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1 Introduction

Let T be a homogeneous tree on which each vertex has N + 1 neighboring
vertices. We first fix any vertex as the ”root” and label it by 0. Let σ, τ be vertices
of a tree. Write τ ≤ σ if τ is on the unique path connecting 0 to σ, |σ| for the
number of edges on this path. For any two vertices σ, τ , denote σ ∧ τ the vertex
farthest from 0 satisfying

σ ∧ τ ≤ σ, and σ ∧ τ ≤ τ.
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If σ 6= 0, then we let σ̄ stand for the vertex satisfying σ̄ ≤ σ and |σ̄| = |σ| − 1
(we refer to σ as a son of σ̄). It is easy to see that the root has N + 1 sons and
all other vertices have N sons. The homogeneous tree T is also called Bethe tree
TB,N . For example, we give the following Fig 1 TB,2.
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Fig 1. Bethe tree TB,2

Two special finite tree-indexed Markov chains are introduced in Kemeny et
al.(1976 [1]), Spitzer (1975 [2]), and there the finite transition matrix is assumed
to be positive and reversible to its stationary distribution, and this tree-indexed
Markov chains ensure that the cylinder probabilities are independent of the direc-
tion we travel along a path. In this paper, we have no such assumption.

If |σ| = n, it is said to be on the nth level on a tree T . We denote by T (n)

the subtree of T containing the vertices from level 0 (the root) to level n, and
Ln the set of all vertices on the level n. Let B be a subgraph of T . Denote
XB = {Xσ, σ ∈ B}, and denote by |B| the number of vertices of B. Let S(σ)
be the set of all sons of vertices σ. It is easy to see that |S(0)| = N + 1 and
|S(σ)| = N , where σ 6= 0.

Suppose that S = {1, 2, 3, · · · } is a countable state space. Let Ω = ST ,
ω = ω(·) ∈ Ω, where ω(·) is a function defined on T and taking values in S, and F
be the smallest Borel field containing all cylinder sets in Ω, µ be the probability
measure on (Ω,F) . Let X = {Xσ, σ ∈ T} be the coordinate stochastic process
defined on the measurable space (Ω,F); that is, for any ω = {ω(t), t ∈ T}, define

Xt(ω) = ω(t), t ∈ T (n)

XT (n) ∆
= {Xt, t ∈ T (n)}, µ(XT (n)

= xT
(n)

) = µ(xT
(n)

). i = 1, 2. (1)

Now we give a definition of Markov chain fields on the tree T by using the cylinder
distribution directly, which is a natural extension of the classical definition of
Markov chains (see[3]).
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Definition 1.1. Let
{
pσ, σ ∈ T (n)

}
be a sequence of positive real numbers, pσ ∈

(0, 1). Denote qσ = 1− pσ, σ ∈ T (n). If

µP (xT
(n)

) =

n∏
k=0

∏
σ∈Lk

(1− pσ)Xσ−1pσ, n ≥ 0. (2)

Then µP will be called a random field which obeys the geometric distributions (2)
indexed by the homogeneous tree T .

There have been some works on limit theorems for tree-indexed stochastic
processes. Benjamini and Peres have given the notion of the tree-indexed homo-
geneous Markov chains and studied the recurrence and ray-recurrence for them
(see[4]). Berger and Ye have studied the existence of entropy rate for some sta-
tionary random fields on a homogeneous tree (see[5]). Pemantle proved a mixing
property and a weak law of large numbers for a PPG-invariant and ergodic random
field on a homogeneous tree (see[6]). Ye and Berger, by using Pemantle’s result
and a combinatorial approach, have studied the asymptotic equipartition property
(AEP) in the sense of convergence in probability for a PPG-invariant and ergodic
random field on a homogeneous tree(see [7, 8]). Peng and Yang have studied a
class of small deviation theorems for functionals of random field and asymptotic
equipartition property (AEP) for arbitrary random field on a homogeneous trees
(see [9, 10]). Recently, Yang have studied some limit theorems for countable ho-
mogeneous Markov chains indexed by a homogeneous tree and strong law of large
numbers and the asymptotic equipartition property (AEP) for finite homogeneous
Markov chains indexed by a homogeneous tree (see [11, 12]). Wang has also stud-
ied some Shannon-McMillan approximation theorems for arbitrary random field
on the generalized Bethe tree (see[13]).

It is known to all that the geometric distribution is one of the classical proba-
bility distributions. It has comprehensive applications in all fields of the econom-
ical life. In this paper, our aim is to establish some strong limit theorems for the
random field which obeys the geometric distributions indexed by the homogeneous
tree by constructing the consistent distribution and a nonnegative martingale with
pure analytical methods. As corollaries, some limit theorem for the sequence of
random variables with the geometric distributions is extended.

