall y € C. (1.1)
The set of such solutions z is denoted by EP(p, A), i.e.,
EP(p,A)={z e C:p(x,y)+ (Az,y —x) >0 forally e C}.

In the case of A = 0, then this problem coincides with the equilibrium problem
and EP(p, A) is denoted by EP (). In the case of ¢ = 0, this problem coincides
with the variational inequality problem and EP(p, A) is denoted by VI(C, A).
The problem (L)) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, the Nash equi-
librium problem in noncooperative games (see [2[3]). Note that many researchers
studied iterative methods for finding the equilibrium problems. For example, one
can see [3].

Let T : C — H be a mapping. We denote by F(T) = {x € C : x = Tz} the
set of fixed points of T'. A mapping T : C' — H is said to be

e nonexpansive if

Tz —Ty|| <||lz—y|| foralzyeC;

e quasi-nonexpansive if F(T) # & and

Tz —y|| <|lz—y|| forallzeCandye F(T).

Several articles have appeared providing methods for approximating fixed
points of (quasi-)nonexpansive mappings. Two classical iterative schemes are
Mann iteration [4] and Halpern iteration [5]. It is known that under appropri-
ate conditions the Mann iteration converges only weakly to a fixed point of T but
the Halpern iteration converges strongly to a fixed point of T'.

In 2007, Aoyama et al. [6] extended Mann iteration to obtain weak convergence
to a common fixed point of a countable family of nonexpansive mappings {7,,}52 ;
by the following iteration:

Tnt1 = A&y + (1 — ap)Tha, for all n € N, (1.2)

where 21 € C and {a,} is a sequence in (0,1). On the other hand, Aoyama et
al. [7] extended Halpern iteration to obtain strong convergence to a common fixed
point of a countable family of nonexpansive mappings {T},}>2; by the following
iteration:

Tnt1 = @n + (1 — ap)Thx, foralln e N, (1.3)

where z1 = ¢ € C and {a,} is a sequence in (0, 1). In the literature, the schemes
([C2) and (L3) have been widely studied and extended in [SHI3] and references
therein. Iterative methods for finding a common element of the set of solutions for
an (a generalized) equilibrium problem and the set of fixed points of a nonexpansive
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mapping are studied. For instance, Takahashi and Takahashi [I] introduced an
iterative method for a generalized equilibrium problem in the following way:

r1=x € C,

go(un,y) + <A$n;y - Zn) + 7«_1"<y — Zn,Un — mn) >0 forallyeC,
Yn = QpT + (]- - an)una

Tnt1 = Bntn + (1 — )Ty, forallneN,

(1.4)

where {a,,} and {8,} are sequences in (0,1) and {r,} is a sequence in (0,00). It
is known that under appropriate conditions the iterative method (4] converges
strongly to an element of F(T) N EP(p, A). Recently, there are many authors
introduced and studied the iterative methods for finding a common element of the
set of solutions for a generalized equilibrium problem and the set of fixed points
of a countable family of nonexpansive mappings (see [14HIg]).

We know that there are perturbations always occurring in the iterative pro-
cesses because the manipulations are inaccurate. In 2011, Yao and Shahzad [19)]
defined a iteration with perturbation for a nonexpansive mapping as follows:

xr1 € C,
{ Tnt1 = (1 = Bn)Tn + PnPo(anw, + (1 — ay)Tay,) for alln € N,

where {ay} and {8,} are sequences in (0,1) and {w,} is a small perturbation in
H. Recently, Chuang et al. [20] defined an iteration with perturbation for finding
a common element of the set of solutions of the equilibrium problem and the set
of fixed points for a quasi-nonexpansive mapping as follows:

x1 € H,
@(tn,y) + 2= (Y = Un, up — ) > 0 forall y € C,

Tpt1 = Wy, + (1 = an)(Brun + (1 = By)Tuy,) forallneN,

where {a,,} and {5,} are sequences in (0,1), {r,} is a sequence in (0,00) and
{wy,} is a perturbation in H. They proved a strong convergence theorem for such
iterations under some appropriate assumptions.

In this paper, motivated by above works, we introduce a new iterative scheme
for finding a common element of a generalized equilibrium problem and a fixed
point problem for a countable family of quasi-nonexpansive mappings with pertur-
bation and then establish strong convergence theorems of the scheme by using the
NST-condition introduced by Nakajo et al. [9]. Our results extend and improve
the main results of Chuang et al. [20] and Wang [2T]. Some results for solving the
minimum-norm problems are also included. Using the technique in [22], we obtain
the strong convergence theorems by the modified viscosity method for finding the
common element of the set of solutions of the generalized equilibrium problem and
the set of fixed points of a countable family of nonexpansive mappings in a real
Hilbert space which extend and improve Nilsrakoo and Saejung [23], Duan and
He [24], and many others.
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2 Preliminaries

We present several definitions and preliminaries which are needed in this paper.
Let H be a real Hilbert space. It is well-known that

lz+ 9l = [l = llyll* + 26z + 5, 5) (2.1)

and
Az 4+ (1= Nyll* = Mlzl® + (1= N]lyl? = A1 = )]z -yl (2.2)

for all z,y € H and all A € (0,1). The identity (Z2]) implies that the following
inequality holds

laz + By +vz21* < alll® + Bllyl? + vlIzlI* — aBlle = ylI* — arlla — 2> (2.3)

for all z,y,z € H and all a, 8,y € (0,1) with a + 8+ v = 1. We write z,, — x
to indicate that the sequence {x,} converges weakly to  and z,, — x to indicate
that {x,} converges strongly to .

