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Abstract: Let F be a distribution and let f be a locally summable function. The
distribution F(f) is defined as the neutrix limit of the sequence {F, (f)}, where
Fo(z) = F(z) = 8,(x) and {6,(z)} is a certain sequence of infinitely differentiable
functions converging to the Dirac delta-function d(z). The composition of the
distributions 7% In |z| and 2" is evalnated for r,s = 1,2,....
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1 Introduction

In the following we let N be the neutrix, see [1], having domain N' the positive
integers and range N the real numbers, with negligible functions which are finite
linear sums of the functions

A" "'n, In"n A>0,r=1,2,...

and all functions which converge to zero in the usual sense as n tends to infinity.
Now let p(z) be an infinitely differentiable function having the following prop-
erties:

(i)  plz) =0 for [z > 1,
(i)  pz) 20,

(iii)  plz) = p(—2),

1
(iv) / plz)ydr = 1.
-1
Putting §,(z) = np(nz) for n = 1,2,... , it follows that {§,(x)} is a regular
sequence of infinitely differentiable functions converging to the Dirac delta-function

o(x).
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Now let D be the space of infinitely differentiable functions with compact
support and let D' be the space of distributions defined on D. Then if f is an
arbitrary distribution in D', we define

fn(@) = (f * 6n)(2) = (f(2),0n(z — 1))

forn = 1,2,.... Tt follows that {f,(z)} is a regular sequence of infinitely differ-
entiable functions converging to the distribution f(x).
Tn the following, we define the distribution 7! In|z| by

(In” [a])

g ' n|z] =1
and we define the distribution z7"~! In|z| inductively by

7" — (27" In|z|)’

r

" n|z| =
for r =1,2,.... It follows by induction that

(=17 (@~ In |z))")

g " lnlz] = ¢(r)zT" "+ o
1V (1n2 (r+1)
_ ¢(T)$_T_1 4 ( 1) (h;r!xD , (1)

where
,
1
i, r=1,2,...,
s = 2
0, =
The following definition was given in [3].

Definition 1.1. Let F' be a distribution and let f be a locally summable function.
We say that the distribution F(f(z)) exists and is equal to h on the open interval
(a,b) if

(o9}

N-lim [ Fo(f(2))p(z)de = (h(z), o(z))

n—0o0 — 0o

for all test functions ¢ with compact support contained in (a, b).
The following theorem was proved in [7].
Theorem 1.2. The distribution (x")™° exists and
(xr)—s — m—T‘S
forr,s=1,2,....

The following two lemmas can be proved easily by induction.
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Lemma 1.3.

forr=20,1,2,....
Lemma 1.4. If p is an arbitrary function in D with support contained in the
interval [—1,1], then

1

e = [ e [w(w)—i*"“zf%k} i

-1

k=0
r—2 7" k—1 -1
(k)
Z RO
k=0
forr=1,2,..., where the second sum is empty when r = 1.

The next lemma can be proved easily by induction and the use of Lemma 1.4.

Lemma 1.5. If ¢ is an arbitrary function in D with support contained in the
interval [—1,1], then

(@ Inlzl, p(x)) = / *1n|x|[ Z*" k]

7"_2 7" R | (k)
+Z (r—k _lzkv ©0),
k=0
forr=1,2,..., where the second sum is empty when r = 1.

2 The Main Theorem

We can now prove a theorem on the composition of distributions in the neutrix
setting.

Theorem 2.1. If Fy(x) denotes the distribution x~°n|z|, then the distribution
Fy(x") exists and
Fy(z") =r F.4(x) (2)

forr,s =1,2,....

Proof. We first put

_1)s—1 rl/n
(") %] = (27) 7% % dn(a) = % /Un In |z" — ¢|68) (¢) dt
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Fy(z") * §,(x)

_1)8 1/n
— 8= D) - 5 | T a0 (3

o
—
=}

3
=
3
I

Let us note that

1 1/n
/ xk/ In? 2" — ¢|6$) (¢) dt dx
—1

—1/n
0, rs —k odd,
_ 1 1/n
N 2/ xk/ In? |z" — |08 (t) dt dzz, 75—k even. )
0 —1/n
Then
1 1/n
/ xk/ In? [z" — t6'%) (¢) dt da
0 —1/n
1/n nTl/r
= / 5§f>(t)/ ¥ 1In? |z" — t| de dt
—1/n 0
1/n 1
X / 62 (t)/ 28 In? |27 — t| dx dt
~1/n n-1/r
(rs—k—1)/r 1 1
= HT/ p(s)(v)/ TR0 1n? | (w — o) /n| dudo
—1 0

