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1 Introduction

The theory of variational inequalities is a branch of the mathematical sciences
dealing with general equilibrium problems. It has a wide range of applications in
economics, operations research, industry, physical, and engineering sciences. Many
research papers have been written lately, both on the theory and applications of
this field. Important connection with main areas of pure and applied science have
been made, see for example [IH3] and the references cited therein.

Variational inequalities theory, which was introduce by Stampacchia [4], pro-
vides us with a simple, natural general and unified framework to study a wide class
of problems arising in pure and applied science. The development of variational
inequality theory can be viewed as the simultaneous pursuit of two different lines
of research. On the one hand, it reveals the fundamental facts on the qualitative
aspects of the solutions to important classes of problems. On the other hand, it
also enables us to develop highly efficient and powerful new numerical methods for
solving, for example, obstacle, unilateral, free, moving, and complex equilibrium
problems.

Moreover, Noor [5], Moudafi [6] and Pang et al. [7] have also considered the
variational inequality problems over these nonconvex sets. In [5l8], Noor has shown
that the projection technique can be extended to nonconvex variational inequalities
and has established the equivalence between the nonconvex variational inequalities
and fixed point problems by using the projection technique.

In this work we consider necessary and sufficient condition for proof the iter-
ative scheme which modified a mapping T with is Lipschitz continuous but not
strongly monotone mapping and proof the strong convergence of iterative schemes
to the solution of the strongly nonlinear general nonconvex variational inequalities.

2 Preliminaries

Let C be a closed subset of a real Hilbert space H with inner product (-, )
and norm || - || respectively. Let us recall the following well-known definitions and
some auxiliary results of nonlinear convex analysis and nonsmooth analysis.

Definition 2.1. Let uw € H be a point not lying in C. A point v € C is called a
closest point or a projection of u onto C if do(u) = ||u — v|| when d¢ is a usual
distance. The set of all such closest points is denoted by P (u); that is,

Po(u)={v e C :dc(u) = |lu—2|}. (2.1)

Definition 2.2. Let C be a subset of H. The proximal normal cone to C at x is
given by

NE(x)={2€ H:3p>0;x € Pc(x+ p2)}. (2.2)

The following characterization of NE (x) can be found in [9].
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Lemma 2.3. Let C be a closed subset of a Hilbert space H. Then
z € NE(x) if and only if 3o > 0, (z,y — z) < oy — z||?, Vy e C. (2.3)

Clark et al. [I0] and Poliquin et al. [II] have introduced and studied a new
class of nonconvex sets, which are called uniformly prox-regular sets. This class
or uniformly prox-regular sets has played an important part in many nonconvex
applications such as optimization, dynamic systems, and differential inclusions.

Definition 2.4. For a given r € (0, +0o0], a subset C of H is said to be uniformly
proz-reqular with respect to r if, for all T € C and for all 0 # z € Ng(ac)7 one has

z _ 1 —12
— -1 < —||lz— V. C. 2.4
(o= < golle =72 o e (2.4

It is well known that a closed subset of a Hilbert space is convex if and only
if it is proximally smooth of radius r > 0. Thus, in Definition 24 in the case of
r = 00, the uniform r-prox-regularity C' is equivalent to convexity of C. Then, it
is clear that the class of uniformly prox-regular sets is sufficiently large to include
the class p-convex sets, C1'! submanifolds (possibly with boundary) of H, the
images under a C1! diffeomorphism of convex sets, and many other nonconvex
sets; see [LOL[IT].

Let C;, be a uniformly r-prox-regular(nonconvex) set. For given nonlinear
mappings T, A, g : C,, — H, we consider the problem of finding u € C, : g(u) € C,
such that

(Tu, g(v) — g(w) + Alg(v) — g(u)[[? = (A(u), g(v) — g(w)), ¥ € C; : g(v) € Cy.
(2.5)
which is called the strongly nonlinear general nonconvex variational inequality
(SNGNVI), introduced by Eman [12].
It is worth mentioning that if g = I, the identity mapping, then problem (23]
is equivalent to finding v € C). such that

(Tu,v —u) + Mo —ul|®> > (A(uw),v — u),Yo € C,, (2.6)

which is known as strongly nonlinear nonconvex variational inequality introduced
and studied by Noor [§]. If A(u) = 0, then problem (Z3)) is equivalent to finding
u € C}. such that

(Tu, g(v) — g(w)) + Mlg(v) — g(W)|* > 0,Yv € C 1 g(v) €Cr, (2.7)

which is called the nonconvex variational inequality. If ¢ = I and A = 0, then
problem (277) is equivalent to finding u € C,. such that

<TU,U - U> Z O;VU € CTa (28)

is called general nonconvex variational inequality introduce by Bounkhel et. al. [13]
and Noor [B1[8].
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It is known that problem (ZI)) is equivalent to finding v € C,. such that
0€ Tu— A(u) + NE g(u), (2.9)

which N£ g(u) denote the normal cone of C; at g(u). The problem (Z9) is called
the the nonconvex variational inclusion problem associated with nonconvex varia-
tional inequalities (Z3)).