Let C be a subset of H and o > 0. A mapping T : C — H is said to be

e firmly nonexpansive if
1Tz~ Ty|l* < ||lz — ylI* — I(z —y) = (Tz = Ty)|* forallz,ye C;
e «-Lipschitzian if
[Tz — Tyl < allx —y| forall z,y € C;

in particular, if a € [0, 1), then T is called a-contraction;

e monotone if
(Tx —Ty,x—y) >0 forallz,yeC;

e «-strongly monotone if
(Tx —Ty,z —y) > alz—y||*> forall z,y e C;
o «-inverse-strongly monotone if
(Tx —Ty,z —y) > a|Tz —Ty|*> forallz,yeC.

Remark 2.1. It follows directly from the definitions above that:

e Fvery firmly nonexpansive mapping is nonexpansive and every nonexrpansive
mapping is 1-Lipschitzian.

o [f T is a-inverse-strongly monotone, then T is 1/a-Lipschitzian.

o If T is a-strongly monotone and L-Lipschitzian, then T is a/L*-inverse-
strongly monotone.
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If C' is nonempty closed and convex, then for every point © € H, there exists
a unique nearest point of C, denoted by Pcx, such that

|z — Poz|| < ||z —y| forally e C.

Such a P¢ is called the metric projection from H onto C. We know that P is a
firmly nonexpansive mapping from H onto C. Furthermore, for any x € H and
z € C, z= Pox if and only if

(x—2, z—y)>0 forallyeC.

For solving the equilibrium problem for a bifunction ¢ : C x C' — R, let us
assume that ¢ satisfies the following conditions (see [IH3]):

(A1) ¢(z,z) =0 for all z € C;
(A2) ¢ is monotone, i.e., (z,y) + ¢(y,z) <0 for all z,y € C;
(A3) lim o(tz + (1 = t)z,y) < p(a,y) for all z,y, z € C;

—

(A4) for each z € C, y — ¢(x,y) is convex and lower semicontinuous.
The following lemma gives a characterization of a solution of an equilibrium
problem proved by [2, Corollary 1] and [3, Lemma 2.12].

Lemma 2.2. Let C' be a closed convexr subset of a real Hilbert space H, let ¢ be
a bifunction from C x C into R satisfying the conditions (A1)-(A4) and let r > 0.
Define a mapping T, : H — C by T,.(x) = x* where x* is the unique element in C
such that

1
olz*,y) + ;(y —z* " —x) >0 foralyeC.
Such a mapping T, is called the resolvent of ¢ for r. Then, the followings hold:
(i) T, is firmly nonexpansive, that is,
1Tz = Toyll” < lla = yl* = Iz —y) = (Lo = Toy)|I* for all z,y € C;
(ii) F(T.) = EP(p);
(i1i) EP(p) is closed and convex.

Remark 2.3. Some well-known examples of resolvents of bifunctions satisfying
the conditions (A1)-(A4) are presented in [3, Lemma 2.15].

Lemma 2.4. Let C' be a closed convex subset of a real Hilbert space H and let
v : C x C = R be a bifunction satisfying the conditions (A1)-(A4). Let A be an
a-inverse-strongly monotone mapping of C into H. Let {xz,} and {u,} be bounded
sequences in C such that u, = T, (xn, — rnAzy) for all n € N where T, is

the resolvent of ¢ for ry, with r, € [a,b] C (0,2a). Then we have the following
assertions.
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(i) llun = plI* < llzn = plI* — a(2a = b)| Az, — Apl|? for each p € EP(p, A).
(ii) If xy — up — 0 and u, — u, then u € EP(p, A).

Proof. (i) Since T, is firmly nonexpansive, we obtain

[ _pH2 =Ty, (xn — rpAxy) — Tr, (p — TnAp)HQ
< |[(@n = p) = ra(Az, — Ap)|?
= |z = plI* = 2rn(zn — p, Az, — Ap) + 75 || Az, — Ap|?
< lzn = pl* = 2rpal| Az, — Aplf* + 7} || Az, — Ap|?
= ||z = plI? + ra(rn — 20)|| Az, — Apl|?
< llzn = plI* = a(2a — )| Az, — Ap|*.

(ii) Since A is 1/a-Lipschitzian and z, — u, — 0, we obtain Az, — Au, — 0.
Since

1
@(un,y) + <A$my - Un> + T_<y — Un, Un — xn> >0

n

and by the condition (A2), we obtain

1
<A=’Enay*un> + r_<yfuna Un *xn> > ‘P(yaun) (2'4)

n

for all y € C. Put 2z, = ty + (1 — t)u for all ¢ € (0,1]. Then, we have z; € C. So,
from (24)) and monotonicity of A we have

Up — Tn

(2t —Un, Azt) > (2t — Un, Azt) — (2t — Up, Axy) — <zt — Up, > + o(zt, un)

n

= (2t — Up, Azt — Auy) + (2t — Uy, Au, — Axy)

Up — T,
LA SO

Tn
Up — T
> (2t — un, Aup, — Azp) — <Zt — Un, >+<p(2t,un)-
From the condition (A4) and let n — oo we get
<Zt - U, AZt) Z (,D(Zt, U’) (25)

From the conditions (A1), (A4) and (Z3]), we also have

0= p(2t, 2t) < tp(ze,y) + (1 —t)p(ze,u)
<tp(ze,y) + (1 — 1) (2 — u, Azy)
=tp(zt,y) + (1 —t)(y —u, Az)

and hence

0 < p(zt,y) + (1 —t){y — u, Az).



On Strong Convergence of a Halpern-Mann's Type Iteration ... 459

Letting t — 0, we have, for each y € C,
0 < p(u,y) + (y — u, Au).
This implies u € EP(p, A). O
The following lemma is needed for proving the main results.

