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1 Introduction

Fixed point theory in metric spaces is one of the most important tools for prov-
ing the existence and uniqueness of the solutions to various mathematical models.
Later in 1993 Czerwik [I], generalized the notion of metric spaces by introducing
the notion of b-metric spaces. On the other hand, Samet et al. [2] proved the fixed
point theorems for a-admissible mappings which are a-p-contractive mappings in
complete metric spaces. Salimi et al. [3] and Hussain et al. [4] modified these no-
tions and assured the fixed point theorems. Recently, Hussain et al. [5] established
fixed point theorems for modified a-p-rational contractive mappings in a-complete
metric spaces and proved the existence of solutions of integral equations.

In this paper, we extend the fixed point results in a-complete metric spaces
proved by Hussian et al. [5] to a-complete b-metric spaces by introducing the
notion of modified (a-1-p-0)-rational contractive mappings where some conditions
of Bianchini-Grandolfi gauge function ¢ are omitted. We establish the existence of
the unique fixed point theorems for such mappings which are triangular a-orbital
admissible. Moreover, we also prove the unique common fixed point theorem for
mappings T and g where T is a modified (a-1-¢-0)-rational contractive mapping
with respect to ¢ and is triangular g-a-admissible in the setting of a-complete
b-metric spaces.

2 Preliminaries

We now recall some definitions and lemmas that will be used in the sequel.

In 2012, Samet et al. [2] introduced the notion of a-admissible mappings.

Definition 2.1 ([2]). Let T: X — X and a: X X X — [0,00). Then T is said to
be a-admissible if for all z,y € X,

a(z,y) > 1 implies o(Txz, Ty) > 1.

Recently Hussain et al. [5] introduced the concept of modified a-¢-rational
contractive mappings and proved the fixed point theorems for such mappings in
a-complete metric spaces.

Definition 2.2. A function ¢ : [0,00) — [0,00) is called a Bianchini-Grandolfi
gauge function [6] if the following conditions hold:

(i) ¢ is nondecreasing;
(i) op, ©F(t) converges for all ¢ > 0.

We denote by @ the set of all Bianchini-Grandolfi gauge functions.

Lemma 2.3 ([7]). If ¢ € @, then the following statements hold:
(i) ¢(t) <t for allt > 0;
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(i1) ¢ is continuous at 0;
(i11) ¢(0) = 0.

Definition 2.4 ([5]). Let (X,d) be a metric space and a : X x X — [0,00).
A mapping T : X — X is a modified a--rational contractive mapping if for all
z,y € X,

a(z,y) > 1 implies d(Tz, Ty) < o(M(z,y)), (2.1)

where

d(z, Tx) dly,Ty)  d(z,Ty) +d(y,Tx)
1+d(z,Tz) 1+d(y,Ty)’ 2

M(x,y) = max{d(m,y), }a

and ¢ € O.

Theorem 2.5 ([5]). Let (X,d) be a metric space, o : X x X — [0,00) and
T:X — X. Assume that the following conditions are satisfied:

(i) X is an a-complete metric space;

(ii) T is a modified a~p-rational contractive mapping;
(ii) T is an a-admissible mapping;

(iv) there exists xo € X such that a(xg, Txo) > 1;

(v) T is an a-continuous mapping.

Then T has a fized point.

Recently, Popescu [§] studied the definitions of a-orbital admissible mappings
and triangular a-orbital admissible mappings.

Definition 2.6 ([]]). Let T: X — X and a: X x X — [0,00). Then T is said to
be a-orbital admissible if

a(z,Txr) > 1 implies a(Tz, T?z) > 1.
Definition 2.7 ([§]). Let T : X — X and a: X x X — [0,00). Then T is said to
be triangular a-orbital admissible if
(a) T is a-orbital admissible;
(b) a(z,y) > 1 and a(y, Ty) > 1 imply a(z, Ty) > 1.

Lemma 2.8 ([8]). Let T : X — X be a triangular a-orbital admissible mapping.
Assume that there exists xo € X such that a(xo,Txo) > 1. Define a sequence
{z,} by xpy1 = Tz, for all n € N. Then oz, x,) > 1 for all myn € N with
m < n.

Definition 2.9 ([1]). Let X be a nonempty set and let s > 1 a given real number.
A function d : X x X — R is said to be a b-metric if for all z,y,z € X,
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(i) d(z,y) =0, if and only if z = y;
(i) d(z,y) = d(y,x);
(iii) d(x,y) < s[d(x,z) + d(z,y)].
Then the pair (X, d) is called a b-metric space.

Note that a metric space is evidently a b-metric space but the converse is not
generally true. For more details see [9].

In this paper, we use the following concepts in b-metric spaces.

Definition 2.10. Let (X, d) be a b-metric space and v : X x X — [0, +00). Then
X is said to be an a-complete b-metric space if every Cauchy sequence {x,} in X
with a(zy,, 1) > 1 for all n € N converges in X.