Let C be a closed subset of a real Hilbert space H. A mapping T : C' — H is
called v — strongly monotone if there exists a constant v > 0 such that

(Tw — Ty, x —y) >vllz -yl (2.10)

for all z,y € C. A mapping T is called p — Lipschitz continuous if there exists a
constant p > 0 such that

1Tz — Ty|l < pll -y, (2.11)
for all x,y € C.

Lemma 2.5 ([14]). Let C be a nonempty closed subset of H, r € (0,400] and set
Cr;={z € H : d(z,C) < r}. If C is uniform r-proz-reqular, then the following
hold:

(1) for all x € Cy, Po(z) # 0,

(2) for all s € (0,1), Pc is Lipschitz continuous with constant ts =

(8) the proximal normal cone is closed as a set-valued mapping.

—s on CS,

Lemma 2.6. In a real Hilbert space H, there holds the inequality
Lo lz+yl? < 2P +2(y, 2 +y) .y € H and |z —y||* = [|z]* —2(z, )+ |y[|*,
2. Itz + (1 = )yl = tlz]* + (1 = )yl — t(1 — )]z — y||>,v¢ € [0, 1].

3 Main Results

In this section we first establish the equivalent between the strongly nonlinear
general nonconvex variational inequalities (2.5) and the fixed point problem with
the projection technique.

Lemma 3.1 ([12]). For given z* € C, is a solution of the strongly nonlinear
general nonconver variational inequalities (23), if and only if

g(x") = Felg(a”) — pTz™ + pA(z")], (3.1)
where Po is the projection of H onto the uniformly prox-reqular set C...

Proof. Let z* € C,. be a solution of 21 , from (Z9) and for a constant p > 0, we
have

0 € g(z*)+pNE, g(z*)—(g(z")—p(Tz*—A(z")) = (I+pNE, )g(a™)—(g(z*)—pTx" +pA(z"))
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if and only if
g9(z*) = (I + pNE, ) Hg(a™) — pTa* + pA(a)] = Pelg(z®) — pTa* — pA(a™)],
where we have used the well-known fact that Po = (I + pN& )L O

We now consider the problem of solving the nonconvex Wiener-Hopf equations.
To be more precise, let Po be the projection of H onto nonconvex set C' and
Q¢ = I — Pg, where I is identity mapping. For given nonlinear operators T, A, g
consider the problem of finding z € H such that

Tg 'Poz+p 'Qcz = A(g ' Poz), (3.2)

where we have used the fact that g—! exists. Equation ([3.2) is called the strongly

nonlinear nonconvexr Wiener-Hopf equation.

Lemma 3.2 ([12]). The nonconvex Wiener-Hopf equation (32) has a solution
x* € H if and only if strongly nonlinear general nonconvexr variational inequality
(Z3) has a solution u € C, provided

u = ¢ 'Pozt,
v = g(u) = p(Tu— Au)), (3.3)
where Po is the projection of H onto the closed nonconvex set C,.

In this paper we introduce a mapping with define by T'= T +T5 where T} is a
Lipschitz continuous and strongly monotone mapping, 15 is a Lipschitz continuous
mapping. Then we have a mapping T is a Lipschitz continuous mapping but not
strongly monotone mapping and we have the following algorithm.

Algorithm 3.1. For arbitrarily chosen initial points xg € Cy, Ty, 15 : C — H
with T =Ty + Ts, the sequence {x,41} defined by

g(un) = Poxn,n=0,1,2,3,...
Tpyr = (1—an)Tn + anlg(un — pTu, + pA(uy)],n =0,1,2,3, ..., (3.4)

where {an} is a sequence in [0, 1].

Now, we suggest and analyze the algorithm (&I for solving the strongly non-
linear general nonconvex variational inequalities (Z.5]). Thus, from now on, without
loss of generality we will always assume that ps + 8 < 1.

Theorem 3.3. Let C be a uniformly r-proz-regular closed subset of a Hilbert space
H, and let T1,T5,9,A : C — H be such that Ty is a uy-Lipschitz continuous and
~v-strongly monotone mapping, Ts is a pe-Lipschitz continuous mapping, g is a o-
Lipschitz continuous and n-strongly monotone and A is a B-Lipschitz continuous.
If T'="Ty + T and there exists constant p > 0 and s € (M?"07(c),&), such that

Yts — (1 = k)(p2 + B)ts vts — (1 — k) (u2 + Bts
ts(uf — (p2 + B)?) ts(ud — (p2 + B)?)

