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(ordered) filters, (ordered) s-prime ideals and (ordered) semilattice congruences
in ordered I'-semigroups. Finally, we give some characterizations of semilattice
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prove that

1. n is the least semilattice congruence,
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3. N is not the least semilattice congruence in general.
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1 Preliminaries

In 1998, Gao [8] gives some characterizations of semilattice congruences and
ordered semilattice congruences on ordered semigroups. Now we also character-
ize the semilattice congruences and ordered semilattice congruences on ordered
I'-semigroups and give some characterizations of semilattice congruences and or-
dered semilattice congruences on ordered I'-semigroups analogous to the character-
izations of semilattice congruences and ordered semilattice congruences on ordered
semigroups.

Let M and T" be any two nonempty sets. M is called a I-semigroup [3,4] if
there exists a mapping M x I' x M — M, written as (a,~,b) — ayb, satisfying
the following identity (aab)Bc = aa(bfc) for all a,b,c € M and o, € T. A T-
semigroup M is called a commutative I'-semigroup if ayb = bya for all a,b € M
and v € I'. A nonempty subset K of a I'-semigroup M is called a sub-I'-semigroup
of M if ayb € K for all a,b € K and v € T

For examples of I'-semigroups, see [1,3,4].

A partially ordered T'-semigroup M is called an ordered I'-semigroup (po-T'-
semigroup) if for any a,b,c € M and v € ', a < b implies ayc < byc and ¢ya < ¢ybd.
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Example 1. For a,b € [0,1], let M = [0,a] and I = [0,b]. Then M is an ordered
I'-semigroup under usual multiplication and usual partial order relation.

Example 2. Fix m € Z, let M be the set of all integers of the form mn + 1 and
I' denote the set of all integers of the form mn + m — 1 where n is an integer.
Then M is an ordered I'-semigroup under usual addition and usual partial order
relation.

Throughout this paper, M stands for an ordered I'-semigroup. For nonempty
subsets A and B of M and a nonempty subset IV of T, let AT'B := {avb: a €
Ab € Band v € T'}. If A = {a}, then we also write {a}I"B as aI'B, and
similarly if B = {b} or I = {v}. A nonempty subset A of M is called a left (right)
ideal of M [7] if MTA C A (ATM C A). A is called an ideal of M if it is both a
left ideal and a right ideal of M. A left ideal (right ideal, ideal) A of M is called
an ordered left ideal (right ideal, ideal) of M if for any b € M and a € A,b < a
implies b € A.

The following definitions in this paper are introduced analogous some defini-
tions in [5,7, 8].

A left ideal (right ideal, ideal) A of M is called an s-prime left ideal (right
ideal, ideal) of M if for any a,b € M and v € I';ayb € A implies a € A or b € A.
Equivalently, for any subsets B and C of M and v € T, ByC C A implies B C A
or C' C A. An s-prime left ideal (right ideal, ideal) A of M is called an ordered
s-prime left ideal (right ideal, ideal) of M if A is an ordered left ideal (right ideal,
ideal) of M. Let

SP(M):={A: Ais an s-prime ideal of M},
OSP(M) :={A: Ais an ordered s-prime ideal of M}.

Then 0 £ OSP(M) C SP(M).

For a subset H of M and a € M, denote (H] := {t € M : t < h for some
heH} [H):={teM:h<tforsomeheH}and aUH := {a} UH. For
H = {a}, we also write ({a}] as (a]. Clearly, H C (H], ((H]] = (H] and for any
subsets A and B of M with A C B, we have (A] C (B]. A sub-I'-semigroup F
of M is called a left (right) filter of M if for any a,b € M and v € T';ayb € F
implies b € F (a € F). F is called a filter of M if it is both a left filter and a right
filter of M. A left filter (right filter, filter) F' of M is called an ordered left filter
(right filter, filter) of M if for any b € M and a € F,a < b implies b € F. The
intersection of all filters (ordered filters) of M containing a nonempty subset A of
M is the filter (ordered filter) of M generated by A. For A = {z}, let

n(x) denote the filter of M generated by {z},
N(x) denote the ordered filter of M generated by {z}.

