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1 Introduction and Statement of Results

Let H be an infinite dimensional complex separable Hilbert space and B(H ) be
the algebra of all bounded linear operators defined on H. An operator T' € B(H)
is called normal if TT* = T*T, hyponormal if T*T > TT* which is equivalent
to the condition ||T*z| < |Tz||, for all z € H. For real numbers « and 8 with
0 < a<1<p,an operator T acting on a Hilbert space H is called (a, 8)-normal
if 2T*T < TT* < B*T*T, which is equivalent to the condition o||Tz| < ||T*z| <
BITz||, for all z in H [1,2]. For « =1 = 3, T is a normal operator. For a = 1, we
observe from the left inequality that T™* is hyponormal and for 5 = 1, from the right
inequality we obtain that T is hyponormal. Takagi and K. Yokouchi [3] initiated
the study of multiplication and composition operators between LP-spaces. The
study of non-normal classes of composition operators initiated by R.K. Singh [4]
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in 1974 and later this was studied by many authors [5]- [13]. In this paper, we
obtain a necessary and sufficient condition for an operator and its adjonits to be
(a, B)-normal composition operator.

Let (X, X, m) be a sigma-finite measure space. The space L?(X, ¥, m) = L?(m) is
defined as:

L*(m) = {f : X — C: f is a measurable function and / |f|2dm < oo}
b'e

with || ]2 = ( /X |f|2dm> "

Radon Nikodym Theorem. If (X,X,m) is a o-finite measure space and m’
is a o-finite measure on ¥ such that m' is absolutely continuous with respect to
m, then there exists a finite-valued non-negative measurable function h on X such

that for each A € X, m'(A) = / hdm. Also, h is unique in the sense that if
A

m/(A) = / gdm for each A € ¥, then h = g a.e.(m).
A

A mapping T : X — X is said to be measurable if T-}(A4) € ¥ whenever
A € ¥. A measurable transformation 7" : X — X is called non-singular if the
pre-image of every null set under 7' is a null set. Such a transformation induces a
well defined composition operator

Cr : L*(m) — L*(m) as
Crf=foT foreach f e L*(m), if

(i) the measure m o T~ is absolutely continuous with respect to m, and

(ii) the Radon-Nikodym derivative h = dmT ) g essentially bounded.
Every essentially bounded complex-valued measurable function 6 induces a bounded
operator My on L?(m) which is defined by My f = 0f for every f € L*(m).

Let £ C X, then the characteristic function of F, written as x g, is the function
on X defined by

xe(z)=1for x € E and xg(z)=0 forz e (X — E)

2 (a,f)-Normal Composition Operators

In this section we obtain a necessary and sufficient condition for an operator
to be (a, 8)-normal composition operator.

The following lemma due to Harrington and Whitley [7, Lemma 1] is instru-
mental in the subsequent results.

Lemma 2.1. Let P denote the projection of L?(m) on R(Cr).
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(a) C5Crf =hf and CyCif = (hoT)Pf for all f in L*(m).

(b) R(Ct) ={f € L*(m) : f is T~1(X)-measurable}.

Theorem 2.2. A composition operator Cr on L?*(m) is («, 3)-normal
0<a<1<pB)iffa’h < (hoT)P < B2h a.e.

Proof. By definition of (a,B)-normal operators, Cr is («,[)-normal
0<a<1<h)

if OZ2C;~CT S CTC; S 520;107“

ie.  aX(CpOrf, f) <(CrCif, f) < BHCiCrf, f) ¥ fe L*(m)

it o*(Mpf,f) < (Mgorypf. f) < B(Myf, f) ¥ f€L*(m)

iff  o®(Muxe, xe) < (Muporypxe, XE) < B (MiXE, XE),
for every xg of F in ¥ such that m(F) < oo

iff /thdmg/(hoT)Pdmg/ B2hdm,
E E E

for every E in ¥ such that m(E) < oo

if  a?h<(hoT)P < B*h ae., for0<a<1<p. O
Theorem 2.3. An operator T € B(H) is (o, 8)-normal (0 < o < 1 < B) iff
K2(TT*) + 2ka®(T*T) + TT* > 0 a.e. and k*(T*T) + 2k(TT*) + B4(T*T) > 0

a.e., for all k € R.