Definition 2.11. Let (X,d) be a b-metric space, a : X x X — [0,+00) and
T:X — X. Then T is said to be an a-continuous mapping on (X, d) if for every
sequence {z,} with x,, - x as n — oo and «(zy,xn4+1) > 1 for all n € N implies
Tx, — Tx as n — 0o.

In 2014, Rosa and Vetro [10] introduced the notion of triangular g-a-admissible
mappings.

Definition 2.12. Let T, g : X — X and a: X x X — [0,00). Then T is said to
be triangular g-a-admissible if

1. a(gz,gy) > 1 implies o(Tx, Ty) > 1;
2. a(gz,gy) > 1 and a(gy, gz) > 1 imply a(gz, gz) > 1.

Lemma 2.13 ([B]). Let T : X — X be a triangular g-a-admissible. Assume that
that there exists g € X such that a(gxo,Txo) > 1. Define a sequence {gx,} by
9Zni1 = Ty, for alln € N. Then a(gxm, gx,) > 1 for allm,n € N with m < n.

Definition 2.14. Let T,g : X — X. If w = Tx = gx for some x € X, then x is
called a coincidence point of T and g, and w is called a point of coincidence of T'
and g.

Definition 2.15. Let T, g : X — X. The pair {7, g} is said to be weakly compat-
ible if Tgx = gTx, whenever Tx = gx for some z in X.

Abbas and Rhoades [I1I] proved the existence of the unique common fixed
points of a pair of weakly compatible mappings by using the following proposition
as a main tool.

Proposition 2.16 ([I1]). Let T,g : X — X and {T, g} is weakly compatible. If
T and g have a unique point of coincidence w = Tx = gz, then w is the unique
common fized point of T and g.
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3 Main results

In this section, unique fixed point theorems and unique common fixed point
theorems in a-complete b-metric spaces and applications to integral equations are
presented.

3.1 The unique fixed point theorems

We first introduce the concept of modified (a-1)-¢-6)-rational contractive map-
pings and prove the existence of fixed point theorems for such mappings.

Definition 3.1. Let (X,d) be a b-metric space and o : X x X — [0,00). A
mapping T : X — X is a modified (a-1p-p-0 )-rational contractive mapping if there
exists L > 0 such that for all z,y € X,

a(z,y) > 1 implies ¢(s°d(Tz, Ty)) < (¥ (My(z,y))) + LO(No(,)),  (3.1)

where

d(z,Tx) d(y, Ty)  d(x,Ty) +d(y, T)

M = d
b(2,y) = max{d(z,y), 1+d(z,Tz) 1+d(y,Ty)’ 25

2

Ny(z,y) = min{d(x, Tz),d(z, Ty), d(y,Tx)}

and 1, ¢, 0 : [0,00) — [0,00) are continuous functions with ¢(t) < ¢, 6(t) > 0 for
each t > 0, ¢ is nondecreasing, 6(0) = 0, ¥(t) = 0 if and only if ¢ = 0 and v is
increasing.

Theorem 3.2. Let (X,d) be an a-complete b-metric space, o : X x X — [0, 00)
and T : X — X is a modified (a--p-0)-rational contractive mapping. Assume
that the following conditions hold:

(i) T is triangular «a-orbital admissible;
(ii) there exists xog € X such that a(zg,Tzo) > 1;
(iii) T is a-continuous.
Then T has a fized point.
Proof. Let xg € X be such that a(zg,Tz) > 1. Define a sequence {z,,} in X by
Tpy1 =Tz, foralln e N.

By Lemma [2.8] we have

a(Tp,Tpe1) > 1 forallm e N. (3.2)
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If 2y = xny1 for some N € N, then T has a fixed point. Suppose that x,, # x,11
for all n € N. Since T is a modified (a-t-p-6)-rational contraction and by (3.2)),
we obtain that

w(d(xmwil)) < 1/}(53d(xn733n+1))
= Y(’d(Twp-1,Txy))

< @W(My(zn—1,2n))) + LO(Np(2n—1,2n)) (3.3)

for all n € N, where

Nb(mnflaxn) = min{d(mnflaTxnfl)ad(xnflaTxn%d(xn;Txnfl)}
= min{d(xnflaxn)vd(xnflvantl)ad(xnairn)}
=0
and
d(xnflaTwnfl) d(xan‘rn)
M n—1;%n = d n—1;%n), ) )
o(@n1,7n) max{d(zn—1,n) 1+ dxpn_1,Txn_1) 1+d(x,, Try,)
d(xnfla T-Tn) + d(x'ru Txnfl)}
2s
d n—1s4n d nsy+n
= max{d(x,_1,T,), (@n—1,2n) , (@n, Tnt1) ,
1+ d(-]?n_l, xn) 1+ d(]}n, xn-ﬁ-l)
d(-rnfla anrl) + d(x’ru xn)}
2s
d n—1y<n
< max{d(xnflvxn)vd(wnaxn+l)a%}'
Since

d(Tn_1,%ni1) < sld(zy—1,70) + d(Tn, Tny1)]
2s - 2s ’

it follows that
My(xp—1,2n) < max{d(x,—1, ), d(Tn, Tni1)} (3.4)
By (3.3) and (3.4)), we obtain that

w(d(xm xn-&-l)) <P(¢(Mb($n—17 $n))) + Le(Nb(xn—lv xn))