2 Main Results

Theorem 2.1. Let X = {Xσ, σ ∈ T} be a random field taking values in S =
{1, 2, 3, · · · } which obeys the geometric distributions (2) indexed by the homoge-
neous tree T . Let {an, n ≥ 0} be a nonnegative increasing stochastic sequence.
Denote

α = inf
{
pσ, σ ∈ T (n), n ≥ 0

}
> 0, (3)

D(ω) = {ω : lim
n→∞

an =∞, lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

1

pσ
≤M}. (4)
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Then

lim
n→∞

1

an

n∑
k=0

∑
σ∈Lk

(Xσ −
1

pσ
) = 0. µP − a.s. ω ∈ D(ω) (5)

Proof. Consider the probability space (Ω,F , µ), let λ be an arbitrary real number,
δi(j) be Kronecker function. We construct the following product distribution:

µQ(xT
(n)

;λ) =

n∏
k=0

∏
σ∈Lk

(λ(1− pσ))Xσ−1(1− λ(1− pσ)), n ≥ 0. (6)

Denote

Un(λ, ω) =
µQ(XT (n)

;λ)

µP (XT (n))
. (7)

By (2) and (6), we can rewrite (7) as

Un(λ, ω) =
1

µP (XT (n))
λ

n∑
k=0

∑
σ∈Lk

Xσ n∏
k=0

∏
σ∈Lk

(1− pσ)Xσ−1pσ

n∏
k=0

∏
σ∈Lk

1− λ(1− pσ)

λpσ

= λ

n∑
k=0

∑
σ∈Lk

Xσ n∏
k=0

∏
σ∈Lk

1− λ(1− pσ)

λpσ
. (8)

We set Fn = σ(XT (n)

), denote by EP the expectation relative to the measure µP .
According to the independence of {Xσ, σ ∈ T}, we can write

EP [Un(λ, ω)|Fn−1]

= EP

λ n∑
k=0

∑
σ∈Lk

Xσ n∏
k=0

∏
σ∈Lk

1− λ(1− pσ)

λpσ
|Fn−1


= Un−1(λ, ω) · EP

[
λ

∑
σ∈Ln

Xσ ∏
σ∈Ln

1− λ(1− pσ)

λpσ
|Fn−1

]

= Un−1(λ, ω) · EP

[
λ

∑
σ∈Ln

Xσ ∏
σ∈Ln

1− λ(1− pσ)

λpσ

]

= Un−1(λ, ω) ·
∑

xLn∈S

∏
σ∈Ln

λxσ
1− λ(1− pσ)

λpσ
(1− pσ)xσ−1pσ

= Un−1(λ, ω) ·
∏
σ∈Ln

∑
xσ∈S

λxσ−1(1− pσ)xσ−1(1− λ(1− pσ))

= Un−1(λ, ω) ·
∏
σ∈Ln

∑
xσ∈S

(λ(1− pσ))xσ−1(1− λ(1− pσ))

= Un−1(λ, ω) ·
∏
σ∈Ln

1− λ(1− pσ)

1− λ(1− pσ)
= Un−1(λ, ω). (9)
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It is easy to see that {Un(λ, ω),Fn, n ≥ 1} (where Fn = σ(XT (n)

)) is a nonnegative
martingale. According to Doob’s martingale convergence theorem, we know

lim
n→∞

Un(λ, ω) = U∞(λ, ω) <∞. µP − a.s. (10)

By the first equation of (4) and (10) we have

lim sup
n→∞

1

an
logUn(λ, ω) ≤ 0. µP − a.s. ω ∈ D(ω) (11)

By (8) and (11) we can write

lim sup
n→∞

1

an
[

n∑
k=0

∑
σ∈Lk

Xσ log λ−
n∑
k=0

∑
σ∈Lk

log(
λpσ

1− λ(1− pσ)
)] ≤ 0.

µP − a.s. ω ∈ D(ω) (12)

Letting λ ∈
(

1, 1
1−α

)
and dividing both sides of (12) by log λ, we have

lim sup
n→∞

1

an
[

n∑
k=0

∑
σ∈Lk

Xσ −
n∑
k=0

∑
σ∈Lk

log(
λpσ

1− λ(1− pσ)
)

/
log λ] ≤ 0.