Proof. Forallz € Hand 0 < a <1< .

E*(TT*) + 2ka®T*T + TT* > 0 a.e. and

k2(T*T) 4 2k(TT*) + BX(T*T) > 0 a.e. forall k€ R
iff  ((K*TT* +2ka*T*T + TT*)x,x) > 0 a.e. and

(K*T*T + 2kTT* + B*T*T)x,z) > 0 ae. foral keR
iff KX TT*z,x) + 2ka*(T*Tx,z) + (TT*z,z) > 0 a.e. and

EXT*Tx,x) 4+ 2k(TT*z,x) + f*(T*Tx,2) > 0 a.e. forall keR
iff KTz, T*z) + 2ka®(Tx, Tx) + (T*z, T*z) > 0 a.e. and

E*(Tx, Tx) + 2k(T*2, T*x) + f*(Tx,Tz) > 0 a.e. forall keR
iff k2T x|? 4 2ka®||T2||* + | T*2||* > 0 a.e. and

E?||Tx||? + 2k||T*z||> + 8| Tz|*> > 0 ae. forall keR
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Using elementary properties of real quadratic forms

E*TT* + 2ka®T*T +TT* > 0 a.e. and
K*T*T + 2kTT* + *T*T > 0 a.e. forall keR
iff 4ot Tz||* <4|T*z||* and 4||T*z||* < 464 Tz|*
iff  afTz| <|T"z|| and |[T"z|| < B||Tz|
T € B(H) is (o, B)-normal operator
iff  ofTx| < Tz < BTz, 0<a<1<p O

Theorem 2.4. A composition operator Cr on L*(m) is («,)-normal operator
0<a<1<B)iff k2(hoT)P +2ka’h+ (hoT)P > 0 a.e. and k*h + 2k(h o
T)P + *h >0 a.e. for all k € R.

Proof. By Theorem 2.3, Cr is («, 8)-normal operator (0 < o <1< f)

iff  ((K°CrCh + 2ka®CiCr + CrC)(f), f) > 0 and
((K*CTCr + 2kCrC + B*CLCOT)(f), ) 2 0
for all f € L?*(m) and for all k € R
iff  ((K*CrCh + 2ka*CiCr + CrC)xE, xe) > 0 and
(K*C3Cr + 2kCrCr + B*C1Cr)xE, XE) 2 0
for every xg of E in ¥ such that m(F) < oo and k € R
iff  (K*Mnoryp + 2k My + Mporyp)XEs XE) > 0 and

((K* My, 4 2kM horyp + B*My)xE, XE) > 0
for every xp of E in ¥ such that m(E) < oo and k € R

iff / (k*Mnoryp + 2ka®> My, + Mporyp)Xpdm > 0 and

[0+ 20y + 5 M) = 0
for every xp of E in ¥ such that m(E) < oo and k € R

iff /(k2(hoT)P+2ka2h+ (hoT)P)dm >0 and
E

/ (K2h + 2k(h o T)P + B*h)dm > 0
E

for every FE in ¥ such that m(E) < oo and k € R
iff  k*(hoT)P+2ka*h+ (hoT)P >0 ae. and
Eh +2k(hoT)P + 3*h >0 a.. forall k€ R. O
Corollary 2.5. A composition operator Cr on L?*(m) with dense range is («, 3)-

normal (0 < a <1< 8) iff k*(hoT) + 2kah+ (hoT) >0 a.e. and k*h + 2k(ho
T)+ B*h >0 a.e. for all k € R.
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Corollary 2.6. A composition operator Cp on L?(m) with dense range is («, 3)-
normal (0 < a <1< B) iff a®h < (hoT) < 3%h a.e.