Lemma 2.5 ([25, Lemma 2.6] and [26] Lemma 2.1]). Let {a,} be a sequence in
[0,00), {¢a} be a sequence in (0,1) such that Y~ | ¢, = oo, and {6,} be a sequence
of real numbers. Suppose that

ant1 < (1= Cn)an + Gudn  for alln € N,

and one of the following holds:
(Z) 2211 Cn(sn < 005

(i) limsupy_, o On, <0 for every subsequence {an,} of {an} satisfying
liminfy oo (@n,4+1 — an,) > 0.

Then lim,, .o an = 0.

3 Halpern-Mann’s Type Iterations with Pertur-
bations

In this section, motivated by [20, Thoerem 3.1], we give strong convergence
theorems for finding the common element of the set of solutions of a generalized
equilibrium problem and the set of fixed points of a countable family of quasi-
nonexpansive mappings by iterations with perturbations in a real Hilbert space.
To this end, the following condition of a family of mappings is needed in this paper.
A family {T;,} of mappings of C into H is said to satisfy the NST-condition [9] if
every weak cluster point of {z,} belong to N%2; F(T,,) whenever {z,} is a bounded
sequence in C. We know several examples of families of quasi-nonexpansive map-
pings satisfying the NST-condition; see [TH13[15]).

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H and
let o : C x C — R be a bifunction satisfying the conditions (Al)-(A4). Let A
be an a-inverse-strongly monotone mapping of H and let {T,} be a family of
quasi-nonexpansive mappings of C' into H satisfying the NST-condition and § :=
N2 F(T,)NEP(p, A) # @. Let {wy} be a sequence in H and {ry} be a sequence
in [a,b] C (0,2c0). For a given x1 € H, define the sequences {xzyn}, {yn} and {u,}
by

(p(’U/r“y) + <A$nay - U’TL> + %ﬂ<y — Unp, Un — xn) Z 0 fO’f’ all Yy € Ca
yn = Po(Anzn + (1 — Ap)uy), (3.1)
Tnil = QuWn + BnYn + YuThyn for alln € N,

where {an}, {Bn}, {1} and {\,} are sequences in (0,1). Assume that
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(i) limy oo ay = 0,307 |t =00 and oy, + B + 7 = 1;
(i) liminf, o Bnyn > 0;
(#i) limsup,,_,. An < 1;
(i) lim, oo wy, = w for some w € H.

Then {xn}, {yn} and {un} converge strongly to Pzw.

Proof. Since § is nonempty closed convex, for convenience, we put z = Pzw. Note
that u, can be rewritten as w,, = T, (x, — rpAx,) for each n € N.

We prove the theorem in the following steps.

Step 1: We show that {z,,}, {yn} and {u,} are bounded. From Lemma [Z4]i),
we obtain

[un — 2| < lJan — 2. (3.2)
By the definition of y,,, we have

[yn = ZI| < [IAn(zn = 2) + (1 = An)(un — D)
< Anllzn = 2] 4 (1= An)llun — ]| (3:3)
< |y — 2. (3.4)

So, we obtain

||In+1 - j” ||anwn + Bnyn + WTnyn — j||

< apllwn — Z|| + Bullyn — ZIl + Yol Tnyn — ||

< anllwn = Z|| + Bullyn = Zll + Yallyn — 2|l

= apllwn — Z[| + (1 — an)lyn — 2| (3.5)
< apllw, — Z| + (1 — an)||zn — Z||. (3.6)

Since lim,, oo w, = w for some w € H, we obtain {w,} is a bounded sequence.
Then there exists M > 0 such that sup,,cy ||lw, — Z|| < M. From 0] and by
induction, we obtain

[Zn+1 = 2| < anllwn = 2] + (1 = an)l|lz, — 2|
<apnK+(1—a,K
= K’

where K = max{||z1 — Z||, M'}. Hence, the sequence {x,} is bounded and so {y,}
and {u,} are also bounded sequences.
Step 2: We show that if there exists a subsequence {z,,} of {z,} such that

lim inf ([0, +1 — 7] — |2, - 2l)) > 0,
k—o0

then
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(a) limyeo |2, — un, || = 0;
(c) limg oo ||mnk+1 - u”k” =0.
Let {zy, } be a subsequence of {z,} such that

lim inf(||2n, +1 — Z|| = [|2n, — Z[|) > 0.
k— o0

(a) By &3), B3), B2) and «,, — 0, we obtain

0 < timinf (|n, +1 — 7] = n, — 3l)
< timinf (an, [wn, = 2+ (1 = an) [, — 71l = 2a, — 7])
—00
= liminf(flyn, — [ = [lzn, —2[))
—00
< liminf (A [, = 7l + (1= Xny) 1t = 2 = |, — 7])
= liminf(1 = Au,) (Jtn, = 7] = 2, — 71)
—00
< limsup(l — A ) (|un, — || = [lzn, — Z[])
k—o0
< limsup(l — A ) (|ln, — || = [l2n, — Z[])
k—o0
=0.
Thus
Jim (1= ) ([wny, = 2] = 2n, = 2[) = 0.
—00

Since lim sup,, ,.o An < 1, we obtain

Jimn (Jlun, — 7] = e, — 7)) = 0.

This together with Lemma [2:4)i) gives

a(2a = b)||Azn, — AZ||* < ||2n, — 2[|* ~ un, — 2[* = 0.