<
S (p(w(max{d(xnflamn);d($n7xn+1)})>-
If max{d(zn—_1,2n), d(Tn, Tnt1)} = d(@n, Tpi1), we have

Y(d(@n, Tny1)) < @(Y(d(zn, 2n41)))
< ¢(d(1‘n,$n+1)),
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which is a contradiction. This implies that
Y(d(xn, 2nt1)) < @(P(d(Tn-1,20)))
< '(/J(d(-rn—la xn))7 (35)

for each n € N. Since 1) is increasing, we get d(xy,, Tpy1) < d(Tp—1,2,) for each
n € N. Therefore {d(z,,2,+1)} is a nonincreasing sequence. Consequently, there
exists r > 0 such that lim, o d(xn,zne1) = r. We claim that r = 0. Assume
that » > 0. Since ¥ and ¢ are continuous, from , we have

P(r) < p((r)) < ¢(r).
This implies that (r) = p(1(r)). Since (t) < t, for each t > 0, we obtain that

P(r) = p(b(r)) < ¥(r),
which is a contradiction and therefore r = 0. It follows that

lim d(z,,zn41) =0. (3.6)

n— oo

Next we will prove that the sequence {z,} is a Cauchy sequence. Suppose on
the contrary, that there exists € > 0 such that for all £ € N, there exist two
subsequences {Z,x)} and {z, )} of {x,} with n(k) > m(k) > k such that

Let n(k) be the smallest number satisfying (3.7). Thus

AT (ks Tn(ry—1) < € (3.8)
By triangle inequality, (3.7]) and (3.8]), we obtain that

€ < d(Tnk)s Tmk)) < SA(Tn(k), Tnk)—1) + 5A(Tn(k)—15 Tm(k))
< 8d(Tp (k) Tr(k)—1) + SE-

By taking the upper limit as k — oo and ([3.6)), we have

e < limsup d(z k), Tmr)) < s¢. (3.9)

k—o0
Using triangle inequality again, we obtain that
€ < d(Tpmy, Tnk)) < SATm(k)s Tnk)+1) T A Tnk)+1, Tn(k))

S (T (k)s Tr()) + ATy, Tn(ky+1) + SATr(k) 415 Tn(r))
S2 (T (k) Tn(ry) + (82 + 8) (@ (k) Ty 41)-

IN A

From above inequality, we obtain that

& < 5d(Tp(ky, Tn(k)+1) HSUTn() 11, Tngk)) < A Tim(i)s Tnir))+(57+8) AT (k) Tr(r)+1)-
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Taking the upper limit as k — oo, by (3.6) and (3.9), we have

®w | M

< lim sup d(Zpm (ks Trk)+1) < se. (3.10)

k—o0

Similarly, we obtain that

Sd(mn(k)v xm(k)+l) + Sd(xm(k)+1a xm(k))

S2d(@p(k)> Tok)) + 5 A @i ()s Ty +1) + SU L (k)11 T
S (T ()5 Tin()) + (8% + ) @m(r)s Ton(r)+1)-

So from (3.6) and (3.9), we have

< < limsup d(Zp(k)s Tm(k)+1) < s%e. (3.11)
S k—o0

e< d(xn(k)a xm(k))

IN A IA

Since
(X (k)15 Tr(k)) < SATrmk)+1> Tn(k)+1) T SAZn(e)+15 Tn(k) )

and by using (3.6 and (3.11]), we get that

g .
— < limsup d(Tpm k)41, Tn(k)+1)- (3.12)
S k—o0

Using (3.6), (3.9), and (3.11)), we have

d(Zn (k) T (k)

lim sup My(Z, (1), T = max{limsup d(z,,), Tm(k)), limsup ,
k—o0 (n(1), () { k—o0 (@), Tmi) koo 14 d(@nry, TTn(r))
d m ) T m
lim sup (@mit, Tmir)

kooo L+ d(@muy, TTmk))’
hmsupk—)oo d($n(k)7Txm(k)) —l—limsupk_mo d(xm(k);Txn(k))}
2s
d(Zn(k)s Tr(k)+1)
= max{limsup d(z,,), Tm(k)), limsup ,
{ k—so00 (@n), Tm(s) koo 1+ d(Tn(k), Tnk)+1)
d m b) m
lim sup (@ (k)% (k)H) ,
kooo 1+ d(Tmk)s Tm(k)+1)

lim supy,_, o d(Tn(k), Trm(k)+1) + UM SUPy o0 AT (k) s Tr(r)+1)