An equivalence relation o on M is called a congruence [2] if for any a,b,c € M
and v € I', (a,b) € o implies (ayc,byc) € o and (¢ya,cyb) € 0. A congruence o
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on M is called a semilattice congruence [6] if for all a,b € M and v € T, (aya, a) €
o and (ayb,bya) € o. A semilattice congruence o on M is called an ordered
semilattice congruence if for any a,b € M and v € T',;a < b implies (a, ayb) € 0.
Now, let

SC(M) := {o : 0 is a semilattice congruence on M},

OSC(M) := {o : 0 is an ordered semilattice congruence on M }.

Then ) £ OSC(M) C SC(M).

For a nonempty subset A of M, define equivalence relations on M as follows:

oa={(z,y) e M XM :z,yc Aorx,y ¢ A},
n:={(z,y) € M x M :n(z) =n(y)},
N ={(z,y) e M x M : N(z) = N(y)}.

We note here that o4 = o\ 4.

For any congruence 0 on M and z € M, let

f(z), denote the filter of M generated by o-class (z),,

t denote the filter of M generated by U n(y),
ye(@)s
F(x), denote the ordered filter of M generated by o-class (z),,

T denote the ordered filter of M generated by U N(y).
yE(z)o

The following results are also necessary for our considerations.

Theorem 1.1. Let F be a nonempty subset of M. Then F is a left filter of M if
and only if M\ F =0 or M\ F is an s-prime left ideal of M.

Proof. Assume that F is a left filter of M and M \ F # (). First to show that
M\ F is a left ideal of M, let x € M,y € M \ F and v € I'. Since F is a left
filter of M and y & F,ayy € M \ F. Thus M \ F is a left ideal of M. Next, let
xz,y € M and v € T be such that xyy € M \ F. Since F' is a sub-TI'-semigroup of
M,x € M\ Forye M\F. Thus M\ F is an s-prime left ideal of M.
Conversely, if M \ F = (), then FF = M. Hence F is a left filter of M. Assume
that M\ F'is an s-prime left ideal of M. First to show that F is a sub-I"-semigroup
of M, let z,y € F and v € I'. Then ayy € F because M \ F is an s-prime left
ideal of M. Thus F is a sub-I'-semigroup of M. Next, let z,y € M and v € T be
such that xyy € F. Then y € F because M \ F is a left ideal of M, so F is a left
filter of M. 0

A similar result holds if we replace the word “left” by “right”. Then we get
the following.
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Corollary 1.2. Let F be a nonempty subset of M. Then F is a filter of M if and
only if M\ F =0 or M\ F is an s-prime ideal of M.

Theorem 1.3. Let F be a nonempty subset of M. Then F is an ordered left filter of
M if and only if M\ F =0 or M\ F is an ordered s-prime left ideal of M.

Proof. Assume that F is an ordered left filter of M and M \ F' # (). By Theorem
1.1, M\ F is an s-prime left ideal of M. Now, let z € M and y € M \ F be such
that x <y. Then x € M \ F because F is an ordered left filter of M, so M \ F is
an ordered s-prime left ideal of M.

Conversely, if M\ F = (), then F = M. Hence F' is an ordered left filter of M.
Assume that M \ F is an ordered s-prime left ideal of M. By Theorem 1.1, F is
a left filter of M. Now, let x € M and y € F be such that y < z. Then z € F
because M \ F is an ordered left ideal of M, so F' is an ordered left filter of M. O

Corollary 1.4. Let F be a nonempty subset of M. Then F is an ordered filter of
M if and only if M\ F =0 or M\ F is an ordered s-prime ideal of M.

2 Semilattice Congruences and Ordered Semilat-
tice Congruences

In this section, we characterize the relationship between the semilattice con-
gruences, filters and s-prime ideals in ordered I'-semigroups. Likewise, the rela-
tionship between the ordered semilattice congruences, ordered filters and ordered
s-prime ideals in ordered I'-semigroups are characterized.

The following lemmas are necessary for the main results and the first two
lemmas are easy to verify.

Lemma 2.1. An equivalence relation o on M is a congruence if and only if for
any a,b,c,d € M and v € T, (a,b) € 0 and (¢,d) € o imply (ayc,byd) € o.