This implies that
|Az,, — AZ|| — 0.
Using Lemma (i), we obtain

[|wn — j||2 =T, (xn — TnAzyn) = Tp, (T — rnAjU)HQ
< |(zn —rnAz,) — (T — rnAj)||2 — |lun — $n||2

= |[(xn — Z) — rn(Azn — Af)”2 — [lun — xn”Q

461

= |z — z||* = 2rp{z, — T, Az, — AZ) + 12| Az, — AZ||]> — |20 — unl®.
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Thus
lzn —unll® < |20 — Z))* = Jtn — Z||* = 2rp (xn — T, Axy, — AZ) + 72| Az, — AT
This together with B7) and B8] gives
klggo [n, = tn, [ =0
(b) By (36) and a,, — 0, we obtain
Jnss — &) = on — 2] < an(llion — 2] — 2 — 7)) = 0.
Thus

tim sup(||an1 — 7| — [l — ) < 0.
n— o0

This implies that

A (211 = 2| = llzn, —2|)) = 0. (3.9)
— 00

By 23) and 34]), we obtain

21 — 2] = lanwn + Bayn + ¥nTnyn — 22
< ap||wn — f||2 + Bullyn — EHQ + Yol Toyn — 9_3”2 = Bavn | Tnyn — yn||2
< aplwn — j||2 + (B + ) lyn — f||2 = B | Tnyn — yn||2
< anllwn = Z[* + (1 = an) |20 — 21 = Byl Tnyn — yall*.

Thus
Byl Tayn — ynll? < an(llwn = 2I* = l|lzn — 2[I*) + |25 — 2] — 241 — 2.
By a;, — 0 and (B3], we obtain
Br Y | T Ynse — Yl = 0.

It follows from the condition (ii) that

||Tnkynk — Yny, || — 0.

(c) It follows from (a), (b) and a;,, — 0 that

[T+t = tne || < [[@n1 = Yol + [y, — tn, ||
< lany (W, = Yny) + Y (TagYng — Yyl
+ || Po(Any Tny, + (1 = Any )tn,, ) — Potin, ||
< any lwny, = Yni | + Vi 1 T Ynie — Yl + Ay [Ty, — wny || = 0.
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Step 3: We show that
zni1 — Z)|1* < (1 = ap)||zn — Z||? + 200 (2p i1 — Z,w, —Z) for all neN.

To do this, by using 210, (Z3) and B4, we obtain

241 — 21 < llan(wn — ) + Ba(yn — ) + Yo (Tayn — T)
< 18 (yn — 2) + 1 (Tuyn — 2)|I* + 200 (Tnt1 — T, 0y — T)
< Bullyn — j||2 + Yol Tnyn — 55”2 + 200 (@Tpt1 — T, wp — T)
< (Bu + 1)llyn — ZlI* + 200 (241 — T, w0, — 1)

< (1 —an)||lzn — 2| + 200 (2011 — T, wy, — T).

I

Step 4: We show that z,, — T, yn — T and u, — T. From Step 3 with setting
an = ||z, — z||?, we obtain

An 41 S (]- - an)an + an5n7

where 8, = 2(z,41 — T, w, — ) for all n € N. From Lemma 2Z5]ii) and Y 7, o, =
oo, we only show that limsup,_,  J,, < 0 for every subsequence {a,,} of {a,}
satisfying lim infg_, o0 (@n, +1—an, ) > 0. To show this inequality, take a subsequence
{n;} of {ny} such that

lm sup(Tn,+1 — &, Wn, — T) = lim (T, 41 — T, Wy, — T). (3.10)
k—00 11— 00
Since {u,} is bounded, without loss of generality, we may assume that wu,, — w.
Since
lim inf(a,, 11 — an, ) = iminf(||zn, 11 — Z||> — |2, — 2]|?) >0,
k—o0 k—o0
we get
liminf (|7, +1 — 7| — [z, — 7)) > 0.
k— o0

From Step 2(b) and {7} satisfies the NST-condition, we get u € N2, F(T},).
Furthermore, from Step 2(a) and Lemma [Z7(ii), we obtain u € EP(p, A). This
means that v € §. From Step 2(c), we have z,,11 — u. Since w,, — w and the
property of metric projection with Z = Pzw, it follows from (3.I0)) that

lmsup(Tn,+1 — &, Wy, — T) = lm (zp, 41 — T, Wy, — T) = (u — T, w —T) < 0.
k—o00 t—00

Thus limsup;,_, o 0n, < 0 and then z, — Z. It follows from (B2) and [B4) that
U, — T and y, — T. This completes the proof. [l

If we put T;, = T and use Theorem [BI] then we get the following result.
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Corollary 3.2. Let C be a closed convexr subset of a real Hilbert space H and
let o : C'x C — R be a bifunction satisfying the conditions (Al)-(A4). Let A be
an a-inverse-strongly monotone mapping of H and let T be a quasi-nonexpansive
mapping of C into H satisfying I —T is demiclosed at 0 and F(T)NEP(p, A) # @.
Let {w,} be a sequence in H and {r,} be a sequence in [a,b] C (0,2«). For a
given x1 € H, define the sequences {x,}, {yn} and {u,} by

@(u'rmy) + <A$nay_un> + L(:g — Up, Un _In> Z O fO?” ally S Ca

o = Po(nn + (1= AnJun),
Tnt1l = QnWy + BrnYn + ¥nTYn  for allm € N,
where {an}, {Bn}, {1} and {A\.} are sequences in (0,1). Assume that
(i) limp oo ay = 0,Y 07 |y =00 and oy + B + 7 = 1;
(ii) Uminf, e Bnyn > 0;
(i) limsup,,_, o A\n < 1;
(iv) lim, oo wy, = w for some w € H.

Then {zn}, {yn} and {u,} converge strongly to Ppryngp(p,a)w-

Remark 3.3. (1) Corollary[ZQ extends and improves [20, Theorem 3.1] by set-
ting A=0 and A\, = 0.

(2) Corollary [32 is still true if T is one of generalized hybrid mappings, hy-
brid mappings, A-hybrid mappings, nonspreading mappings, nonerpansive
mappings, mappings with condition (B) or (C). Indeed, these mappings are
quasi-nonexpansive mapping satisfying I — T is demiclosed at 0. For more
details, see [20)].

If we put ¢ =0, A=0, r,, =1 and use Theorem Bl then 7T, = Pc and we
get the following result.