2s }
2 2
< max{se,0,0, w} = se.
2s

This implies that

lim sup My (2 (1), Zm(k)) < S€. (3.13)

k—o0
By using the same argument as above, we have

lim sup Ny (2, (k) Tm(r)) = 0. (3.14)

k—oc0
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Since T is a modified (a-1)-¢-0)-rational contraction, by using Lemma and

(3.12)), we have

P(se) = (s - 372) < (s lillcn SUp (T (k)+1> Tn(k)+1))
—00
_ liinsupd)(sg’d(fﬂm(k)ﬂ,Iﬂn(k)+1))
)
= limsup O (s*d(T (), T ()))
k—o0
< liin sup|(V(My(Tim (k) Tn(r)))) + LON (T (k) Tnr)))]
)
= pp(limsup My (2, k), Tner)))) + LOTimsup No(2pk)s Tr(r)))
k—o0 k— o0
< p(v(se))
< Y(se),

which is a contradiction. Then we can conclude that {z,} is a Cauchy sequence.
From and since X is an a-complete b-metric space, we have lim, o, , =«
for some z € X. Since T is a-continuous, we obtain that lim,,_, . Tz, = Tx. This
implies that lim, e d(@nt1, Tx) = limy, oo d(Txy, Tx) = 0. Then T has a fixed
point. [

Example 3.3. Let X = [0,6) and d : X x X — R defined by d(z,y) = |z — y|?.
Then d is a b-metric on X with s = 2. Define T : X — X by

V2. :
T@Z{ By, ifzel0,1];

iz, ifz€(1,6),

and define a: X x X — [0,00) by

¥ = 0, if otherwise.

Define 1, ¢ : [0,00) — [0,00) by 9(t) = & and ¢(t) = 5t. For all 2,y € X and
a(z,y) > 1, we have z,y € [0,1] and then

3d(Tx, T
vst(re, Ty)) = FUETY)
31V2 V2,12
_ 2’5 — 5y
2
V2 V2 2
= 4|—z— —y
6 6
2
= 4. Z)p—yl?
3612~ Yl
4z —y|?
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~ 4d(x,y)
= ;= (3.15)

= Suldley)
= () < (M (1),

Then T is a modified (a-t¢-p-0)-rational contractive mapping. We next show that
(X,d) is an a-complete b-metric. If {x,} is a Cauchy sequence in X such that
a(xp, Tny1) > 1 for all n € N, then {z,} C [0,1]. Now, since ([0,1],d) is a
complete b-metric space, then the sequence {x,} converges in [0, 1]. We will show
that T is a-continuous. If z, — x as n — oo and a(zy,Zn41) > 1 for all n € N,
then z,, € [0,1] for all n € N and so

Vi3, 1 , 1 ‘
d(Txy, Tx) =| 6T g x|* = 18|a:n x| = 18d(xn,x) — 0 asn — 0.

Let a(z,Tz) > 1. Thus = € [0,1] and Tz € [0,1] and so T?z = T(Tz) € [0,1].
Then «(Tx,T?r) > 1. Thus T is a-orbital admissible. Let a(z,y) > 1 and
a(y, Ty) > 1. We have z,y,Ty € [0,1]. This implies that a(x,Ty) > 1. Hence
T is triangular a-orbital admissible. It is clear that condition(ii) of Theorem [3.2
is satisfied with £y = 0 since a(xg,Txo) = «(0,7(0)) = «(0,0) = 1. Thus all
assumptions of Theorem are satisfied and so T has a fixed point which is
z=0.

We next replace the a-continuity of the mapping T by some appropriate con-
ditions.

Theorem 3.4. Let (X,d) be an a-complete b-metric space and a : X x X —
[0,00). Suppose that T : X — X is a modified (a--@-0)-rational contractive
mapping. Assume that the following conditions hold:

(i) T is triangular a-orbital admissible;
(i) there exists xo € X such that a(xg, Txo) > 1;

(iii) if {xn} is a sequence in X such that a(z,,Tni1) > 1 for all n € N and
Tp, — T as n — oo, then there exists a subsequence {Tn)} of {xn} such
that a(zy, ), ) > 1 for all k € N.

Then T has a fized point.
Proof. As in Theorem we can construct the sequence {z,} such that x,11 =
Tz, for all n € N, a(z,,z,41) > 1 for all n € N and z,, - = as n — co. From

condition (iii), there exists a subsequence {z,)} of {z,} such that

a(Tpky,z) > 1 for all k € N. (3.16)
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We claim that z is a fixed point of T. Assume that d(z,Tz) > 0. By triangle
inequality, we obtain that

d(x,Tx) < Sd(xaxn(k)Jrl) + Sd('rn(k)+1aTx)
= sd(z, Tpp)4+1) + sd(Txp ), Tr).