Lemma 2.2. If 0 € SC(M), then the following statements hold.

(a) For each x € M, the o-class (x)y is a sub-T'-semigroup of M.

(b) The set M/o := {(z)s : * € M} is a commutative I'-semigroup under the
multiplication defined by (2)oy(y)e = (7Y)s for all (2)e, (y)e € M/o and
vyel.

Lemma 2.3. Let A be a subset of M and 04 € SC(M). Ifte M\ Aandac A
with zpa & A (resp. apx € A) for some p € T, then zya & A (resp. ayx ¢ A) for
allyeT.

Proof. Assume that x € M\ A, a € A and zpa ¢ A for some p € T'. Then
(x,zpa) € o4, so ()s, = (zpna)s,. Suppose that there exists v € I' such that
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zya € A. Then (a,xya) € 4. Thus (a)y, = (z7a)s,,. By Lemma 2.2 (b),
(@)os = (zpa)o, = (zpzY0)0, = (¥Ya)0s = (a)o,- Thus (z,a) € 04,50 a & A.
This is a contradiction. Therefore xya ¢ A for all v € T. O

As a consequence of this result, we obtain

Lemma 2.4. Let A be a nonempty subset of M. Then o4 € SC(M) if and only
if one of A or M\ A is an s-prime ideal of M.

Proof. Assume that o4 € SC(M). If A = M, then A € SP(M). Suppose that
A C M. Then M\ A # (. First to show that A and M \ A are sub-I'-semigroups
of M, let x,y € A and v € T'. Then (zvyy,yyy) € 04 and (yyy,y) € o4 because
(z,y) € 04, so (zyy,y) € oa. Hence xyy € A, so A is a sub-T'-semigroup of M.
The same argument applies to M \ A, we have M \ A is a sub-I’-semigroups of M.
Next, consider the following two cases:

Case 1: MT'A C A. Then ATM C A because (zya,avx) € 04 and xya € A for
allz € M,a € A and v € I'. Hence A is an ideal of M.

Case 2: MT'A € A. Then there exist € M,a € A,u € I but zua ¢ A. Since A
is a sub-I'-semigroup of M, x ¢ A. By Lemma 2.3, zya ¢ A for all v € I'. Thus
(x,z7va) € 04 for all v € I'. By Lemma 2.2 (b), ()5, = (270)6, = ()6,7(@)0,
for all v € . Obviously, M \ A = (z),, and A = (a)y,, s0 M\ A= (M\ A)vA
for all v € I'. This implies that

oA

M\A=J(M\ AyA=(M\ ATA.

Therefore
(M\ A)'M = (M \ A)T(AU (M\ A)) C (M\ A)TA) U (M \ 4) = M\ 4,

so M \ A is a right ideal of M. Since (zua,apz) € o4 and zpa & A, apx & A. By
symmetry, M \ A is a left ideal of M. This proves that M \ A is an ideal of M.

Assume that A is an ideal of M. Let z,y € M and v € I' be such that
xyy € A. If 2,y € A, then (z,y) € 04. Thus (xyz,z) € 04 and (zyx,xvY) € 04,
so (z,zvy) € oa. Thus zyy ¢ A, which is impossible. Hence A € SP(M).
Similarly, we can show that if M \ A is an ideal of M, then M \ A € SP(M).

Conversely, assume that A € SP(M). Now, let z,y € M be such that (z,y) €
oa,¢ € M and v € I'. Then we have the following two cases:

Case 1: z,y € A. Then cyzx, cyy, xye, yyc € A because A is an ideal of M. Thus
(cyz, cyy) € oa and (zy¢,yyce) € oa.

Case 2: z,y ¢ A. Then cyx € A if and only if ¢yy € A. Thus (cyz,cyy) € oa.
By symmetry, (zvyc,yyc) € 4.

Hence o4 is a congruence on M. Next, let a,b € M and v € I'. Then a € A
if and only if aya € A, so (a,ava) € o4. Similarly, we have ayb € A if and only
if bya € A, so (ayb,bya) € g4. This proves that o4 € SC(M). Similarly, we can
show that if M\ A € SP(M), then o4 € SC(M).

Hence the proof is completed. O
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Lemma 2.5. If A is a nonempty subset of M, then the following statements are
equivalent.