Corollary 3.4. Let C be a closed convexr subset of a real Hilbert space H and
let {T,} be a family of quasi-nonexpansive mappings of C into H satisfying the
NST-condition and § := N2 F(T,) # &. Let {w,} be a sequence in H. For a
given x1 € C, define the sequence {x,} by

Tnt+1 = Po(anwn, + Buxn + v Thzy) for alln € N,
where {an}, {Bn} and {yn} are sequences in (0,1). Assume that
(i) limy, oo ay = 0,Y 00y =00 and o + By + 0 = 1;

(i) liminf, o Bnyn > 0;
(i) lim,, oo wy, = w for some w € H;

Then {x,} converges strongly to Pzw.
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Remark 3.5. If T,, =T, then Corollary[3.7) reduces to [20, Theorem 4.1].

Let {T,} be a family of nonexpansive mappings of C into itself and let A7, A, A}
be real numbers for all n € N such that 0 < A? < 1 for ¢ = 1,2,3 with
AP+ A+ A8 =1and Ay > a > 0 for all n € N. Then for any n € N, we
define a mapping S, of C into itself [I6] as follow:

Un,n-{-l = I,

Un,n = )\?TnUn,nJrl + )\gUn,nJrl + )\gja

Upmo1 =N 0 1 Upn + N U + AT,

Up.i = MTpUp ka1 + MU 1 + A5,

Un.2 = MU, 3+ NoUn s + M2,

Sp=Un1 = MT1Uno + AsUno + AL (3.11)

Such a mapping S,, is called the S-mapping generated by Ti,75,...,T, and
AT, A5, A5, It is obvious that S, and U, are nonexpansive for every n > k.
The following lemma is proved in [I5, Lemma 3.4].

Lemma 3.6. Let C be a closed convex subset of a real Hilbert space H. Let {T),} be
a sequence of nonexpansive mappings of C into itself with N2, F(T;) is nonempty.
Let {\}' : i = 1,2,3} be real numbers in [0,1] such that \{ + A5 + Xy = 1 and
A} > a >0 for alln € N. Then the sequence {Sn} of S-mapping defined by (BII)
satisfies the NST-condition.

Using Theorem [3.1] and Lemma [3.6, we get the following result.

Theorem 3.7. Let C be a closed convex subset of a real Hilbert space H and let
¢ : CxC — R be a bifunction satisfying the conditions (A1)-(A4). Let A be an a-
inverse-strongly monotone mapping of H and let {T,,} be a family of nonexpansive
mappings of C into itself with § := N2 F(T,) N EP(p, A) # @. Let {wy,} be a
sequence in H and {r,} be a sequence in [a,b] C (0,2a). For a given x1 € H,
define the sequences {xn}, {yn} and {u,} by

@(unay) + <A:L'nay - un> + %<y — Un, Up — :L'n> 2 0 fO?" all Y € Ca

Yn = Po(Anzn + (1 — Ap)ug),
Tntl = QpWyn + BnYn + YnSnyn for alln € N,

where Sy, is the S-mapping defined by BII) and {an}, {Bn}, {7n} and {\,} are
sequences in (0,1). Assume that

(i) limy, o0 p = O,fo:l a, = 00 and oy + By + v = 1;
(1) liminf, oo Bnyn > 0;
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(i1) limsup,,_, o An < 1;
(i) lim, oo wy, = w for some w € H.
Then {xn}, {yn} and {un} converge strongly to Pzw.

The common minimum-norm problem of a subset D of a real Hilbert space H
is finding x* € D such that

l*|| = min{||z| : € D}.

In other words, z* is the metric projection of the origin (0) on D. In many prac-
tical problems, such as optimization problems, finding the minimum norm fixed
point of mappings is quite important (see [I5,[19,27H30]). For finding the com-
mon minimum-norm element of the set of solutions of the generalized equilibrium
problem and the set of fixed points of a countable family of quasi-nonexpansive
mappings in a real Hilbert space, let us put w, = 0 and use Theorems 3.l We
get the following result.

Theorem 3.8. Let C be a closed convexr subset of a real Hilbert space H and
let o : C x C — R be a bifunction satisfying the conditions (Al)-(A4). Let A
be an a-inverse-strongly monotone mapping of H and let {T,} be a family of
quasi-nonexpansive mappings of C' into H satisfying the NST-condition and § :=
N2, F(T,)NEP(p,A) # &. Let {r,} be a sequence in [a,b] C (0,2a). For a given
x1 € H, define the sequences {zn}, {yn} and {u,} by

@(unay) + <A:L'nay - un> + %"<y — Un, Un — :L'n> 2 0 fO?" all Yy € Ca

Yn = Po(Anzn + (1 — Ap)uy),
Tnt1 = BnYn + (1 — an — Bn)Tnyn  for alln € N,

where {a,} and {B,} are sequences in (0,1). Assume that
(i) limy o0 ay = 0,Y 07 | @ty = 00;
(i) liminf,, o Bn(1 — By) > 0.
(i) limsup,,_, ., A\n < 1;

Then {xyn}, {yn} and {un} converge strongly to P30 which is the common minimum-
norm element of §.

Proof. Let w, =0 and v, =1—a, — ;. Then lim, ,oc w, =0, @+ Prn+v =1
and liminf,, o BnYn > 0. Using Theorem B.Il we obtain the desired result. O

If T, is the S-mapping S, in Theorem B.8 then we get the following result.