Taking limit & — oo in above inequality, we have

d(xz,Tx) < lim sd(Txpg), Tx). (3.17)
k— o0

Since T is a modified (a-t-p-0)-rational contractive mapping, using (3.16) and
(3.17)), we have

W(Pd(.Te)) < lim b(sd(T, g, T))
—00
<l [p((My(2n ), 7)) + LON (Tn (), 2))]
< <P(¢(klim My(zp k), 2))) + LO( Him Np(z1), 7)), (3.18)
00 k—oc0
where
(T (), T (r)) d(z, Tx)
M, n(k)s = d n(k)s<L), 3 ;
2s
d(Zn(k)s Tr(k)+1) d(z, Tx)
= d n ) b b b
maX{ (l‘ (k) 37) 1+d(xn(k)7xn(k)+l) 1+d($,T:17)
d(mn(k), Tx) + d(.%‘, xn(k)+1)}
2s
< max{d(xp k), ), d(Tr k), Tnir)+1), d(z, Tx)
d(zy ), T) + d(z, xn(k)ﬂ)}
2s
and
Nb(xn(k),x) = min{d(xn(k),Txn(k)),d(xn(k),Tx),d(x,Txn(k)}

= mind(Tpk), Tnk)+1)s ATy, T2), d(T, Tnr)41) }-

Taking limit as k — oo, we obtain that

lim My (2, k), ) < max{d(z,Tx), d(;v,Tx} =d(z,Tx)

k—o0 2

and
klirgo Ny(zp iy, z) = 0.
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By (3.18)), we have

P(s*d(z, Tx)) < <P(¢(kILH;C My(zp 1y, 2))) + Le(kli_{go Ny (k) T))
< e((d(z,Tx)))
< ¢Y(d(z,Tx)),
which is a contradiction because s > 1. Then d(x,Txz) = 0 and hence z is a fixed
point of T O

For the uniqueness of a fixed point of a modified (a-1-p-0)-rational contractive
mapping, we investigate some conditions introduced in [5].

Theorem 3.5. Suppose that all hypotheses of Theorem (respectively Theorem
hold. Assume that either a(u,v) > 1 or a(v,u) > 1 whenever Tu = u and
Tv=wv. Then T has a unique fixed point.

Proof. Assume that w and z are fixed points of T" with w # z. By assumption,
we have
a(w,z) > 1or a(z,w) > 1.

Suppose that a(w,z) > 1. Since T is a modified (a-1)-p-0)-rational contractive
mapping, we have

U(s*(d(w,2))) = ¥(s°(d(Tw,T%)))

< e(W(My(w, 2))) + LO(No(w, 2))),
where
d(w, Tw) d(z,Tz) d(w,Tz)+d(z,Tw)
M =
b(w7z) max{d(w’ Z)? 1 + d(w,Tw)’ 1 + d(Z,TZ)’ 25 }
— max{d(w, 2), d(w,w) 7 d(z,2) ’ d(w, z) + d(z,w)}
1+ dw,w)’ 1+ d(z,2) 2s
= d(w,z2)
and
Ny(w, z) = min{d(w, Tw), d(w, Tz),d(z, Tw)} = 0.
Then
P(s*(dw,2)) = e((d(w,2)))
< Y(d(w,2)
which is a contradiction because s > 1. Thus w = z. Similarly, if a(z,w) > 1,
then we can prove that w = z. Hence T has a unique fixed point. O

In Theorem [3.5} if we take 9(¢) = ¢ for all ¢ € [0, 00), then we immediately
obtain the following result.
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Corollary 3.6. Let (X,d) be an a-complete b-metric space where v : X x X —
[0,00) and T : X — X. Assume that there exists L > 0 such that for all x,y € X,

a(z,y) > 1 implies s3d(Tx, Ty) < p(My(x,y)) + LO(Ny(z,y)), (3.19)

where

d(z,Tx) d(y, Ty)  d(x,Ty) +d(y, T)
1+d(z,Tz) 1+d(y,Ty)’ 2s
Ny(z,y) = min{d(x, Tx),d(z, Ty),d(y, Tx)}

and ¢,0 : [0,00) — [0,00) are continuous functions such that 8(0) = 0, o(t) <
t, 0(t) > 0 for each t > 0 and ¢ is nondecreasing. Assume that the following
conditions hold:

Mb(x7y) = maX{d(may>7 }a

(i) T is triangular «-orbital admissible;
(ii) there exists xog € X such that a(zg, Txo) > 1;

(i) T is a-continuous or if {x,} is a sequence in X such that a(x,,Tp41) > 1
foralln € N and x, — = as n — oo, then there exists a subsequence {,, )}
of {xn} such that a(xyyy,z) > 1 for all k € N. .

Then T has a fixed point. Moreover, either a(u,v) > 1 or a(v,u) > 1 whenever
Tu=wu and Tv =v. Then T has a unique fized point.

In Corollary [3.6] if ¢ (t) =t — ¢/ () for all t € [0, 00) where ¢’ : [0,00) — [0, 00)
is continuous such tha ¢'(¢) < ¢ for each ¢t > 0 and ¢’ is nonincreasing and L = 0,
then we obtain the following corollary.