Corollary 2.7. A composition operator Cr on L?(m) is («, B)-normal
(0 <a<1<p)iff for all f € L?*(m)

(a) Jah?f|| < [[(hoT)2Pf|| < [|Bh% f].
(b) llah= Pf|| < ||(ho T)2 P[] < ||8h% P].
Theorem 2.8. A composition operator Cy on L?(m) is (a, 3)-normal,

O<a<i<p igal®) < g,

dm

Proof. Let a composition operator Cr on L?(m) be a («, 3)-normal operator
(0<a<1<p).
Then by Corollary 2.7(b)
lah? Pf|| < ||(ho T)h? Pf|| < ||8h* Pf|

Let E be a set of finite measure in X. Let A =T"1(E). As A is T~!(X) measur-
able, therefore P x4 = xa and

0 < [[(hoT)* Pxall* — ah? Pyal®
:/(hoT—ah)dm
A
:/ (hoT)dm — a dmT~")(4)
A
- /(hoT)CT xedm — o d(mT~1)(A)

:/ﬁwzwanmmn—aamT*xA)

—2
= / <h2 — ame > dm.
E dm

Therefore,
dmT—2
hZ — m >0 a.e
dm
dmT—2
or h? > aiﬂcllm a.e. (2.1)
Also,

0 < [|8h% Pxa|? —|[(ho T)% Pxal?

:/ <5me_2 - h2) dm.
E dm
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Therefore
dmT 2
1) mn —h2>0 ae.
dm
dmT 2
or 8 nZlm > h? ae. (2.2)
Combining (2.1) and (2.2)
-2 -2
ame <n?< 5me e
dm dm
Conversely, suppose that
-2 -2
aid(mT ) <h?< 67d(mT ) a.e.
dm dm

Then, for any E in ¥ such that m(F) < oo, the argument above shows that the
inequality of Corollary 2.7(b) holds for f = Xy1p - Suppose that f is T-1%)-
measurable and simple. Then, we can write

F=Y a4
j

where A;’s are disjoint sets in 771(X).

Then,
18hE Pf|1? = || Bajh® ya, |®
> Xla;(hoT)Ex ]I
= |(hoT):Pf|?
Similarly,

lahz Pf||? < |[(hoT)|2Pf|?

As T~1(¥)-measurable simple functions are dense in R(Cr), the inequality
|oh? Pf|| < ||(h o T)2 Pf|| < ||8h2 Pf|| holds for all f € L*(m)
and hence, Cr is (o, 8)-normal (0 < a <1< f). O

Example 2.9. Let X =N and let m be the counting measure.
DefineT :N — N as

T(n)=2nVneN

Then, h(2n) =1V n € N.
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By Corollary 2.6, Cr is (o, 8)-normal (0 < a <1< f) if
APh<hoT< Bzh, a.e.
if  o?h(2n) < (hoT)(2n) < B%h(2n) VneN
if o 1<h(dn)<p*-1 VneN
if a?<1< 527 which is true since 0 < a <1< 3.

Hence, the composition operator induced by above T is («, )-normal operator
(0<a<1<p).

3 Adjoint of («,)-Normal Composition Opera-
tors
In this section we explore the conditions under which the adjoint of a compo-
sition operator is (a, 8)-normal operator.
Theorem 3.1. An operator C; € B(L?(m)) is («, 8)-normal
0<a<1<pB)iffa®?(hoT)P <h<B%(hoT)P.