(a) o4 € OSC(M).
(b) One of A or M\ A is an ordered s-prime ideal of M.

Proof. Assume that 04 € OSC(M). By Lemma 24, A € SP(M) or M\ A €
SP(M). Assume that A € SP(M). Now, let z € M and a € A be such that < a
and v € T. Then (z,xva) € o4, so x € A because zya € A. Hence A € OSP(M).
Similarly, we can show that if M \ A € SP(M), then M \ A € OSP(M).
Conversely, assume that A € OSP(M). Then o4 € SC(M) by Lemma 2.4.
Now, let a,b € M be such that a <band ye€T.Ifa € A, thenayb € A. Ifa ¢ A,
then b ¢ A and so ayb ¢ A. Hence (a,avb) € 04, 80 04 € OSC(M). Similarly, we
can show that if M\ A € OSP(M), then 04 € OSC(M).
Hence the proof is completed. O

Lemma 2.6. If z € M and o € SC(M), then the following statements hold.
(a) f(¥)eo ={a€M:a€ (x), oruya € (z), for some u € f(x), and v € T'}.
(b) f(@)o =t

(c) Ifbe f(x)g, then f(b)o S f(2)o-

(d) o ={(z,y) e M x M : f(z)s = f(y)o}-

Proof. (a) Let
N:={aeM:a€ (x), or uya € (x), for some u € f(x), and v € I'}.

It is clear that (z), € N C f(z),. Conversely, to show that N is a filter of M, let
a,b € N and v € I'. If uyma, uay2b € (z), for some uy,us € f(z), and y1,72 € T,
then w;vyiayusy2b € (z), by Lemma 2.2 (a). It follows from Lemma 2.2 (b) that

(I)a = (U171a7U2’Yzb)o = (Ul’Yla’Yb’Y2U2)a = (Ul’YlUQ’YQa’Vb)m

Thus ayb € N because u1y1us € f(x),. Similarly, it is easy to verify in the remain

cases that ayb € N. Hence N is a sub-I'-semigroup of M. We note here that for

any a,b € M and v € ', ayb € N implies bya € N. Next, let a,b € M and vy € T

be such that ayb € N. Since N C f(x),, we have a,b € f(x),. Since ayb € N,

avyb € (z), or uaayb € (z), for some u € f(z), and a € I'. Thus b € N. Since

bya € N,a € N. Hence N is a filter of M, so f(z)e € N. Therefore N = f(x),-.
(b) From the fact that (x), C U n(y), we get f(x), C t. On the other hand,

yE()o
we have n(y) C f(x), for all y € (x),. Thus U n(y) C f(x)s, so t C f(x),.
ye()o
Therefore f(x), = t.
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(c) Let b € f(z)o. By (a), we have b € (z), or uab € (x), for some u E f(2)s
and a € T. Thus (), = (b), or (z), = (uab), which implies that (b), C f(z),.
Therefore f(b), C f(2)s-

(d) Let

Ti={(z,y) € M x M : f(2)o = f(y)s}-
It is clear that o C 7. Conversely, let x,y € M be such that (z,y) € 7. Then
f@)e = f(Y)s, s0o z € f(y)s and y € f(x)s. By (a), if z € (y), or y € (2),,
then (z)y = (y)o. Let uimiz € (y)s and usyey € (), for some uy,us € f(x), =
f(y)e and 1,72 € T. Tt follows from Lemma 2.2 (b) that (), = (u2y2y)s =

(u272y72Y)0 = (272Y)0 = (TrUINT)0 = (Tr22Y1UL)0 = (T71U1)0 = (U1 71T)0 =
(y)o. Hence (z,y) € 0,50 0 = 7. O

Immediately from Lemma 2.6, we have

Corollary 2.7. If x € M and o € SC(M), then f(x)y ={a € M : a € (z), or
uya € (x), or apv € (z)y or uyapv € (x), for some u,v € f(x)y and y,u € T'}.

Corollary 2.8. If x € M, then the following statements hold.
(a) ne SC(M).

(¢) n(x)={a€M:a€ (x), oruya € (x), for some u € n(x) and vy € I'}.