Corollary 3.7. Let (X,d) be an a-complete b-metric space where a: X x X —
[0,00). Suppose that T : X — X is a mapping such that for all x,y € X,

a(z,y) > 1 implies s*d(Tx, Ty) < My(z,y) — ¢’ (My(z,y)), (3.20)
where

d(z, Tx) dly, Ty)  d(z,Ty) +d(y,Tx)
14+d(z,Tx) 1+d(y,Ty)’ 2s

My(z,y) = max{d(z,y), b

and ¢’ : [0,00) — [0,00) is continuous such that ¢’'(0) = 0, ¢'(t) < t for each
t > 0 and ¢’ is nonincreasing Assume that the following conditions hold:

(i) T is triangular a-orbital admissible;
(ii) there exists xg € X such that a(xg, Txo) > 1;

(1ii) T is a-continuous or if {x,} is a sequence in X such that a(Tp, Tpi1) > 1
for alln € N and x,, — = as n — oo, then there exists a subsequence {xn(k)}
of {xn} such that a(xyy,x) > 1 for all k € N.

Then T has a fized point. Moreover, either a(u,v) > 1 or a(v,u) > 1 whenever
Tu=wu and Tv =v. Then T has a unique fized point.
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3.2 The unique of common fixed point theorems

In this section, we introduce the concept of modified (a-1-p-0)-rational con-
tractive mappings with respect to g and prove the the existence of unique common
fixed point theorems in a-complete b-metric spaces.

Definition 3.8. Let (X,d) be a b-metric space, a : X x X — [0,00), and T, ¢ :
X — X. We say that T : X — X is a modified (a-1-p-0)-rational contractive
mapping with respect to g if there exists L > 0 such that for all z,y € X,

a(z,y) > 1 implies ¢ (s*d(Tx, Ty)) < e((My(z,y))) + LONy(z,y)),  (3.21)

where
d(gx, Tx) d(gy.Ty)  d(gz,Ty) + d(gy, Tx)
L +d(gz,Tz)’ 1+d(gy,Ty)’ 2s
Ny(z,y) = min{d(gz, Tz), d(gz, Ty), d(gy, Tx)}
and 1, p,0 : [0,00) — [0,00) are continuous functions with ¢(t) < ¢, 6(¢t) > 0 for
each t > 0, ¢ is nondecreasing, #(0) = 0, ¢(¢) = 0 if and only if ¢t = 0 and ¥ is
increasing.

My(z,y) = max{d(gz, gy), I

Definition 3.9. Let (X, d) be a b-metric space and a : X x X — [0, +00) and
T,g: X — X. Then T is said to be a-continuous with respect to g, if for each
sequence {gx,} with gz, — gr as n — 00, a(gxn, grn+1) > 1, for all n € N, we
have T'xz,, —» Tx as n — oo.

Theorem 3.10. Let (X, d) be an a-complete b-metric space and Ty g : X — X be
such that TX C gX and suppose that gX is closed. Let av: X x X — [0,00) and
T is a modified (a-1p-p-0 )-rational contractive mapping with respect to g. Assume
that the following conditions hold:

(i) T is triangular g-a-admissible;

(i) there exists xog € X such that a(gxo, Txg) > 1;
(i) T is a-continuous with respect to g.
Then T and g have a coincidence point.

Proof. Let ©y € X be such that a(gxg,Tzo) > 1. Since TX C ¢gX, we can
construct a sequence {gz,} such that

gTpi1 = Ta, for all n € N.
By using Lemma we have
o(9Tn, gTns1) > 1 for all m € N. (3.22)

By the analogous proof as in Theorem we can prove that {gz,} is a Cauchy
sequence. Since a(gxn,gTn+1) > 1 for all n € N and X is an a-complete b-
metric space, we have {gz,} converges to z € gX. Thus there exists x € X
such that lim, ., gz, = gx. Since T is a-continuous with respect to g, so Tz =
limg, 00 Ty = limy 00 gTn4+1 = gz. Then x is a coincidence point of T"and g. O
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We replace the a-continuity of the mapping T with respect to g by some
appropriate conditions.

Theorem 3.11. Let (X, d) be an a-complete b-metric space and Ty g : X — X be
such that TX C gX and suppose that gX is closed. Let a: X x X — [0,00) and
T is a modified (a-1p-p-0 )-rational contractive mapping with respect to g. Assume
that the following conditions hold:

(i) T is triangular g-a-admissible;
(ii) there exists xg € X such that a(gxo, Txo) > 1;

(iii) if {gxn} is a sequence in X such that a(gxy, gxni1) > 1 for alln € N and
9T, — gr as n — oo, then there exists a subsequence {gx,xy} of {gxn}
such that a(g,m), gx) > 1 for all k € N.

Then T and g have a coincidence point.