Corollary 3.9. Let C be a closed convex subset of a real Hilbert space H and let
v : CxC — R be a bifunction satisfying the conditions (Al)-(A4). Let A be an o-
inverse-strongly monotone mapping of H and let {T,,} be a family of nonexpansive
mappings of C into itself with §F := NS, F(T,) N EP(p, A) # @. Let {r,} be a
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sequence in [a,b] C (0,2a). For a given x1 € H, define the sequences {xn}, {yn}
and {un} by
@(Umy) + <A$nay - Un) + %(y — Un, Un — In) Z 0 fO?” all Y S 07

Yn = PC()\nxn + (]- - )\n)un);
Tp41 = Bnyn + (1 — Qp — Bn)snyn fOT alln € N,

where S, is the S-mapping defined by BI1), and {an} and {B,} are sequences in
(0,1). Assume that

(i) limy, o0 = 0,507 | @ = 00;
(i) liminf,, o Bn(1 — Bn) > 0;
(#1) limsup,, .o An < 1.

Then {zyn}, {yn} and {un} converge strongly to P30 which is the common minimum-
norm element of §.

If o =0, A\, =0 and use Corollary [3.9 then we get the following corollary by
the iterative method like Yao et al.’s iteration [28] with a new control parameter
which is complementary to Yao’s result [28] Theorem 3.1] and Wang’s result [21]
Theorem 3.4]. More precisely, it provides a new convergence theorem for a wider
class of the operator A (see Remark 1)) and S,, = W,, which is called the W-
mapping defined by Takahashi [31] if setting A} = 0 in (BI1).

Corollary 3.10. Let H be a real Hilbert space and A be an a-inverse-strongly
monotone mapping of H and let {T,,} be a family of nonexpansive mappings of H
with § := N2 F(T,) N VI(H,A) # @. Let {r,} be a sequence in [a,b] C (0,2a).
For a given x1 € H, define the sequences {x,}, and {yn} by

{ Yn = Tn — TnA:L'n;
Tnt1 = BnYn + (1 — an — Br)Snyn  for alln € N,

where S, is the S-mapping defined by BI1), and {an} and {B,} are sequences in
(0,1). Assume that

(i) limy, o0 = 0,507 | @ = 00;
(1) liminf, . Bn(l — B,) > 0.

Then {zn} and {yn} converge strongly to Pz0 which is the common minimum-
norm element of §.

We present a strong convergence of the iteration (B.I]) with another control
condition of perturbations which extends and improves [19, Theorem 3.7] as fol-
lows.

Theorem 3.11. Let C be a closed convex subset of a real Hilbert space H and
let ¢ : C x C — R be a bifunction satisfying the conditions (Al)-(A4). Let A be
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an a-inverse-strongly monotone mapping of C into H and let {T},} be a family
of nonexpansive mappings of C into itself satisfying the NST-condition and § =
N F(T,)NEP(p,A) # @. Let {wy} be a sequence in H and {r,} be a sequence
in [a,b] C (0,2a)). Let {xy}, {yn} and {u,} be sequences generated iteratively by
@BI). Assume that

(i) limp oo ay = 0,307 | oty =00 and oy, + B + 7 = 1;
(1) liminf, o Brnyn > 0;
(#i) limsup,,_, . An < 1;
(iv) D07, anlwn | < 0o or limy, oo wy, = 0.

Then {xy}, {yn} and {u,} converge strongly to Pz0 which is the common minimum-
norm element of §.

Proof. Let w, =0 and let {Z,}, {y»} and {u,} be sequences defined as follows:

5’2\1 = € C,

¢(Un,y) + (AT, y — W) + 72y = Un, Up — Tp) >0 forally € C,
@\n = PC()\n/x\n + (1 - )\n)an)7

Tnil = QnWn + BnUn + v Thyn for all n € N.

Using Theorem Bl we get that {Z,}, {g.} and {u,} converge strongly to PzO0.
Notice that u, = T, (I — rpA)zy, and uy, =T, (I —rpA)Z,. Then

tn — un |l < |70 — znl,

19 = yull <A@ — 20) + (1 = X)) (Wn — un)||
ST — za |l + (1 = X)) [[tn — un |

< Zn — 24|
and so
anJrl - fL'nJrlH < an”wn” + ﬂn”gn - yn” + 7n|‘Tn§n - TnynH

< (1= an)||Un — ynll + anllwal|
< (1= a)|Zn — @l + anllwall.

By Lemma 25 we get Z, —z,, — 0. It follows that {x,}, {y»} and {u,} converge
strongly to Pz0 as desired. O

Remark 3.12. Our results can be applied to solve the problem of finding com-
mon zeros of mazximal monotone operators, the common minimizer problem, the
multiple-sets split feasibility problem. For more details, see [15,[32].
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4 Modified Viscosity Methods

Using Theorem [B] and the technique in [22], we obtain the following strong
convergence theorem by the modified viscosity method for finding the common
element of the set of solutions of the generalized equilibrium problem and the set
of fixed points of a countable family of nonexpansive mappings in a real Hilbert
space.

Theorem 4.1. Let C be a closed convex subset of a real Hilbert space H and
let ¢ : C xC — R be a bifunction satisfying the conditions (Al)-(A4). Let
A be an a-inverse-strongly monotone mapping of H and let {T,} be a family
of nonexpansive mappings of C into H satisfying the NST-condition and § =
N2 F(T,) N EP(p,A) # @. Let f is a k-contraction of H with x € [0,1). Let
{rn} be a sequence in [a,b] C (0,2a). For a given x1 € H, define the sequences
{zn}, {yn} and {un} by

@(Umy) + <A$nay - U’TL) + %n<y — Un, Up — In) Z 0 fO?” all ye 07
Yn = PC()\nxn + (]- - )\n)un);
Tnt1 = An [ (TnZn) + Bnyn + WTnyn for alln € N,
where {an}, {Bn}, {n} and {\,} are sequences in (0,1). Assume that
(i) limy, o0y = 0,507 ay = 00 and o + B+ 70 = 1;
(ii) Uminf, o Bnyn > 0;
(#11) limsup,, .o An < 1.

Then {x,}, {yn} and {u,} converge strongly to z € §F where z = Pz f(z).