Proof. (a) Let a,b € M be such that (a,b) € n,c € M and v € I'. Then n(a) =
n(b). Since byc € n(byc), we have b,c € n(byc). Thus n(a) = n(b) C n(byc), so
a,c € n(byc). Hence aye € n(byc), so n(aye) C n(byc). Similarly, n(byc) C n(ayc).
Therefore n(ayc) = n(byc), so (aye,byc) € n. Similarly, (¢ya,cyb) € n. This
proves that n is a congruence on M. Next, let a,b,c € M and v € I'. Then
a € n(aya) because aya € n(aya), so n(a) C n(aya). Since a € n(a), aya € n(a).
Hence n(aya) C n(a), so n(aya) = n(a). Therefore (aya,a) € n. Since ayb €
n(ayb), bya € n(ayb). Thus n(bya) C n(ayb). Similarly, n(avyb) C n(bya). Hence
n(ayb) = n(bya), so (ayb,bya) € n. Therefore n € SC(M).

(b) B (a) and Lemma 2.6 (b), f(x), =t where t is the filter of M generated
by U n(y). We note here that

YyE(@)n

Hence t = n(z), so f(x), = n(x).
(¢) By (b) and Lemma 2.6 (a),
n(z) = f(a)n
= {aeM:ac€ (z), or uya € (z), for some u € f(z), and v € I'}
= {a€eM:ac (x), or uya € (), for some u € n(z) and v € T'}.
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Hence the proof is completed. O

Lemma 2.9. If x € M and 0 € OSC(M), then the following statements hold.

(a) F()o ={a € M :a € [(x)s) or uya € [(z),) for some u € F(z), and
veT}.

(b) F(a)o =T.
(¢) If b€ F(z),, then F(b), C F(2),.
(d) o ={(z,y) € M x M : F(z)o = F(y)o}

Proof. (a) Let
N:={ae M :uvya € |[(x),) or a € [(v),) for some v € F(x), and v € I'}.

It is clear that (z); € N C F(x),. Conversely, to show that N is an or-
dered filter of M, let a,b € N and v € T'. If uzyia,uay2b € [(x),) for some
uy,uz € F(x), and 71,72 € T, then y; < uivyia and yo < ugyeb for some yp,ys €
(2)o. Thus y17y2 < uryiayusy2b and y1vys € (x), by Lemma 2.2 (a). Hence
(Yy17Y2, Yy17Yy2yu11a7U2Y2b) € o which implies that (z, xyuiyi1ayusy2b) € o. It
follows from Lemma 2.2 (b) that

(7)o = (zyurmiayuzy2b)s = (Tyury1a7by2u2)0 = (TYUIYIULY207D),

Thus ayb € N because zyu;yius € F(x),. Similarly, it is easy to verify in the
remain cases that ayb € N. Hence N is a sub-I'-semigroup of M. We note here
that for any a,b € M and v € I',ayb € N implies bya € N. Let a,b € M be such
that ayb € N and v € T'. Since N C F(x),, we have a,b € F(x),. Since ayb € N,
avyb € [(x),) or uaayb € [(x),) for some u € F(x), and @ € I'. Thus b € N. Since
bya € N,a € N. Hence N is a filter of M. Next, let b € M and a € N be such
that @ <b. Then a € [(z),) or uaa € [(z),) for some u € F(z), and o € I" which
implies that b € [(z),) or uab € [(x),). Thus b € N, so N is an ordered filter of
M. Hence F(x), C N,so N = F(z),.

(b) It is similar to the proof of Lemma 2.6 (b).

(¢c) Let b € F(z), and v € I'. By (a), we have b € [(z),) or uab € [(z)s)
for some u € F(z), and a € I'. Thus (z), = (z7b)s or (z), = (xyuab), which
implies that (b), C F(z),. Therefore F(b), C F(x),-.