µP − a.s. ω ∈ D(ω) (13)

According to the property of superior limit

lim sup
n→∞

(an − bn) ≤ 0⇒ lim sup
n→∞

(an − cn) ≤ lim sup
n→∞

(bn − cn) , (14)

By (13) and the inequality 1− 1/x ≤ lnx ≤ x− 1 (x > 0), we can write

lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

(Xσ −
1

pσ
)

≤ lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

[log(
λpσ

1− λ(1− pσ)
)

/
log λ− 1

pσ
]
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≤ lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

[(
λpσ

1− λ(1− pσ)
− 1)

/
log λ− 1

pσ
]

= lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

[(
λ− 1

1− λ(1− pσ)

/
log λ)− 1

pσ
]

≤ lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

[

λ−1
1−λ(1−pσ)

1− 1/λ
− 1

pσ
]

= lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

[
λ

1− λ(1− pσ)
− 1

pσ
]

= lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

λ− 1

pσ[1− λ(1− pσ)]

≤ lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

1

pσ

λ− 1

1− λ(1− α)
. µP − a.s. ω ∈ D(ω) (15)

when 1 < λ ≤ 1−α/2
1−α = 1 + α

2(1−α) , we have 1− λ(1− α) ≥ α/2. Thus

λ− 1

1− λ(1− α)
≤ 2(λ− 1)

α
. (16)

By (4), (15) and (16), we obtain

lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

(Xσ −
1

pσ
)

≤ 2(λ− 1)

α
lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

1

pσ
≤ 2(λ− 1)

α
M. µP − a.s. ω ∈ D(ω) (17)

Choose λi ∈
(

1, 1−α/2
1−α

)
(i = 1, 2, · · · ) such that λi → 1+(as i → ∞), we have by

(17),

lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

(Xσ −
1

pσ
) ≤ 0. µP − a.s. ω ∈ D(ω) (18)

Letting λ ∈ (0, 1), dividing both sides of (12) by logλ, we get

lim inf
n→∞

1

an
[

n∑
k=0

∑
σ∈Lk

Xσ −
n∑
k=0

∑
σ∈Lk

log(
λpσ

1− λ(1− pσ)
)

/
log λ] ≥ 0,

µP − a.s. ω ∈ D(ω) (19)

In virtue of the property of inferior limit,

lim inf
n→∞

(an − bn) ≥ 0⇒ lim inf
n→∞

(an − cn) ≥ lim inf
n→∞

(bn − cn) , (20)
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By (19) and inequality 1− 1/x ≤ lnx ≤ x− 1, (x > 0) , we can write

lim inf
n→∞

1

an

n∑
k=0

∑
σ∈Lk

(Xσ −
1

pσ
)

≥ lim inf
n→∞

1

an

n∑
k=0

∑
σ∈Lk

[log(
λpσ

1− λ(1− pσ)
)

/
log λ− 1

pσ
]

≥ lim inf
n→∞

1

an

n∑
k=0

∑
σ∈Lk

[(
λ− 1

1− λ(1− pσ)

/
log λ)− 1

pσ
]

≥ lim inf
n→∞

1

an

n∑
k=0

∑
σ∈Lk

[

λ−1
1−λ(1−pσ)

1− 1/λ
− 1

pσ
]

≥ lim inf
n→∞

1

an

n∑
k=0

∑
σ∈Lk

λ− 1

pσ[1− λ(1− pσ)]

≥ lim inf
n→∞

1

an

n∑
k=0

∑
σ∈Lk

λ− 1

pσ[1− λ(1− α)]

≥ λ− 1

α
lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

1

pσ
≥ λ− 1

α
M. µP − a.s. ω ∈ D(ω) (21)

Select λi ∈ (0, 1)(i = 1, 2, · · · ) such that λi → 1−(as i→∞), by (21) we obtain

lim inf
n→∞

1

an

n∑
k=0

∑
σ∈Lk

(Xσ −
1

pσ
) ≥ 0. µP − a.s. ω ∈ D(ω) (22)

(18) and (22) imply that (5) is also valid.

3 Some Corollaries for Random Field with Geo-
metric Distributions on the Homogeneous Tree.

Corollary 3.1. Let X = {Xσ, σ ∈ T} be a random field which obeys the geometric
distributions (2) indexed by the homogeneous tree T . α is defined by (3). Then

lim
n→∞

1

|T (n)|

n∑
k=0

∑
σ∈Lk

(Xσ −
1

pσ
) = 0. µP − a.s. (23)

Proof. Letting an = |T (n)|, n ≥ 0 and M = 1/α, we obtain lim
n→∞

|T (n)| = +∞ and

lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

1

pσ
≤ lim sup

n→∞

1

|T (n)|

n∑
k=0

∑
σ∈Lk

1

α
= lim sup

n→∞

|T (n)|
|T (n)|

1

α
=

1

α
.