Proof. Since Py f is contraction, there is z € § such that z = Psf(z). Let w, =
f(2) and let {Z,}, {Un} and {@,} be sequences defined as follows:

=T € C,
(anvy) + <A/x\nay_an> + %<y_anaan _/I\n> Z 0 for ally € 07

12
/y\n = PC()\n/x\n + (1 - )\n)an)7
Tnt1 = WnWn + BnYn + YnTnyn for all n € N.

Using Theorem Bl we get that {Z,}, {y»} and {@,} converge strongly to z =
P f(z). We also obtain

tn = unll < NZn = znll, 10 —yull < 1Zn — 20|
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and

[Zns1 — Tnal]
< Otn”f(Z) - f(Tnxn)” + ﬂn”gn - yn” + 7n||Tn§n - Tnyn”
< ankillz = Tozn|| + (1 — o) [Yn — yal|
< ankil|z = @n |l + (1 — an)[|Zn — |
< ankil|Zn — 2ol + ankllz = Tl + (1 = an) |20 — zn ||

~ kllz — T
=(1—an(1—=r)|Zn —zn| + an(l — H)%
Since 7, o, = o0, we have Y 7 | a, (1 — k) = 0co. By Lemma [ZH and Z,, — z,
we get T, — x, — 0. It follows that {z,}, {yn} and {u,} converge strongly to z
as desired. 0

Similarly to the proof of Theorem [£1] we have the following theorem.

Theorem 4.2. Let C be a closed convexr subset of a real Hilbert space H and
let ¢ : C xC — R be a bifunction satisfying the conditions (Al)-(A4). Let
A be an a-inverse-strongly monotone mapping of H and let {T,} be a family
of nonexpansive mappings of C into H satisfying the NST-condition and § =
N>, F(T,)NEP(p, A) # @. Let f is a k-contraction of H with k € [0,1) and let
{rn} be a sequence in [a,b] C (0,2a). For a given x1 € C, define the sequences
{an}, {yn} and {un} by

O(tun,y) + (ATpn, y — un) + %ﬂ(y = U, Up — Tp) >0 forally € C,

Yn = Po(Anzn + (1 — Ap)uy),

Tp41 = anf(xn) + Bnyn + v Thyn fO?” alln € N,

where {an}, {Bn}, {1} and {\,} are sequences in (0,1). Assume that
(i) limp oo ay = 0,> 07y a =00 and oy, + B + 7 = 1;
(ii) Uminf, e Bnyn > 0;
(i) limsup,, .o An < 1.
Then {x,}, {yn} and {u,} converge strongly to z € §F where z = Pz f(z).

Next we consider a more generalized iterative like the viscosity iteration with
a family of contraction mappings and we obtain strong convergence theorem for
finding the common element of the set of solutions of the generalized equilibrium
problem and the set of fixed points of a countable family of nonexpansive mappings
in a real Hilbert space.

Theorem 4.3. Let C be a closed convexr subset of a real Hilbert space H and
let ¢ : C xC — R be a bifunction satisfying the conditions (Al)-(A4). Let
A be an a-inverse-strongly monotone mapping of H and let {T,} be a family
of monexpansive mappings of C into H satisfying the NST-condition and § :=
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N>, F(T,) N EP(p,A) # @. Let fy is a family of kn-contractions of H with
kn € [0,1) and limsup,,_, . n < 1. Let {r,} be a sequence in [a,b] C (0,2«). For
a given x1 € C, define the sequences {xy}, {yn} and {u,} by

@(unay) + <A$nay_un> + %(y — Un, Un _In> Z 0 fO?” ally € 07

Yn = Po(Anzn + (1 — Ap)ug),
Tn+1 = anfn(xn) + Bnyn + VWInyn for alln €N,

where {an}, {Bn}, {n} and {\,} are sequences in (0,1). Assume that
(i) iy oo ap = 0,307 | @y = 00 and oy + B + Y = 1;
(1) liminf, oo Bnyn > 0;
(#1) limsup,, .o An < 1.

If there is a contraction f such that f(x) = lim, o fn(x) for each x € §, then
{zn}, {yn} and {u,} converge strongly to z € § where z = Py f(z).

Proof. Let z = Pzx; € §. There is a contraction f such that f(z) = lim, e frn(2).
Let @, = fn(z) and let {Z,,}, {y»} and {U,} be sequences of C defined as follows:

fl = € C,
P(Un,y) + (AT, y — Un) + 72y = Un, Up — Tp) >0 forall y € C,

/y\n = PC()\n/x\n + (1 - )\n)an)7
Tni1l = QnWn + Bnln + VuThy, for all n € N.

Using Theorem B1] we get that {Z,}, {y»} and {u,,} converge strongly to Pz f(z).
Since z € §, we get z = Ps f(z). Moreover, we have

tn — unll < NZn —2nll, [0 = ynll < [1Zn — 20|
and

[Zns1 — Tnga]
< ankinl|z = zpl| + (1 — ) |Un — Ynll
< anbin||Zn = 2l + ankinllz = Zn|l + (1 — an)[|Zn — ||
. Enl|lz —Z
= (1 au(l — k)[En — 2l + 001 — ) 2E Tl
ki
Since Y07 @, = 00, limsup,, o fin < 1 and T, — 2, we have > - ap(1—ky) =
oo and % — 0. By Lemma 23 we get Z,, — x,, — 0. It follows that {z,},
{yn} and {u,} converge strongly to z as desired. O

If we put ¢ =0, A= 0, r,, = 1 and use Theorem 3] then we get the following
result.
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Corollary 4.4. Let C be a closed convex subset of a real Hilbert space H and let
{T.} be a family of nonexpansive mappings of C into itself satisfying the NST-
condition and § = N3, F(T,,) # @. Let {fn} is a family of kn-contractions of H
with Ky, € [0,1) and limsup,,_,. kn < 1. For a given x1 € C, define the sequence
{zn} by

Tnit1 = PC(anfn(zn) + ﬂnxn + ’YnTnxn) fOT’ alln € Na

where {an},{fn} and {1} are sequences in (0,1). Assume that
(i) limp—yoo ay = 0,Y 07y apy =00 and oy, + B + 7 = 1;
(it) iminf, e Bnyn > 0.