(rs—k—1)/r 1 n
+ n—/ p(s)(v)/ w TR0 102 (4 — v) /| du do
1

r -1
= I1 +IQ: (5)

on using the substitutions « = nz” and v = nt.
It is easily seen that

N—lim I, =0, (6)
n—oc
for k:U’l,...,TS_Q-
Now,
n(rs=k=1)/r 1 " ‘
L= ——— / P () f w”ED |1 — v/u| + Inw — Inn]” dudv
-1 1
(rs—k—=1)/r p1 "
e i / p(S) (U) / ui(rikil)/r ln2 |]' - 'U/u| du d'U
T -1 1
(rs—k—1)/r 1 &
+ 2"7 / P () / w TR Inuln 1 — v/l du do
-1 1

oprs—k—1)/r 1 n
— nilnn/ p(s)(v)/ w~ R0/ 0 1 — v /u] du du
1

r -1

= Ji+Ja+ Js, (7)
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1

since / p)(v)dv =0for s =1,2,..., by Lemma 1.3.

-1
It is easily seen that

N—lim J = 0. (8)
n—
Next we have
g SRV L C A
_ s —(r—k—-1)/r —_— du d
J; . _/_1p (u)/1 U (; iul> u dv
—k—1 o . 1
_ 27 ) Z ¢(l) / v+ o) (v) /n ulkHD/T=72 gy dy
r t+1 /4 1

i=1

oplrs—k—1)/r X ¢(’L) ,r.(n(k-i—l)/r—i—l _ 1

_ 1) i+1 (s)
B r ;Hl k—r(i+1)+1 /_17} p(v)dv

and it follows that

, 2¢(s — 1) /1
N-lmdJ; = ——W——— 5pl%) (v) d
n%(:om ! S(T‘S — k- 1) -1 ve (U) v
2(—1)%p(s — 1)(s — 1)!
= , 9
rs—k—1 ’ )
on using Lemma 1.3, for £ =0,1,...,rs — 2.
Finally
o rs—k=1)/r 1 1! ; n )
- o=z - (s) (k+1)/r—z—11
Ja " ;if_lvp (v)/1 u nududv
1T ns %lnn ,r,(ns—i _ n(rs—k—l)/r) o
= 2 — _ i (s) d
;i[k—ri+1 (k—ri+ 1) }/_1”’) (v) dv,
and it follows that
2r ! 2(—1)%r(s — 1)!
N-limJy = ——— = Sol8) (ydp = — X 2 T\ S 10
e 2 s(rs—k—l)Q/_IUp (v) dv (rs —k—1)2 (10)
on using Lemma 1.3, for £ =0,1,...,rs — 2.
Hence
1 1/n
N—lim/ :r:k/ In? 2" — ¢|689) (¢) dt da
n—o0 0 71/71
p(s —1) r
=2(-1)°(s — ! — 11
(=% )[rs—k—l (rs—k—1)2] (1)
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for k=0,1,...,7s — 2, on using equations (5) to (10). Then using equations (4)

and (11), we see that

N—lim/ / In? [z" — t]6%8) (¢) dt da
n—0o0 1/n

= 2D - 1)![7“?(;9 ;i)l  (rs— ; —1)2

for k=0,1,...,rs — 2.
For the case k = rs — 1, we have from equation (4)

1
N-lim 2" E[(2")]n dz = 0.

n—o0 -1

When k = rs equation (5) still holds but now we have

n-L/r

1 1
L= / P\ (v) / w DT 1n? | (w — ) /n)]| du do,
—1 0

T

and it follows that for any continuous function ¢

no /T 1/n
lim 2" / In |22 — #|6) (£)(x) dt dx = 0.
nN—00 0 71/7’1,

Similarly

0 1/n
lim x”/ In |2% — ¢|652) (£ (z) dt dx = 0.
—1/r

n—oo [ “1/n

Next, when 2" > 1/n, we have

1/n 1
/ In?(z" — )6 () dt = ns/ In’(z" —v/n)p'® (v) dv

—1/n -1

I
|
5o
NE=E
VY
(i
GN
bA
&
=
[,
[l

It follows that

1/n
/ In?(z" —t)6\2(t) dt

—1/n

4r|Inz|K, 4¢(i — 1)K,
< e -
Z 2pi—spri Z j2pi—spri ’

i=s

Ji=yyrett -y,

(15)
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for s =1,2,..., where

K, = max{|p"¥ (0)| : v € [-1,1]}.