It means D(ω) = Ω. (23) follows from (5) immediately.
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Corollary 3.2. Let {Xn, n ≥ 0} be a sequence of random variables which obeys
the geometric distributions. Denote

α = inf {pn, n ≥ 0} > 0, (24)

then

lim
n→∞

1

n

n∑
k=0

(Xk −
1

pk
) = 0. P − a.s. (25)

Proof. Letting |S(σ)| ≡ 1, σ ∈ T (n) in Theorem 1, that is, the successor of each
vertex of the tree T has only one vertex, the random field which obey the geometric
distributions indexed by the homogeneous tree degenerates into the sequence of
random variables with the geometric distribution. At the moment, |T (n)| = n+ 1,
pn = pσ, n ≥ 0. (25) follows from (5) immediately.

Corollary 3.3. Let X = {Xσ, σ ∈ T} be a random field taking values in S =
{1, 2, 3, · · · } which obeys the geometric distributions (2) indexed by the homoge-
neous tree T . Denote

α = inf
{
pσ, σ ∈ T (n), n ≥ 0

}
> 0, (26)

Then

lim
n→∞

(
n∑
k=0

∑
σ∈Lk

Xσ

/
n∑
k=0

∑
σ∈Lk

1

pσ

)
= 1. µP − a.s. (27)

Proof. Letting an =
n∑
k=0

∑
σ∈Lk

1
pσ
, n ≥ 0 and M = 1, we obtain

lim
n→∞

an = lim
n→∞

n∑
k=0

∑
σ∈Lk

1

pσ
> lim
n→∞

n∑
k=0

∑
σ∈Lk

1 = lim
n→∞

|T (n)| =∞.

lim sup
n→∞

1

an

n∑
k=0

∑
σ∈Lk

1

pσ
= lim sup

n→∞

(
n∑
k=0

∑
σ∈Lk

1

pσ

/
n∑
k=0

∑
σ∈Lk

1

pσ

)
= 1.

lim
n→∞

1

an

n∑
k=0

∑
σ∈Lk

(Xσ −
1

pσ
)

= lim
n→∞

1
n∑
k=0

∑
σ∈Lk

1
pσ

n∑
k=0

∑
σ∈Lk

(Xσ −
1

pσ
) = lim

n→∞

1
n∑
k=0

∑
σ∈Lk

1
pσ

n∑
k=0

∑
σ∈Lk

Xσ − 1 = 0.

(28)
It means D(ω) = Ω. (27) follows from (28) immediately.
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Theorem 3.4. Let X = {Xt, t ∈ T} be a random field which obeys the geometric
distribution (2) with the parameter p indexed by the homogeneous tree T . Then

lim sup
n→∞

1

|T (n)|

n∑
k=0

∑
t∈Lk

Xt ≤ log(
ep

1− e(1− p)
). µP − a.s. (29)

lim inf
n→∞

1

|T (n)|

n∑
k=0

∑
t∈Lk

Xt ≥ log(
e− 1 + p

p
). µP − a.s. (30)

Proof. By (10) we have

lim sup
n→∞

1

|T (n)|
logUn(λ, ω) ≤ 0. µP − a.s. (31)

By use of (8), (31) can be rewritten as

lim sup
n→∞

1

|T (n)|
[

n∑
k=0

∑
t∈Lk

Xt log λ−
n∑
k=0

∑
t∈Lk

log(
λpt

1− λ(1− pt)
)] ≤ 0. (32)

It implies that

lim sup
n→∞

1

|T (n)|

n∑
k=0

∑
t∈Lk

Xt log λ ≤ lim sup
n→∞

1

|T (n)|

n∑
k=0

∑
t∈Lk

log(
λpt

1− λ(1− pt)
). (33)

Letting λ = e, pt ≡ p, t ∈ T in (33), we obtain

lim sup
n→∞

1

|T (n)|

n∑
k=0

∑
t∈Lk

Xt ≤ lim sup
n→∞

1

|T (n)|

n∑
k=0

∑
t∈Lk

log(
ep

1− e(1− p)
) = log(

ep

1− e(1− p)
).

(34)
In the similar way, letting λ = 1/e, pt ≡ p, t ∈ T in (32), we have

lim sup
n→∞

1

|T (n)|
[−

n∑
k=0

∑
t∈Lk

Xt log e−
n∑
k=0

∑
t∈Lk

log(
p/e

1− (1− p)/e
)] ≤ 0. (35)

That is

lim inf
n→∞

1

|T (n)|
[

n∑
k=0

∑
t∈Lk

Xt +

n∑
k=0

∑
t∈Lk

log(
p

e− 1 + p
)] ≥ 0. (36)

Moreover,

lim inf
n→∞

1

|T (n)|

n∑
k=0

∑
t∈Lk

Xt ≥ lim inf
n→∞

1

|T (n)|

n∑
k=0

∑
t∈Lk

log(
e− 1 + p

p
) ≥ log(

e− 1 + p

p
).

(37)
Hence (29), (30) follow from (34) and (37) immediately.
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