Proof. As in the proof of Theorem we can construct the sequence {gz,, } with
Tz, = grpyr foralln € N a(gz,, gxn41) > 1for alln € N and lim,, o gz, = gz.
By (iii), there exists a subsequence {gx, )} of {gz,} such that a(gz, ), gz) > 1,
for all £ € N. By the analogous proof as in Theorem we obtain that 7" and g
have a coincidence point. O

For the uniqueness of a common fixed point, we add some appropriate condi-
tions to the hypotheses.

Theorem 3.12. Suppose that all hypotheses of Theorem (respectively Theo-
rem hold. Assume that the following conditions hold:

(i) the pair {T, g} is weakly compatible;
(i1) either a(u,v) > 1 or a(v,u) > 1 whenever Tu = gu and Tv = gv.

Then T and g have a unique common fized point.

Proof. Assume that Tu = gu and Tv = gv. We will show that gu = gv. Suppose
that gu # gv. Therefore a(u,v) > 1 or a(v,u) > 1. Suppose that a(u,v) > 1. It
follows that

U(s’d(gu, gv)) = (s°d(Tu, Tv)) < @(¥(Ms(u,v))) + LO(Ny(u, v)),

where
d(gu, Tu) d(v,Tv)  d(gu,Tv)+ d(gv,Tu)
M, = d
b(u?v) ma‘X{ (QU’?gU)? 1 + d(gu,TU)’ 1 + d('U,TU), 28 }
d(gu, gu) d(gv,gv)  d(gu,gv) + d(gv, gu)
= d
max{d(gu, gv), 1+ d(gu,gu)’ 1+ d(gv,gv)’ 2s }

d(gu, gv)
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and
Ny(u,v) = min{d(gu, Tu), d(gu, Tv), d(gv, Tu)} = 0.

This implies that

(3 (d(gu, gv))) < ((d(gu, gv)))
< Y(d(gu, gv)

which is a contradiction because s > 1. Thus gu = gv. Similarly, if a(v,u) > 1,
we can prove that gu = gv. This implies that T and g have a unique point of
coincidence. Since the pair {7, g} is weakly compatible and by Theorem we
can conclude that 7" and g have a unique common fixed point. O

Corollary 3.13. Let (X,d) be an a-complete b-metric space with respect to g and
T,g: X — X be such that TX C gX. Assume that gX s closed and there exist
a: X XX =R and L >0 such that for all x,y € X,

a(z,y) > 1 implies s°d(Tx, Ty) < o(My(z,y)) + LO(Ny(z,y)), (3.23)

where

d(gz, Tx) d(gy, Ty)  d(gz,Ty) + d(gy, Tx)
1+d(gz,Tz)’ 1+d(gy,Ty)’ 2s

My(z,y) = max{d(gz, gy), 3
d(gr,Tx) d(gx, Ty) d(gy, Tx)

N, = mi
b(xvy) mln{l _‘_d(g’Tx), 1 +d(g:c,Ty), 1 +d(gyaTI)

}

and ¢,0 : [0,00) — [0,00) are continuous functions such that 6(0) = 0, p(t) < t,
0(t) > 0 for each t > 0. Assume that the following conditions hold:

(i) T is triangular g-a-admissible;
(#i) there exists xog € X such that a(gxo, Txg) > 1;

(iii) T is a-continuous with respect to g or if {grn} is a sequence in X such that
a(gxn, gTns1) > 1 for alln € N and gx,, — gx as n — oo, then there exists
a subsequence {gxyn(xy} of {gxn} such that a(gz,m), gr) > 1 for all k € N.

Then T and g have a coincidence point. Moreover, assume that the following
conditions hold:

(iv) the pair {T, g} is weakly compatible;
(v) either a(u,v) > 1 or a(v,u) > 1 whenever Tu = gu and Tv = gv.

Then T and g have a unique common fized point.
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3.3 Applications to integral equations

In this section, we prove the existence of a solution of a nonlinear quadratic
integral equation taken from Allahari et al. [I2].

Let C(I) be the set of all continuous functions defined on I = [0,1] and
p:C(I) x C(I) — R defined by

plz,y) = Sup lz(t) — y(t)| for z,y € C(I).

Let p > 1. We define d: C(I) x C(I) — R defined by

d(z,y) = (pz,9))" = (supa(t) = y(B))" = supa(t) —y(t)” for all @,y € C1).

It is well known that (X, d) is a complete b-metric space with s = 2P~1 (see [13]).
Let T be the set of functions « : [0, +00) — [0, +00) which satisfy the following

conditions:
(i) ~ is nondecreasing and (y(¢))? < y(¢?) for all p > 1;

(if) There exists ¢ : [0, +00) — [0, +00) which is nonincreasing and continuous,
o(t) <t for all t > 0 such that v(t) =t — ¢(t) for all ¢ € [0, 4+00).