— Ats < p< —+ Ats’ (35)
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_ VOt —(1=F) (p2+B)ts)% = (u3 — (n2+5)?) (22— (1—kts)?)
€ (0,r), Ay, = - ts(u%(u;w);} ’

where ts = =,

vtsp > 1,h <1 with k = /1 —2n+ o2

and vts > (1 — k) (u2 + B)ts + /(13 — (u2 + B)2(t2 — (1 — kt;)?2). If the sequence
of positive real number a, € [0,1] with X2  ay, = oo, then the sequences {zn}
obtained from Algorithm[3 1l converge to a solution of the strongly nonlinear general
nonconver variational inequalities (Z3).

Proof. Let a* € C,. be a solution of Wiener-Hopf equation ([B:2]) and from Lemma

BI we have
' =(1—an)z” + an(g(u) — p(Tu — Au)).

From the algorithm 3.1l we have

lenis =o'l = (L= an)an + anlgun) — pTun + pA(un)) — |
= (L = an)n + an(g(un) — pTun + pA(un)) — (1 - an)a
tan(g(u) — p(Tu — Au)))|

*

< (A -an)lzn =27
+anllg(un) = pTun + pA(un) — g(u) + pTu — pAul|

< (A -an)llzn =27
Fanllg(un) — g(u) = pTun + pTul| + anpl|Auy — Aull

< (1= an)llzn =27
tan || (un —u) = p(Tun — Tu) — (un — u) + (g(un) — g(u))||
+anpl|Aun — Aull

< (1= an)llzn =27
tan || (un —u) = p(Tun — Tu)|| + anl|(un — u) — (g(un) — g(w))]|
+anpl|Aun — Aull

< (I—an)llzn — ™[+ an | (un — u) = p(Trun — Trw)||+anpl| Toun — Toul|

Fan||(un = u) = (9(un) — g(W)|| + anpl| Aun — Aull. (3.6)

From T are both p1-Lipschitz continuous and ~-strongly monotone mapping and
from Lemma [Z.6] we obtain

l[(un = w) = p(Trun — Trw)|[* < [lun = ull® = 2p(un — w, Tiun — Thu) + p* || Tiun —Tru|?
< un = ul® =20y lun — ull® + 413 [Jun — ul?
= (1=2p7 + p*pi})[|un — ulf?.

It follows that
[(un —u) = p(Thun — Tru)l| < \/1=2py + p?pii[[un — ull. 3.7)
On the other hand, from 75 is ps-Lipschitz continuous, we have

[Toun — Toul| < poljun — ull. (3.8)
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From g are both o-Lipschitz continuous and n-strongly monotone mapping and
from Lemma 2.6 we get

[(un —u) — plg(un) — g(w))||?

ltm — al® = 2(atm — 1, (1) — 9(w)) + [l9(un) — g (1)
e — ul® = 2l — ull? + 0, ]
(1 =27+ 0?)Jun — ull

I

INIA

It follows that
(= 1) = plg(un) = g(w)| < V1 =20+ 02wy —ul. (3.9)
Since A is 8-Lipschitz continuous, we have
|Aw, — Au|| < Blluyn — ul|. (3.10)
Thus, by B6), B1), B3), B9) and BI0), we have
i1 = < (1= an)llen - | +an(y/1-207 + p243 +pp2 ++/T—20 + 0% + pB) [un—1]l.

(3.11)
From algorithm 1] (3X9) and definition of Pr, we have
lun =ul = [[(un =) = (g(un) = g(u)) + (Poxn — Pox™)|
< lun = w) = (g(un) = g()|| + | Pown — Pox™||
< l(un = u) = (g(un) = g(w)|| + tsllzn — 2|
< (VI=2n+0?)|jun —ul +tsl|lzn — 27
Hence,
ts
[un —ul < mllﬂfn — . (3.12)

It follows that

Jonss =27 < (1= an)llon — 2*l| + an(y/1 — 207 + 9243 + ppia + &
ts

+pﬂ)(1 s

= (1 —ap)lzn — || + anb||zn — 27|, (3.13)

where 0 := (\/1 — 2py + p?pu2 + pua + k + pﬁ)ﬁ, it follows that

[

[ener =2t < (L= an)lzn — 2| + anfllz, — 7|
= (1= =0)an)|zn -2

n

< Tl =@ =0z —a]. (3.14)