(d) Let

T:={(z,y) E M x M : F(z)s = F(y)s}-

It is clear that o C 7. Conversely, let x,y € M be such that (z,y) € 7 and
v €T. Then F(x), = F(y)s, s0o € F(y), and y € F(z),. By (a), it suffices
to show that the following case is satisfied. If uy vz € [(y)s) and uay2y € [(z)s)
for some ui,us € F(z), = F(y)s and 1,72 € T, then (y,yyuiviz) € o and
(z, zyugy2y) € o. It follows from Lemma 2.2 (b) that
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(u2y2Y)o = (U2V2yYu1712)0 = (W1YV1ZVULY2Y) o = (U1 N T)s-

Hence (7), = (v7u272y)0 = (U272077)0 = (u1m1277)0 = (u1717)0 = (U272Y)s =
(u272y7Y)o = (Yyu272Y)0 = (Y711 M17)0 = (Y)o, 0 (2,y) € 0. Similarly, it is easy
to verify in the remain cases that (z,y) € 0. Therefore o = 7. O

Immediately from Lemma 2.9, we have

Corollary 2.10. Ifx € M and 0 € OSC(M), then F(z), ={a € M :a € [(x)y)
or uya € [(z)s) or apv € [(x)y) or uyapv € [(x)y) for some u,v € F(z), and
v,p€TH

Corollary 2.11. Ifx € M, then the following statements hold.
(a) N € OSC(M).
(b) F(x)n = N(z).

(¢) Nz) ={a € M :a € [(x)x) or uya € [(x)n) for some u € N(z) and
veT}.

Proof. (a) By the similarity of the proof of Corollary 2.8 (a), we have N €
SC(M). Now, let a,b € M be such that a < b and v € I. Then a € N(avb)
because ayb € N(avb), so N(a) C N(avb). Since a € N(a),b € N(a). Thus ayb €
N(a), so N(ayb) C N(a). Hence N(a) = N(avb), so (a,ayb) € N. Therefore
N e OSC(M).

(b) It is similar to the proof of Corollary 2.8 (b).

(¢) It is similar to the proof of Corollary 2.8 (c).
Hence the proof is completed. O

3 Main Results

In last section, we characterize the least semilattice congruences and ordered
semilattice congruences on ordered I'-semigroups and show that A is not the least
semilattice congruence on ordered I'-semigroups in general.

Theorem 3.1.

(a) n= ﬂ or.

I€SP(M)

B N= (] o

I€OSP(M)

(b) nC N

Proof. (a) Let
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T = ﬂ ar.

IeSP(M)

Let z,y € M be such that (x,y) € n. Then n(xz) = n(y). Suppose that there
exists I € SP(M) such that (z,y) € o7. By Corollary 1.2, M \ I is a filter of
M. Without loss of generality, we may assume that z € I and y € M \ I. Then
z € n(z) = n(y) € M\I, which is impossible. Hence (z,y) € o forall I € SP(M),
so (x,y) € 7. Conversely, let z,y € M be such that (z,y) € 7. Then (z,y) € o
for all I € SP(M). Suppose that (z,y) € n. Then n(z) # n(y). By Corollary 2.8
), f(@®), = n(x) # n(y) = f(y),. Without loss of generality, we may assume
that f(2)n, € f(y)n. By Lemma 2.6 (c), * € f(y)n. Then (2,9) € o f(y)n-
Since M\ f(y)n # 0, it follows from Corollary 1.2 that M\ f(y), € SP(M). This
implies that (x,y) € o f(y),., Which is impossible. Hence (z,y) € n, this proves
that n = {oy: I € SP(M)}.

(b) It is similar to the proof of (a).

(c) Since OSP(M) C SP(M), it follows from (a) and (b) that n C .
Hence the theorem is proved. O

Theorem 3.2. If 0 € SC(M), then the following statements hold.

(a) o = ﬂ UM\f(z)G-
reM

(b) n Co,i.e,n is the least element of SC(M).