If now n~Y" < 5 < 1, then
1/n
/ In®(z" — )68 (t) dt| dz

o [ s
(s —1)! x
n=1/7 —1/n

9 DK, [" :
< - Z 2rK; / s 3 lnzde + Z ¢(Z ) "5 oy

iZpi—s i2ni—s n=1/r

B Z 7K, nrs—m+1 11117 _ n—(rs—rz+1)/r In n—l/r B nrs—ri—l—l _ n—(rs—ri—i—l)/r
i2ni—s rs—ri+1 (rs —ri+1)?

( rs—ritl _ ,—(rs— m—l—l)/r)

+Zz¢

i?ni=s(rs —ri + 1)
It follows that

n
lim T
n—oo n—1/r

1/n
rs / In®(z" — )6 (t) dt

dz = O(n|Inn|),
—1/n

forr,s=1,2,....

Thus, if © is a continuous function, then

lim
n—oc

1/n
/ ! 275 9p(x) / In®(z" — )82 (t) dtda

n=1/r —1/n

= O(nlnn|) (16)

forr,s=1,2,....

Similarly,
—p~ U 1/n
lim / z () / In®(z" — )0 (t) dtdz| = O(y|lny|)  (17)
n—oc —n 71/71
forr,s=1,2,....

Now let @(z) be an arbitrary function in D with support contained in the
interval [—1, 1]. By Taylor’s Theorem we have
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where 0 < £ < 1. Then

</1/n In®(z" — £)65)(t) dt, oz )> = /1 () /l/n In*(z” — )65 (t) dt da

—1/n 1/n
rs—1

k)
7290 / / In?(z" — )69 (¢) dt du
1/n

- / ) (ea) / T 2~ 080 (6) di de
(’I"S)‘ —n=1l/r —1/n "

1 N 1/n
T / Aty / In(2" — ¢)8°) (1) dt da
D p-1/r

—1/n
L e U (s)
+—/ TS\ (Ex / ln“(z" — )6, (t) dt dz
e ) [ i —0a
L Y (5)
— "\ (Ex / In“(z" —t)6,” (t) dt dx
), e [ w0

1 -7 1/n
) / 2" (€x) / In®(z" — )64 (t) dt da.
cJ -1

—1/n

Using equations (1) and (12) to (17) and noting from equation (4) that on the
intervals [—1, —n] and [n, 1],

—1)s /n
e % / e 00 = s D - Fae),

—1/n
since 7" and Fs(z) are continuous functions on these intervals, it follows that
(<1 /[, :
N-tim ([ (" — )8 )
i g ([ - 08 (0 dt (o)

—1/n

rs—2

o(s — 1) T —1)yrs=k-t 1
_Z[rs— k-1 (rs—k—1)2}< ) k! #(0)

"p(s — 1) — rinzle) (ex
Otrlingl) + [ =D =rnale T,

(rs)!
T [p(s — 1) —rinz[Jpl") ()
+f R
S [e=1) A N G V)
- ;; [rs—k—l_(rs—k—l)2 k! <p(k)(0)

+ " [B(s = 1) —rin faflg ) (€)

1 (rs)!
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since 1 can be made arbitrarily small. It follows that

N—lim ¢< / o In?(z" — )% (¢) dt,<p(x)>

n—00 2(8 — 1)’ ~1/n

rs—k—1 (rs—k—1)2 E!

-1

1 rs—1 Z’k
+(s — 1)/ z T lw(w) -y k!so(’“)(ﬂ)] dz

1 2k
_1»/ z " ln|z| lgp(m) — Z Fga(k)(O)] dx
-1 k=0

=¢(s = 1)(z7"%, 0(x)) —r{z7" In|z|, o())

on using Lemmas 1.4 and 1.5. This proves equation (2) on the interval [—1,1].
However, equation (2) clearly holds on any closed interval not containing the origin,
and the proof is complete. For further related results, see [4], [6] and [8].
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