=0
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Since X922 g, = 0o and conditions ([B.H), we obtain

nh—>H;<> ﬁ(l —(1-6)a;) =0. (3.15)
i=0

It follows from ([BI4) and (3.1%), we have
nl;rrgo |z, — "] = 0. (3.16)

Which is z* € C, satisfying the strongly nonlinear general nonconvex variational
inequalities (25). This completes the proof. O

Corollary 3.4 ([12]). Let Px be the Lipschitz continuous operator with constant
0 = ;=. Let T, g be strongly monotone with constant o > 0, > 0, respectively,
and Lipschitz continuous with constant 8 > 0,0 > 0, respectively. Let the operator
A be Lipschitz continuous with constant v > 0. If there exists a constant p such

that

p— (a5—v(1—(1+6)/€))|
3(B* — %)
V(@d — (1= (1 +0)k))? — (82 —~2)(6> — (1 - (1 +9)k)?)
(5(52 _,y2) ’
opa > 1L k<l,k=+1-2n+ 02,

Sa > (1= (1+8)k) + /(82 —72)(2 = (1 = (1L +0)k)2),

(3.17)

and oy, € [0,1],¥n > 0; £92 g, = 00, then the approximate solution x, obtained
from Algorithm[31l converges to a solution z € H satisfying the nonconvexr Wiener-
Hopf equation (32).

Proof. From Theorem B3] let 75 = 0 it follows that 7' = T7, then we have the
result of [12]. O

Acknowledgements : The author would like to thank Faculty of Liberal Arts
and Science Kasetsart University, Kamphaeng Saen Campus Research Fund for
their financial support. And would like to thank Uttaradit Rajabhat University, we
would like to thank Prof. Dr. Somyot Plubiteng for providing valuable suggestions.

References

[1] A. Bensoussan, J.L. Lions, Application des Inequations Variationelles en Con-
trol et en Stochastiques, Dunod, Paris, 1978.

[2] R. Glowinski, P. Letallec, Augmented Kargrangin and Operator-splitting
Methods in Control Theory, Springer-Verlag, New York, 1989.



Iterative Scheme of Strongly Nonlinear General Nonconvex ... 339

3]

P.T. Harker, J.S. Pang, Finite-dimensional variational inequality and nonlin-
ear complementarity problems: A survey of theory, algorithm and applica-
tions, Math. Program. 48 (1990) 161-220.

G. Stampacchia, Formes bilineaires coercitives sur les ensembles convexes,
Comptes Rendus de [Academie des Sciences 258 (1964) 4413-4416.

M.A. Noor, Iterative schemes for nonconvex variational inequalities, Journal
of Optimization Theory and Applications 121 (2) (2004) 385-395.

A. Moudafi, An algorithmic approach to prox-regular variational inequalities,
Appl. Math. Comput. 155 (3) (2004) 845-852.

L.P. Pang, J. Shen, H.S. Song, A modified predictor-corrector algorithm
for solving nonconvex generalized variational inequalities, Computers Math.
Appl. 54 (2007) 319-325.

M.A. Noor, Strongly nonlinear nonconvex variational inequalities, J. Adv.
Math. Stud. 4 (1) (2011) 77-84.

F.H. Clarke, Y.S. Ledyaev, R.J. Stern, P.R.Wolenski, Nonsmooth Analysis
and Control Theory, vol. 178 of Graduate Texts in Mathematics, Springer,
New York, NY, USA, 1998.

F.H. Clarke, R.J. Stern, P.R. Wolenski, Proximal smoothness and the lower-
C2 property, Journal of Convex Analysis 2 (2) (1995) 117-144.

R.A. Poliquin, R.T. Rockafellar, L. Thibault, Local differentiability of dis-
tance functions, Transactions of the American Mathematical Society 352 (11)
(2000) 5231-5249.

E. Al-Shemas, General nonconvex Wiener-Hopf Equations and general non-
convex variational inequalities, Journal of Mathematical Sciences: Advances
and Applications 19 (1) (2013) 1-11.

M. Bounkhel, L. Tadj, A. Hamdi, Iterative scheme to solve nonconvex varia-
tional problems, J. Inequal pure Appl. Math. 4 (2003) 1-14.

N. Petrot, Some existence theorems for nonconvex variational inequalities
problems, Hindawi Publishing Corporation, Abstract and Applied Analysis,
Volume 2010, Article ID 472760, doi:10.1155/2010/472760, 9 pages.

(Received 17 April 2015)
(Accepted 30 December 2015)

THAI J. MATH. Online @ |http://thaijmath.in.cmu.ac.th


http://thaijmath.in.cmu.ac.th

	Introduction
	Preliminaries
	Main Results