Proof. By definition of («, 8)-normal operator, C7. is («, §)-normal
0<a<1<p)
lff 0420'1“0; S O;CT S ﬂQCTC;F
ifft o*(CrC1f, f) <(C3Crf, f) < BHCrCrf, )V [ € L*(m)
iff  &*(Moryp f, ) <(Mnf, f) <B*(Mnoryp f, [) ¥V fE€L*(m)
iff  o*(MnorypXEs XE) < (MaXE, XE) < BHMhorypXEs XE) ¥ [ € L?(m)
and for every xg of E in ¥ such that m(E) < oo

/ o*(hoT)Pdm < / hdm < / B%(h o T)Pdm
E E E
for every F in ¥ such that m(F) < oo
iff a?(hoT)P<h<pB*hoT)Pae for0<a<l1<p O

=

i

Theorem 3.2. An operator C € B(L*(m)) is («, 8)-normal
(0<a<1<P)if

E*h 4 2ka*(ho T)P +h >0 a.e. and
k*(hoT)P +2kh + *(hoT)P >0 a.e. forall k€R

Proof. By Theorem 2.3 C% € B(L?*(m)) is (a, 8)-normal (0 < a <1< )
it ((K*Mp + 2ka® Mporyp + Mp)XE, XE) > 0 and

(K*Mnoryp + 2kMy, + B*Mnoryp)XE, XE) =0
for every xg of E in ¥ such that m(F) < co and for all k€ R
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iff / (k* My, + 2ko® Mporyp + Mp)xe dm > 0 and

/(k'QM(hoT)P +2kM), + B*Mnoryp)XE dm > 0
for every xg of E in ¥ such that m(E) < oo and for all k€ R

iff / (k*h + 2ka?(h o T)P + h)dm > 0 and
E

/ (k*(h o T)P + 2kh + 3*(h o T)P)dm > 0,
E

for every xg of E in ¥ such that m(E) < oo and for all k€ R
iff k*h + 2ka?(hoT)P 4+ h > 0 a.e. and
E*(hoT)P +2kh + *(hoT)P >0 ae. forall kR O

Corollary 3.3. A composition operator C3 on L?(m) with dense range is («, 3)-
normal (0 < o <1< B) iff k®h +2ka?(hoT)+h >0 a.e. and k*(hoT) + 2kh +
Br(hoT) >0 a.e. forall k € R.

Corollary 3.4. Let C; on L*(m) be a composition operator with dense range.
Then, C% is (a, 3)-normal (0 < o <1< B) iff a?(hoT) <h < B*(hoT) >0 a.e.

Corollary 3.5. For an operator, the adjoint C3. of composition operator is (a, B)-
Normal (0 < a<1<pB)iff

(@) Xom €T7HE), and

(b) a?(hoT) < h < B%(hoT) a.e., where > o(ny denote the relative completion of
the sigma-algebra generated by {AN support of h : A in X}.

Proof. Suppose C7 is (o, §)-Normal (0 < a <1 < f).

Since 3,y € T71(2), therefore ker CF C ker Cr.

Therefore, (a) holds and so h is T~!(X)-measurable.

Hence, the set A = {s : a®h(T(s)) > h(s) > B?h(T(s))} belongs to T~1(X)
and so A can be written as disjoint union of sets A,, of finite measure which also
belong to T~1(X).

Since, C7 is (o, 8)-Normal operator

0 < ((C3:Cr — &*CrCF)x A, XA,)
= (hxa,,xa,) — (@*(hoT)Pxa,,xa,)

:/ (h—a?(hoT))dm < 0.
Ap

Hence, m(A,) =0, ¥ n € N and therefore (b) holds.
Conversely, let (a) and (b) hold.

- E—

Write f = f1 + fg, where f1 S (R(CT)) and fg € R(OT)
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We have,

((C3+Cp = a?CrCy), f) = (hf —a?(ho T)Pf, f)
= (h(f1 + f2) — &*(ho T)P(f1 + fa), (f1 + f2))

since, a?(h o T)f1 is T~!(¥)-measurable, therefore it belongs to R(Cr) and so
<Oé2(h o T)Pfl, f2> =0.
Since, f2 € ker Cp. Therefore, hfs = C5Crfa =0 and (hf1, f2) = (hfe, f1) =

(hf2, fa) = 0.
So,

(CiCr — a*CrCi)) = (hfi, f1) — o2((ho T) 1, 1)
~ [h—a*mor)|sfdm
>0

Similarly, 32CrC% > CxCr.
Therefore, C. is («, 5)-normal operator. O
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