If there is a contraction [ such that f(x) = limy, oo fn(x) for each x € §, then
{zn} converges strongly to z € § where z = Pz f(z).

Remark 4.5. IfT,, = ToT, and f, = f, then T, satisfies the NST-condition (see
[10, Theorem 4.10]) and hence Corollary[{.2 extends and improves [23, Theorem
5]. More precisely, the condition limy, oo (rny1 — ) = 0 is removed.

Finally, we show that our results not only include [24) Theorem 3.1] as special
cases but also give a simple proof.

Theorem 4.6. Let C be a closed convex subset of a real Hilbert space H and let
{T.} be a family of nonexpansive mappings of C into itself. Let {f.} is a family
of kn-contractions of C into itself with k, € [0,1) and limsup,,_, . kn < 1. For a
given z1 € C, define the sequences {zy}, {yn} and {u,} by

Tnt1 = Qnfn(@n) + (1 — an)Thaz,  for alln €N,
where {an} s a sequence in (0,1). Assume that
(i) limy oo ay = 0,307 | @ty = 00;
(i6) limy, o0 @p /g1 =1 or 307 | oy, — apyr] < 00.

Let Y07 sup{||Tht12 — Tpz|| : 2 € B} < oo for any bounded subset B of C and
T be a mapping of C into itself defined by Tz = limy,, oo Tz for all z € C' and
suppose that F(T) = (\,_, F(Ty,). If there is a contraction f of C into itself such

that f(x) = limy oo fn(z) for each x € F(T), then {x,} converges strongly to
z € F(T) where z = Pp(ry f(2).

Proof. Let z = Ppxy € §. There is a contraction f of C into itself such that
f(2) =lim, 00 fn(2). Define a sequence {z,} by z3 = 1 and

Znt1 = anf(2) + (1 — an)Thz, foralln e N.
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Asin [7, Theorem 3.1], we can show that {z, } converges strongly to z = Pg() f(2).
We consider

[2n+1 — Tpa |
< || f(2) = falzn)l + (1 — o) Thzn — Than ||
< an f(2) = fa(2)]| + anll fn(2) = fu(z0)l] + anll fa(zn) = frl(zn) |l
+ (1 = an)llzn — |
1/ (z) = fa(2)l[ + fnllzn — 2|

1—ky

< (1 —an(l=kn)llzn — 2ol + an(l — ky)

By Lemma 2] we get z,, — x,, — 0. It follows that {x,} converges strongly to z
as desired. |

Remark 4.7. 1. In the presence of the stronger family than a family of non-
expansive mappings such as a family of firmly type nonerpansive mappings
or a family of strongly nonerpansive mappings, using [I1l, Theorem 10] in
the proof of Theorem [{-6] we can weaken and remove the restriction on the
sequence {ay, }. More precisely, condition (ii) is removed.

2. The condition that o> sup{||Th+12—Thz| : 2 € B} < 0o for any bounded
subset B of C and T is a mapping of C into itself defined by Tz = limy,, 00 T2
for all z € C and suppose that F(T) = (., F(T,) can be replaced by a more
general assumption, e.g. for any bounded subset B of C, there exists a non-
expansive mapping T of C into itself such that lim,_, o sup{||Tnz—T(Tn2)| :
z€ B} =0 and F(T) =(\,—, F(T,). Moreover, we are able to weaken the
restriction on {a,} when we use [I2, Theorem 8.1] or [13, Theorem 5.1] in

the proof of Theorem [{.6],

3. By using the same ideas and techniques, we can also discuss the strong
convergence in a wider space which is a uniformly conver Banach space
whose norm is uniformly Gateauz differentiable.

If we put T;, = T and use Theorem [£.6] then we get the following result.

Corollary 4.8. Let C be a closed conver subset of a real Hilbert space H and
let T be a nonexpansive mapping of C into itself. Let {f.} is a family of k-
contractions of C' with k, € [0,1) and limsup,, , . k&, < 1. For a given z1 € C,
define the sequences {xy}, {yn} and {u,} by

Tnt1 = Qnfn(@n) + (1 —an)Tx,  for alln € N,
where {a,} is a sequence in (0,1). Assume that
(i) limy, o0y = 0,307 @ = 00;
(i) limp oo /i1 =1 or Y 00| |ay — apg| < 0.

If there is a contraction f such that f(z) = lim,— oo fn(x) for each x € F(T), then
{xn} converges strongly to z € F(T'), where z = P f(2).
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Proof. Let T, = T. Then Y - sup{||Tht412 — Thz| : 2 € B} =0 < oo for any
bounded subset B of C, Tz = limy, oo Tz for all z € C and F(T) = (., F(T,).

Using Theorem [4.6] we obtain the desired result. O

Remark 4.9. Corollary [{.8 extends and improves [24, Thoerem 8.1] in the fol-
lowing ways:

(i) The conditions lim,, oo tp /1 =1 and > 07 | |an — api1| < 0o are not
comparable in general.

(ii) The restriction that {f,(x)} is uniformly convergent for each x € D, where
D is any bounded subset of C' is weakened and replaced by there is a con-
traction f such that f(x) = lim,_ oo fn(x) for each € F(T).

(iii) The condition liminf, . £, > 0 is removed.

(iv) We can give a simple proof of [24], Thoerem 3.1] by using this technique
and [26, Theorem 2.3].
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