Proof. (a) Let

T = ﬂ U]V[\f(m)(,~
xeM

Let 2,y € M be such that (z,y) € 0. Then f(z), = f(y)s by Lemma 2.6 (d).
Suppose that (z,y) € o fe), for some a € M. Without loss of generality,
we may assume that x € M \ f(a), and y € M \ f(a),. Then y € f(a),, it
follows from Lemma 2.6 (¢) that z € f(z), = f(y)s C f(a)s. It is impossible, so
(2,9) € oan\f(a), for all a € M. Conversely, let z,y € M be such that (z,y) € 7.
Then (z,y) € o f(a), for all a € M. Suppose that (z,y) € 0. By Lemma 2.6 (d),
f(@)s # f(y)s. Without loss of generality, we may assume that f(x), Z f(¥)o-
By Lemma 2.6 (c), & f(y)o. Then (2,y) € oan f(y),, which is impossible. Hence
(z,y) € o, this proves that

0= m OM\f(z)o-
zeM

(b) By Corollary 1.2, M \ f(z)e =0 or M\ f(z), € SP(M) for all z € M.
Thus

{02\ s(@), @ € M} C{or: T € SP(M)}.
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By (@) and Theorem 3.1 (a), n C o. Therefore n is the least semilattice congruence
on M. g

By the similarity of the proof of Theorem 3.2, we obtain
Theorem 3.3. If 0 € OSC(M), then the following statements hold.
(a) o= ﬂ OM\F(z)o

zeM
(b) N Co,i.e., N is the least element of OSC(M).

Immediately from Theorem 3.2 and Theorem 3.3, we have

Corollary 3.4.

(a) n= ﬂ OM\n(z)-
zeM

(b)) N = ﬂ OM\N (z)-

rxeM

We shall give an example of an ordered I'-semigroup M with A is not the least
semilattice congruence on M.

Example 3.5. Let M = {a,b,¢,d} and ' = {v} with the multiplication defined
by

[ b itx,ye{ab}
Y = { ¢ otherwise.

First to show that M is a I'-semigroup, suppose not. Then there exist z,y,z €
M such that (xyy)yz # xy(yyz). U (zyy)yz = b, then z,y,z € {a,b}. Thus
xy(yyz) = b, which is impossible. If zv(yyz) = b, then z,y,z € {a,b}. Thus
(zyy)yz = b, which is impossible. Hence (zvy)yz = xy(yyz) for all z,y,z €
M. Obviously, zyy = yyx for all x,y € M. Therefore M is a commutative
I'-semigroup.

Define a relation < on M as follows:

<= {(CL, a)v (ba b)v (Ca C)v (dv d)a (b’ C)a (b’ d)v (Ca d)}

Then (M, <) is a partially ordered set. Let x,y € M be such that < y. Since
zyc = ¢ = cyx and xzyd = ¢ = dyzx for all z,y € M and b < ¢, xyz < yvyz and
zyr < zvyy for all z € M. Hence M is an ordered I'-semigroup. We shall show
that SC(M) = {n, N} and n C N. Let

g = MX M,
02 = {(a,a),(b,b),(c,c),(d,d),(a,b),(b,a),(c,d),(d,c)}.



414 Thai J. Math. 4(2006)/ M. Siripitukdet and A. Iampan

It is easy to see that 01,00 € SC(M). Since (ava,a) = (b,a) and (dvd,d) =

(¢,d),09 C o for all 0 € SC(M). Let 0 € SC(M). Then we have the following

two cases:

Case 1: (b,c) € 0. Since (a,b) € o, (a,c¢) € 0. Thus (a,d), (b,d) € o because

(¢,d) € 0. Hence 0 = 0.

Case 2: (b,c) € 0. If (a,¢) € o, then (b,¢) € o because (b,a) € o, which is

impossible. If (a,d) € o, then (a,c) € o because (d, c) € o, which is impossible. If

(b,d) € o, then (b, ¢) € o because (d,c¢) € o, which is impossible. Hence o = 03.
This proves that SC(M) = {o1,02}. We shall show that o1 = N and o3 = n.

We can easily get all ideals of M as follows:

P, =M, P, ={e,d}, Ps ={b,c}, Py = {c}, Ps = {a,b,c}, Ps = {b,c,d}.

It is easy to see that SP(M) = {Py, P,} and OSP(M) = {P,}. By Theorem 3.1,
we obtain that

N = ﬂ or=0p, =M xM =0,
I€EOSP(M)
and
n = ﬂ or=op Nop, =0p,.
IeSP(M)
We note here that
op, = {(z,y)eEM XM :z,y€ Porz,ydg P}
{(a7 a)» (b7 b)a (C7 C), (dv d)? (av b)7 (b, a)7 (C, d)v (dv C)}
= O02.

Hence n = 09, son C N.
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