Consider the nonlinear quadratic equation as follows:

2(t) = h(t) + )\/01 k(t, ) f (s, 2(s))ds, t € I, A > 0. (3.24)

Suppose that the following conditions hold:
(A1) h:I — R is continuous;

(A2) f:I xR — R is continuous, f(t,x) > 0 and there exist L >0, v € " and a
function ¢ : R? — R such that for all ¢ € I, for all a,b € R with &(a,b) > 0,

|f(t’a) - f(t’b)| < L’}/(|CL - b|)a

(A3) k:Ix1I— Riscontinuous at t € I for every s € I and measurable at s € T
for all ¢ € I such that k(t,s) > 0 and fol k(t,s)ds < K;

(A4) NWPKPLP < _1

23p—3)

(A5) there exists xy € C(I) such that for all ¢t € I,
1
£(o(t), h(t) + A / k(t, 5)f (s, 20(s))ds) > 0;
0

(A6) for allt € I and for all z,y,z € C(I),

§(2(t),y(t)) = 0 and £(y(t), 2(1)) = 0 imply £(x(t), 2(t)) = 0;
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(A7) for all t € I and for all z,y € C(I),

E(o(0):0(0) > 0 mplics €(b(0)+ [ K(t,5)5 (60, (002 [ K(t:5)5.0(6)ds) 2 0
(A8) if {x,} is a sequence in C(I) such that z, — = € C(I) and &(xn(t), Tni1(t)) >0

for all n € N and for all ¢ € I, then there exists a subsequence {x, )} of {n}
such that &(x,x)(t), z(t)) > 0 for all k € N and for all ¢t € I.

Theorem 3.14. Under assumptions (A1)-(A8), the integral equation has
a solution in C(I).

Proof. Let T : C(I) — C(I) be defined by
T(x)(t) = h(t) + )\/ k(t,s)f(s,z(s))ds for t € I.
0

Let x,y € C(I) such that {(x(t),y(t)) > 0 for all ¢ € I. Therefore
1 1
T()(t) — T = |h(t) + A / K(t, )£ (s, 2(s))ds — h(t) — A / k(t, )£ (s, y(s))ds]
0 0
< A / k(L 8)| £ (s,2(5)) — F(55(s)|ds
0

1
< A [ KL (la(s) - (o),
0
Since v is nondecreasing, we obtain that

Y(lz(s) —y(s)|) < 7(21611[9 lz(s) —y(s)]) = v(p(z,y)).

This implies that
T (z)(t) — T'(y)(#)| < AKLy(p(z,y)).
Therefore

d(Tz, Ty) sup [T'(x)(t) = T(y) )|

tel

KLy (ol )P

A KPLPy(d(z,y))

N KPLP(M(a,y)
NKPLP[M (2,) — ¢(M (2, 3)
s M (@9) — oM (2, 9)))

for all z,y € C(I) such that £(z(¢),y(t)) > 0 for all ¢ € I. We next define
a:C(I)x C(I) = [0,00) by

a(z.y) = {1» if €((t), (1) > 0, 1 € 1

0, otherwise.

VAN VAN VAN VAN

IN
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Let z,y € C(I) be such that a(z,y) > 1. It follows that £(z(t),y(t)) > 0 for all
t € I. This yields
s°d(Ta, Ty) < M(x,y) — (M (z,y).

This implies that T satisfies the contractive condition in Corollary Using (A7),
for each x € C(I) such that a(z,Tz) > 1 we obtain that &(Tz(t), T?x(t)) > 0.
This implies that o(Tz,T%x) > 1. Let x,y € C(I) be such that a(z,y) > 1 and
a(y,Ty) > 1. Thus

§(x(t),y(t)) = 0 and &(y(t), Ty(t)) > 0 for all ¢ € I.

By applying (A6), we obtain that £(z(t), Ty(t)) > 0 and so a(z, Ty) > 1. It follows
that T is triangular a-orbital admissible. Using (A5), there exists xo € C(I) such
that a(zg,Txo) > 1. Let {x,} be a sequence in C(I) such that z,, — =z € C(I)
and a2y, Tny1) > 1 for all n € N. By (A8), there exists a subsequence {z,)} of
{xn} such that () (t), 2(t)) > 0. This implies that a(xyxy,z) > 1. Therefore
all assumptions in Corollary are satisfied. Hence T has a fixed point in C(I)
that is a solution of the integral equation . O

Corollary 3.15. Assume that the following conditions hold:
(i) h:I— R is a continuous;

(i) f:I xR —[0,00) is continuous and nondecreasing and f(t,s) > 0.

(#ii) there exist L > 0 and v € T such that for all t € I, for all a,b € R with
a < b, we have

(i) k:IxI— R is continuous at t € I for every s € I and measurable at s € T
for allt € I such that k(t,s) >0 and fol k(t,s)ds < K;

(v) YPKPLP < 5p—;
(vi) there exists xg € C([0,1]) such that for allt € I, we have

2o(t) < A(t) + A /0 k(t, ) (5, 1.(s))ds.

Then has a solution in C(I).
Proof. Define a mapping & : R2 — R by
&(a,b) =b—a forall a,beR.

By the analogous proof as in Theorem [3.14] we obtain that (3.24) has a solution
in C(I). O
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